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Introduction

The first volume serves as a general introduction to some of the tech-
niques most commonly used in representation theory. The quiver technique,
the Auslander–Reiten theory and the tilting theory were presented with
some application to finite dimensional algebras over a fixed algebraically
closed field.

In particular, a complete classification of those hereditary algebras that
are representation-finite (that is, admit only finitely many isomorphism
classes of indecomposable modules) is given. The result, known as Gabriel’s
theorem, asserts that a basic connected hereditary algebra A is representa-
tion-finite if and only if the quiver QA of A is a Dynkin quiver, that is, the
underlying non-oriented graph QA of QA is one of the Dynkin diagrams

An : •−−−−•−−−− · · · −−−−•−−−−•; (n vertices, n ≥ 1);
Dn :

•|
•−−−−•−−−−•−−−− · · · −−−−•−−−−•; (n vertices, n ≥ 4);

E6 :
•|

•−−−−•−−−−•−−−−•−−−−•;
E7 :

•|
•−−−−•−−−−•−−−−•−−−−•−−−−•;

E8 :
•|

•−−−−•−−−−•−−−−•−−−−•−−−−•−−−−•;
We also study in Volume 1 the class of hereditary algebras that are

representation-infinite. It is shown in Chapter VIII that if B is a repre-
sentation-infinite hereditary algebra, or B is a tilted algebra of the form

B = EndTKQ,

where KQ is a representation-infinite hereditary algebra and TKQ is a post-
projective tilting KQ-module, then B is representation-infinite and the
Auslander–Reiten quiver Γ(modB) of B has the shape

ix



x Introduction

where mod B is the category of finite dimensional right B-modules, P(B) is
the unique postprojective component of Γ(modB) containing all the inde-
composable projective B-modules, Q(B) is the unique preinjective compo-
nent of Γ(modB) containing all the indecomposable injective B-modules,
and R(B) is the (non-empty) regular part consisting of the remaining com-
ponents of Γ(modB).

A prominent rôle in the representation theory is played by the class
of hereditary algebras that are representation-infinite and minimal with
respect to this property. They are just the hereditary algebras of Euclidean
type, that is, the path algebras KQ, where Q is a connected acyclic quiver
whose underlying non-oriented graph Q is one of the following Euclidean
diagrams

������ ������

•

Ãn : •−−−−•−−−− · · · −−−−•−−−−•; (n+1 vertices, n ≥ 1);

D̃n :
• •| |

•−−−−•−−−−•−−−− · · · −−−−•−−−−•−−−−•; (n+1 vertices, n ≥ 4);

Ẽ6 :
•|•
|

•−−−−•−−−−•−−−−•−−−−•;

Ẽ7 :
•|

•−−−−•−−−−•−−−−•−−−−•−−−−•−−−−•;

Ẽ8 :
•|

•−−−−•−−−−•−−−−•−−−−•−−−−•−−−−•−−−−•.

It is shown in Chapter VII that the underlying graph Q of a finite con-
nected quiver Q = (Q0, Q1) is a Dynkin diagram, or a Euclidean diagram,
if and only if the associated quadratic form qQ : Z|Q0| −→ Z is positive
definite, or positive semidefinite and not positive definite, respectively.

The main aim of Volumes 2 and 3 is to study the representation-infinite
tilted algebras B = EndTKQ of a Euclidean type Q and, in particular, to
give a fairly complete description of their indecomposable modules, their
module categories mod B, and the Auslander–Reiten quivers Γ(modB).

For this purpose, we introduce in Chapter X a special type of components
in the Auslander–Reiten quivers of algebras, namely stable tubes, and study
their behaviour in module categories. In particular, we present a handy
criterion on the existence of a standard self-hereditary stable tube, due to
Ringel [215], and a characterisation of generalised standard stable tubes,
due to Skowroński [246], [247], [254].



Introduction xi

In Chapters XI and XII, we present a detailed description and properties
of the regular part R(B) of the Auslander–Reiten quiver Γ(modB) of any
concealed algebra B of Euclidean type, that is, a tilted algebra

B = EndTKQ

of a Euclidean type Q defined by a postprojective tilting KQ-module TKQ.
In particular, it is shown that:
• the regular part R(B) of the Auslander–Reiten quiver Γ(modB) is a

disjoint union of the P1(K)-family

TT B = {T B
λ }λ∈P1(K)

of pairwise orthogonal standard stable tubes T B
λ , where P1(K) is the

projective line over K,
• the family TT B separates the postprojective component P(B) from the

preinjective component Q(B),
• the module category modB is controlled by the Euler quadratic form

qB : K0(B) −→ Z of the algebra B.
A crucial rôle in the investigation is played by the canonical algebras of
Euclidean type, introduced by Ringel [215]. As an application of the devel-
oped theory, we present in Chapter XIII a complete list of indecomposable
regular KQ-modules over any path algebra KQ of a canonically oriented
Euclidean quiver Q, and we show how a simple tilting process allows us to
construct the indecomposable regular modules over any path algebra KQ
of a Euclidean type Q.

In Chapter XIV, we give the Happel–Vossieck [112] characterisation of
the minimal representation-infinite algebras B having a postprojective com-
ponent in the Auslander–Reiten quiver Γ(modB). As a consequence, we
get a finite representation type criterion for algebras. We also present a
complete classification, by means of quivers with relations, of all concealed
algebras of Euclidean type, due independently by Bongartz [29] and Happel–
Vossieck [112].

In Volume 3, we introduce some concepts and tools that allow us to give
there a complete description of arbitrary representation-infinite tilted alge-
bras B of Euclidean type and the module category modB, due to Ringel
[215]. We also investigate the wild hereditary algebras A = KQ, where Q is
an acyclic quiver such that the underlying graph is neither a Dynkin nor a
Euclidean diagram. We describe the shape of the components of the regular
part R(A) of Γ(modA) and we establish a wild behaviour of the category
mod A, for any such an algebra A. Finally, we introduce in Volume 3 the
concepts of tame representation type and of wild representation type for
algebras, and we discuss the tame and the wild nature of module categories



xii Introduction

mod B. Also, we present (without proofs) selected results of the represen-
tation theory of finite dimensional algebras that are related to the material
discussed in the book.

It was not possible to be encyclopedic in this work. Therefore many
important topics from the theory have been left out. Among the most
notable omissions are covering techniques, the use of derived categories and
partially ordered sets. Some other aspects of the theory presented here are
discussed in the books [10], [15], [16], [91], [121], [235], and especially [215].

We assume that the reader is familiar with Volume 1, but otherwise the
exposition is reasonably self-contained, making it suitable either for courses
and seminars or for self-study. The text includes many illustrative examples
and a large number of exercises at the end of each of the Chapters X-XIV.

The book is addressed to graduate students, advanced undergraduates,
and mathematicians and scientists working in representation theory, ring
and module theory, commutative algebra, abelian group theory, and combi-
natorics. It should also, we hope, be of interest to mathematicians working
in other fields.

Throughout this book we use freely the terminology and notation intro-
duced in Volume 1. We denote by K a fixed algebraically closed field. The
symbols N, Z, Q, R, and C mean the sets of natural numbers, integers, ra-
tional, real, and complex numbers. The cardinality of a set X is denoted by
|X|. Given a finite dimensional K-algebra A, the A-module means a finite
dimensional right A-module. We denote by ModA the category of all right
A-modules, by mod A the category of finite dimensional right A-modules,
and by Γ(modA) the Auslander–Reiten translation quiver of A. The ordi-
nary quiver of an algebra A is denoted by QA. Given a matrix C = [cij ],
we denote by Ct the transpose of C.

A finite quiver Q = (Q0, Q1) is called a Euclidean quiver if the under-
lying graph Q of Q is any of the Euclidean diagrams Ãm, with m ≥ 1, D̃m,
with m ≥ 4, Ẽ6, Ẽ7, and Ẽ8. Analogously, Q is called a Dynkin quiver
if the underlying graph Q of Q is any of the Dynkin diagrams Am, with
m ≥ 1, Dm, with m ≥ 4, E6, E7, and E8.

We take pleasure in thanking all our colleagues and students who helped
us with their comments and suggestions. We wish particularly to express
our appreciation to Ibrahim Assem, Sheila Brenner, Otto Kerner, and Kunio
Yamagata for their helpful discussions and suggestions. Particular thanks
are due to Dr. Jerzy Bia�lkowski and Dr. Rafa�l Bocian for their help in
preparing a print-ready copy of the manuscript.



Chapter X

Tubes
In Chapter VIII of Volume 1, we have started to study the Auslander–

Reiten quiver Γ(modA) of any hereditary K-algebra A of Euclidean type,
that is, the path algebra A = KQ of an acyclic quiver Q whose underlying
graph Q is one of the Euclidean diagrams Ãm, with m ≥ 1, D̃m, with m ≥ 4,
Ẽ6, Ẽ7, and Ẽ8. We recall that any such an algebra A is representation-
infinite.

We have shown in (VIII.2.3) that the quiver Γ(modA) contains a unique
postprojective component P(A) containing all the indecomposable projec-
tive A-modules, a unique preinjective component Q(A) containing all the
indecomposable injective A-modules, and the family R(A) of the remain-
ing components being called regular (see (VIII.2.12)). This means that
Γ(mod A) has the disjoint union form

Γ(mod A) = P(A) ∪ R(A) ∪ Q(A).

The indecomposable modules in R(A) are called regular. We have shown in
(VIII.4.5) that there is a similar structure of Γ(modB), for any concealed
algebra B of Euclidean type, that is, the endomorphism algebra

B = EndTA

of a postprojective tilting module TA over a hereditary algebra A = KQ of
Euclidean type. The algebra B is representation-infinite.

The objective of Chapters XI-XIII is to describe the structure of regu-
lar components of the Auslander–Reiten quiver Γ(modB) of any concealed
algebra B of Euclidean type.

We introduce in this chapter a special type of a translation quiver, which
we call a stable tube. The main aim of Section 1 is to describe special
properties of irreducible morphisms between indecomposable modules in
stable tubes of the Auslander–Reiten quiver Γ(modB) of an algebra B and
their compositions with arbitrary homomorphisms in the module category
mod B. In particular, some relevant properties of the radical radB and
the infinite radical rad∞

B of the category modB of finite dimensional right
B-modules are described.

In Section 2, we introduce the important concept of a standard compo-
nent and we prove Ringel′s handy criterion on the existence of a standard
self-hereditary stable tube in the Auslander–Reiten quiver Γ(modB) of any
algebra B. By applying the criterion, we show in Chapter XI that the
regular components of any (representation-infinite) concealed algebra B of
Euclidean type are self-hereditary standard stable tubes.

1



2 Chapter X. Tubes

In Section 3, we introduce the concept of a generalised standard compo-
nent of Γ(modB), invoking the infinite radical rad∞

B of the category modB,
and exhibit basic examples of generalised standard components. The main
result of Section 4 is a characterisation of (generalised) standard stable
tubes obtained by Skowroński in [246], [247], and [254]. It asserts that, for
a stable tube T in the Auslander–Reiten quiver Γ(modB) of any algebra
B, the following three statements are equivalent:

• T is a standard stable tube,
• the mouth of T consists of pairwise orthogonal bricks, and
• T is a generalised standard stable tube.

It is also shown that pdX = 1 and idX = 1, for any indecomposable B-
module lying in a faithful generalised standard stable tube T of Γ(modB).

Throughout, we assume that K is an algebraically closed field, and by
an algebra we mean a finite dimensional K-algebra. Given a finite quiver
Q = (Q0, Q1), we denote by KQ the path K-algebra of Q. We recall that
the dimension dimKKQ of KQ is finite if and only if the quiver Q is acyclic,
that is, there is no oriented cycle in Q, see Chapters II and III.

X.1. Stable tubes
We have defined in (VIII.1.1) the translation quiver ZΣ, for Σ being a

connected and acyclic quiver. Thus, letting Σ be the infinite quiver

A∞ : ◦−−−−→◦−−−−→◦−−−−→◦−−−−→ . . . −−−−→◦ −−−−→◦−−−−→ . . .
1 2 3 4 m m+1

we obtain the infinite translation quiver

(1,1) (0,1) (−1,1) (−2,1) (−3,1)◦ ◦ ◦ ◦ ◦↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
ZA∞ : . . . ◦ (1,2) ◦ (0,2) ◦ (−1,2) ◦ (−2,2) . . .

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
◦ (2,3) ◦ (1,3) ◦ (0,3) ◦ (−1,3) ◦ (−2,3)

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
...

...
...

...

where τ(n, i) = (n + 1, i), for n ∈ Z and i ≥ 1. Thus, by definition,
τ is an automorphism of ZA∞, and hence so is any power τ r of τ (with
r ∈ Z). For a fixed r ≥ 1, let (τ r) denote the infinite cyclic group of
automorphisms of ZA∞ generated by τ r, and let ZA∞/(τ r) denote the
orbit space of ZA∞ under the action of (τ r). That is, ZA∞/(τ r) is the
translation quiver obtained from ZA∞ by identifying each point (n, i) of
ZA∞ with the point τ r(n, i) = (n + r, i), and each arrow α : x → y in ZA∞
with the arrow τ rα : τ rx → τ ry. We are thus led to the following definition.
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1.1. Definition. Let (T , τ) be a translation quiver.
(a) (T , τ) is defined to be a stable tube of rank r = rT ≥ 1 if there

is an isomorphism of translation quivers T ∼= ZA∞/(τ r).
(b) A stable tube of rank r = 1 is defined to be a homogeneous tube.
(c) Let (T , τ) be a stable tube of rank r ≥ 1. A sequence (x1, . . . , xr) of

points of T is said to be a τ-cycle if τx1 = xr, τx2 = x1, . . . , τxr =
xr−1.

For example, a stable tube of rank 3 is obtained from the quiver

x1=τ3x1 τ2x1 τx1 x1◦ ◦ ◦ ◦
|↘ ↗ ↘ ↗ ↘ ↗ |
| ◦ x2 ◦ τ2x2 ◦ τx2 |
|↗ ↘ ↗ ↘ ↗ ↘ |
◦ τx3 ◦ x3 ◦ τ2x3 ◦ τx3

|↘ ↗ ↘ ↗ ↘ ↗ |
| ◦ τx4 ◦ x4 ◦ τ2x4

|↗ ↘ ↗ ↘ ↗ ↘ |
...

...
...

...

by identifying along the vertical dotted lines, thus giving the following



4 Chapter X. Tubes

Similarly, a homogeneous tube has the following shape

We observe that the translation τ still acts as an automorphism over a
stable tube of rank r (that is the reason why such tubes are called stable),
and that τ r acts as the identity. The latter fact is expressed by saying that
any point of ZA∞/(τ r) is τ-periodic of period r.

We recall from Section IX.2 that a path x0 → · · · → xt in a translation
quiver is called sectional if τxi 
∼= xi−2, for all i ∈ {2, . . . , t}.

The following two definitions are of importance in the theory.

1.2. Definition. Let (T , τ) be a stable tube.
(a) The set of all points in T having exactly one immediate predeces-

sor (or, equivalently, exactly one immediate successor) is called the
mouth of T .

(b) Given a point x lying on the mouth of the stable tube T , a ray
starting at x is defined to be a unique infinite sectional path
x = x[1]−→x[2]−→x[3]−→x[4]−→ . . . −→x[m] −→ . . .

in the tube T .
(c) Given a point x lying on the mouth of the stable tube T , a coray

ending with x is defined to be a unique infinite sectional path
. . . −→ [m]x−→ . . . −→ [4]x−→ [3]x−→ [2]x−→ [1]x = x

in the tube T .

To see that the definition is correct, we note that, for each point x lying
on the mouth of a stable tube T , there exists a unique arrow starting at
x and a unique arrow ending at x. Because an arbitrary point in T is the
source (and the target) of at most two arrows, this implies the existence
of a unique infinite sectional path in T starting at x, and a unique infinite
sectional path in T ending with x.



X.1. Stable tubes 5

1.3. Definition. Let A be an algebra and C be a component of the
Auslander–Reiten quiver Γ(modA) of A.

(a) A ray point of C is defined to be a point X in C such that there
exists an infinite sectional path in C

X = X[1]−→X[2]−→X[3]−→X[4]−→ . . . −→X[m] −→ . . .

starting at X and containing all sectional paths starting at X.
The corresponding A-module X is called a ray module. The unique
infinite sectional path starting atX is called the ray starting atX.

(b) A coray point of C is defined to be a point X in C such that there
exists an infinite sectional path in C

. . . −→ [m]X −→ . . . −→ [4]X −→ [3]X −→ [2]X −→ [1]X = X

ending with X and containing all sectional paths ending with X.
The corresponding A-module X is called the coray module. The
unique infinite sectional path ending with X is called the coray
ending with X.

A ray point of a stable tube T and a coray point of a stable
tube T are defined analogously.

It is easy to see that if (T , τ) is a stable tube and x is a point x in T ,
then the following three statements are equivalent:

• x is a ray point of the tube T ,
• x is a coray point of T , and
• x lies on the mouth of the tube T .

Now we collect basic facts on the structure of any stable tube of Γ(modA).

1.4. Lemma. Let A be an algebra, and T a stable tube of rank r=rT ≥ 1
of the Auslander–Reiten quiver Γ(mod A) of A. Assume that (X1, . . . , Xr)
is a τA-cycle of (indecomposable) mouth modules of mouth A-modules of the
tube T , that is, the modules X1, . . . , Xr lie on the mouth of T and satisfy
τAX1 ∼= Xr, τAX2 = X1, . . . , τAXr = Xr−1.

(a) For each i ∈ {1, . . . , r}, there exists a unique ray

(ri) Xi = Xi[1]−→Xi[2]−→Xi[3]−→ . . . −→Xi[m] −→Xi[m+1] −→ . . .

in T starting at Xi, and a unique coray

(ci) . . . −→ [m+1]Xi −→ [m]Xi −→ . . .−→ [3]Xi −→ [2]Xi −→ [1]Xi = Xi

in T ending with Xi.
(b) Every indecomposable A-module M in T is of the form M ∼= Xi[m],

for some i ∈ {1, . . . , r} and m ≥ 1.
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(c) Every indecomposable A-module M in T is of the form M ∼= [m]Xs,
for some s ∈ {1, . . . , r} and m ≥ 1.

(d) [m]Xs
∼= Xs−m+1[m] and Xs[m] ∼= [m]Xs+m−1 , for each s ∈

{1, . . . , r} and m ≥ 1, where s − m + 1 is reduced modulo r − 1
if s − m + 1 ≤ 0 or s − m + 1 ≥ r.

(e) Under the isomorphisms of A-modules
[1]Xi

∼=Xi[1], [2]Xi
∼=Xi−1[2], . . . , [m]Xi

∼=Xi+m−1[m], . . .
the coray (ci) has the form

(ci) . . . → Xi−m[m+1] −→Xi−m+1[m] −→ . . . −→Xi−1[2]−→Xi[1] = Xi.

(f) For any i ∈ {1, . . . , r} and m ≥ 1, there exists an almost split
sequence

0 −→Xi[m]

[
fi,m+1

gi,m

]
−−−−−−→ Xi[m+1] ⊕ Xi+1[m−1]

[ gi,m+1 fi+1,m ]−−−−−−−−−→ Xi+1[m] −→ 0

in mod A, where we set Xi[0] = 0 and Xi+kr[j] = Xi[j], for all
i ∈ {1, . . . , r}, j ≥ 1, and k ∈ Z.

Proof. Assume that (X1, . . . , Xr) is a τA-cycle of mouth modules of
the tube T of rank r ≥ 1. Then X1, . . . , Xr are indecomposable, lie on
the mouth of the tube T , and there are isomorphisms τAX1 ∼= Xr, τAX2 =
X1, . . . , τAXr = Xr−1. Because the tube T is stable then there is a sur-
jective morphism f : ZA∞ −−−−−−→ T of translation quivers such that
f(−1, 1) = X1, f(−2, 1) = X2, . . . , f(−r, 1) = Xr and the induced mor-
phism f̃ : ZA∞/(τ r) �−−−−−−→ T is an isomorphism. It is clear that the
conditions (a), (b), and (c) are satisfied in the translation quiver (ZA∞, τ).
Hence we easily conclude that (a), (b), and (c) hold in T , if we set Xi[m] =
f(−i, m) and [m]Xi = f(−i+m−1, m).

The statement (d) follows from (a), (b), and (c) by an easy induction on
m ≥ 1.

Now we prove (e). It follows from (d) that, given i ∈ {1, . . . , r} and
m ≥ 1, there are isomorphisms Xi−m[m+1] ∼= [m+1]Xi and Xi−m+1[m] ∼=
[m]Xi. Hence, the following arrow in the coray (ci)

Xi−m[m + 1] ∼= [m + 1]Xi −−−−−−→ [m]Xi
∼= Xi−m+1[m]

corresponds to an irreducible morphism Xi−m[m + 1]−→Xi−m+1[m] in
mod A. To prove (f), we note that in view of the shape of the stable tube
T , each of its vertices is a source of at most two arrows, and the arrows
correspond to some irreducible morphisms in modA; thus yield a required
almost split sequence. The proof of the lemma is then complete. �

In the remaining part of this section we investigate properties of irre-
ducible morphisms between indecomposable modules in a stable tube T of
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the Auslander–Reiten quiver Γ(modA) of an algebra A. The investigation
needs some new concepts and preliminary results.

Assume that A is an arbitrary algebra. We recall from Section A.3 of
Volume 1 that the radical radA = rad (modA) of the category modA is
the two-sided ideal of modA defined by the formula

radA(X, Y )={h ∈ HomA(X, Y ); 1X−gh is invertible, for any g : Y → X},

for each pair of modules X and Y in modA. If the A-modules X and
Y are indecomposable then radA(X, Y ) consists of all non-isomorphisms
h : X −→Y in modA, see (A.3.4) and (A.3.5) of Volume 1. In particular,
radA(X, X) is just the radical of the local algebra EndX, for any indecom-
posable A-module X.

In other words, the radical radA of the category modA is the two-sided
ideal of modA generated by all non-isomorphisms between indecomposable
A-modules.

Given m ≥ 1, the mth power radm
A ⊆ radA of radA is the two-sided ideal

of modA such that, for A-modules X and Y , radm
A (X, Y ) is the subspace

of radA(X, Y ) consisting of all finite sums of composite homomorphisms of
the form

X = X0
h1−→X1

h2−→X2 −→ . . . −→ Xm−1
hm−→Xm = Y,

where hj ∈ radA(Xj−1, Xj), for any j ∈ {1, 2, . . . , m − 1, m}. For m = 0,
we set radm

A (X, Y ) = HomA(X, Y ). The intersection

rad∞
A =

∞⋂
m=1

radm
A

of all powers radm
A of radA is called the infinite radical of mod A.

We recall from (IV.1.6) that a homomorphism h : X −−−−→ Y between
two indecomposable modules X and Y in modA is an irreducible morphism
if and only if h ∈ radA(X, Y ) \ rad2

A(X, Y ). It follows that the radical radA

of the category modA is the two-sided ideal of mod A generated by the
irreducible morphisms in modA, as a left ideal and as a right ideal.

Throughout, we need the following two preliminary lemmata.

1.5. Lemma. Let A be an algebra, and M , N be a pair of modules in
mod A.

(a) There exists an integer m ≥ 0 such that rad∞
A(M, N) = radm

A (M, N).
(b) rad∞

A (M, N) = radA(M, N), if the modules M and N are inde-
composable and lie in two different components C1 and C2 of the
Auslander–Reiten quiver Γ(mod A) of A.

Proof. (a) Because the vector space HomA(M, N) is finite dimensional,
the descending chain
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HomA(M, N) ⊇ radA(M, N) ⊇ rad2
A(M, N) ⊇ . . . ⊇ radm

A (M, N) ⊇ . . .

terminates, that is, radm
A (M, N) = radm+1

A (M, N) = radm+2
A (M, N) = . . . ,

for some m ≥ 0. It follows that rad∞
A (M, N) = radm

A (M, N).
The statement (b) is a consequence of (IV.5.1). �

1.6. Lemma. Let A be an algebra, M an A-module, and

0 −→Z

[ g

g′
]

−−−−→ X ⊕ X ′ [ f, f ′ ]−−−−→ Y −→ 0

an almost split sequence in mod A, where X, X ′, Y , and Z are indecom-
posable modules.

(a) Let � ≥ 1 be an integer and h : M −→X be a homomorphism in
mod A such that h 
∈ rad�

A(M, X) and fh ∈ rad�+1
A (M, Y ). Then

there exists a homomorphism h′ : M −→Z in mod A such that h′ 
∈
rad�−1

A (M, Z) and g′h′ ∈ rad�
A(M, X ′).

(b) Let � ≥ 1 be an integer and t : X −→M be a homomorphism in
mod A such that t 
∈ rad�

A(X, M) and tg ∈ rad�+1
A (Z, M). Then

there exists a homomorphism t′ : Y −→M in mod A such that t′ 
∈
rad�−1

A (Y, M) and t′f ′ ∈ rad�
A(X ′, M).

Proof. We only prove the statement (a), because the proof of (b) is
similar.

Assume that h 
∈ rad�
A(M, X) and fh ∈ rad�+1

A (M, Y ). Then there
exists an A-module N and two homomorphisms w ∈ rad�

A(M, N) and
v ∈ radA(N, Y ) such that fh = vw. Then v is not a retraction and,
hence, there exists a homomorphism

[ u

u′
]

: N −−−−−−→ X ⊕ X ′ such that
v = [f, f ′] ·

[ u

u′
]

= fu + f ′u′. Consider the homomorphisms[
uw−h

u′w

]
: M −−−−→ X ⊕ X ′

and note that
[f, f ′] ·

[
uw−h

u′w

]
= fuw − fh+ f ′u′w = (fu+ f ′u′)w − fh = vw − fh = 0.

It follows that there exists a homomorphism h′ : N −−−−→ Z such that[
uw−h

u′w

]
=
[

g

g′

]
· h′,

and therefore g′h′ = u′w ∈ rad�
A(M, X ′), because

[
g

g′

]
is the kernel of

[f, f ′]. Note also that h′ 
∈ rad�−1
A (M, Z), because otherwise we get the

contradiction h = uw − gh′ ∈ rad�
A(M, X). This finishes the proof. �

1.7. Proposition. Let A be an algebra, T a stable tube of rank r =
rT ≥ 1 of the Auslander–Reiten quiver Γ(mod A) of A, and (X1, . . . , Xr) a
τA-cycle of mouth modules of the tube T . In the notation of (1.4), let (ri)
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and (ci) be the ray starting at Xi and the coray ending with Xi in T , for
each i ∈ {1, . . . , r}.

(a) For each i ∈ {1, . . . , r} and m ≥ 2, any irreducible morphism fi,m :
Xi[m−1] −→Xi[m] corresponding to the arrow Xi[m−1] −→Xi[m]
in the ray (ri) of T starting at Xi is a monomorphism.

(b) For each i ∈ {1, . . . , r} and m ≥ 2, any irreducible morphism gi,m :
[m]Xi −→ [m−1]Xi corresponding to the arrow [m]Xi −→ [m−1]Xi

in the coray (ci) of T ending with Xi is an epimorphism.
(c) For each i ∈ {1, . . . , r} and m ≥ 2, there exist irreducible morphisms

vi,m : Xi[m−1] −−−−→ Xi[m] and qi,m : Xi[m] −−−−→ Xi+1[m−1]
in mod A such that

(c1) qi,2vi,2 ∈ rad3
A(Xi[1], Xi+1[1]), and

(c2) vi+1,mqi,m + qi,m+1vi,m+1 ∈ rad3
A(Xi[m], Xi+1[m]).

Proof. Assume that T is a stable tube of rank r = rT ≥ 1 of Γ(modA)
and (X1, . . . , Xr) is a τA-cycle of mouth modules of the tube T , that is,
the modules X1, . . . , Xr are indecomposable, lie on the mouth of the tube
T , and there are isomorphisms τAX1 ∼= Xr, τAX2 = X1, . . . , τAXr = Xr−1.
Then (1.4) applies, and we freely use the notation introduced there. Clearly,
for each i ∈ {1, . . . , r} and m ≥ 2, the arrow Xi[m−1] −−−−→ Xi[m] in
the ray (ri) of T starting from Xi corresponds to an irreducible morphism
fi,m : Xi[m−1] −−−−→ Xi[m] in modA. By (1.4)(d), there is an isomorphism
[m]Xs

∼= Xs−m+1[m], for each s ∈ {1, . . . , r} and m ≥ 1, where s−m+1 is
reduced modulo r−1 if s−m+1 ≤ 0 or s−m+1 ≥ r. It follows that, given
i ∈ {1, . . . , r} and m ≥ 1, there are isomorphisms Xi[m] ∼= [m]Xi+m−1 and
Xi+1[m−1] ∼= [m−1]Xi+m−1. Hence, the arrow

Xi[m] ∼= [m]Xi+m−1 −−−−−−→ [m−1]Xi+m−1 ∼= Xi+1[m−1]

in the coray (ci) of T ending with Xi corresponds to an irreducible morphism
gi,m : Xi[m] −−−−→ Xi+1[m−1] in modA. In view of the shape of the stable
tube T , each of its vertices is a source of at most two arrows. It follows
that, for any i ∈ {1, . . . , r} and m ≥ 1, there exists an almost split sequence

0 −→Xi[m]

[
fi,m+1

gi,m

]
−−−−−−→ Xi[m+1] ⊕ Xi+1[m−1]

[ gi,m+1 fi+1,m ]−−−−−−−−−→ Xi+1[m] −→ 0

in modA, where we set Xi[0] = 0 and Xi+kr[j] = Xi[j], for all i ∈ {1, . . . , r},
j ≥ 1, and k ∈ Z. Counting the dimensions we get

dimKXi[m] + dimKXi+1[m] = dimKXi[m+1] + dimKXi[m−1].

Hence, we conclude the inequalities dimKXi[1]<dimKXi[2]>dimKXi+1[1],
and an easy induction on m ≥ 1 shows that
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dimKXi[m] < dimKXi[m+1] > dimKXi+1[m],

for all i ∈ {1, . . . , r} and m ≥ 1. Hence we easily conclude that any ir-
reducible morphism fi,m : Xi[m−1] −→Xi[m] is a monomorphism and any
irreducible morphism gi,m : [m]Xi −→ [m−1]Ei is an epimorphism, because
we know from (IV.1.4) that every irreducible morphism in modA is a proper
monomorphism or a proper epimorphism. This finishes the proof of (a) and
(b).

Now we prove (c). First we observe that if f, g : X −→Y are irreducible
morphisms in modA and X, Y are indecomposable modules lying in the
tube T then

f + rad2
A(X, Y ) = λ · g + rad2

A(X, Y ),

for some λ ∈ K \ {0}, because
dimKradA(X, Y )/rad2

A(X, Y ) = 1,
by (IV.1.6), (IV.4.6), and the definition of a stable tube. For each i ∈
{1, . . . , r}, we choose some irreducible morphisms

vi,2 : Xi[1]−−−−→ Xi[2] and qi,2 : Xi[2]−−−−→ Xi+1[1]
in modA, and consider an almost split sequence

0 −−−−→ Xi[1]
ui,2−−−−−−→ Xi[2]

pi,2−−−−→ Xi+1[1]−−−−→ 0,

in modA. By our earlier observations, there exist scalars λi, μi ∈ K\{0} and
homomorphisms wi,2 ∈ rad2

A(Xi[1], Xi[2]) and ti,2 ∈ rad2
A(Xi[2], Xi+1[1])

such that vi,2 = λiui,2 + wi,2 and qi,2 = μipi,2 + ti,2. Then we get the
equalities

qi,2vi,2 = (μipi,2 + ti,2)(λiui,2 + wi,2)

= μiλipi,2ui,2 + (μipi,2wi,2 + λiti,2ui,2 + ti,2wi,2)

= μipi,2wi,2 + λiti,2ui,2 + ti,2wi,2 ∈ rad3
A(Xi[1], Xi+1[1]),

and (c1) follows.
Assume that s ≥ 2 and, for all i ∈ {1, . . . , r} and k ∈ {2, . . . , s}, there

exist irreducible morphisms
vi,k : Xi[k−1] −−−−→ Xi[k] and qi,k : Xi[k] −−−−→ Xi+1[k−1]

in modA satisfying (c1) and (c2), for k ∈ {2, . . . , s − 1}. Fix i ∈ {1, . . . , r}
and consider an almost split sequence

0 −−−−→ Xi[s]

[
ui,s+1

pi,s

]
−−−−−−→ Xi[s+1] ⊕ Xi+1[s−1]

[ pi,s+1 ui+1,s ]−−−−−−−−→ Xi+1[s] −−−−→ 0

in modA. Then there exist scalars λ
(s)
i+1, μ

(s)
i ∈ K \{0} and homomorphisms

wi+1,s ∈ rad2
A(Xi+1[s−1], Xi+1[s]) and ti,s ∈ rad2

A(Xi[s], Xi+1[s−1]) such
that vi+1,s = λ

(s)
i+1ui+1,s + wi+1,s and qi,s = μ

(s)
i pi,s + ti,s.
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Take the irreducible morphisms
• vi,s+1 =ui,s+1 :Xi[s] −→Xi[s+1], and
• qi,s+1 =λ

(s)
i+1μ

(s)
i pi,s+1 :Xi[s+1] −→Xi+1[s]

in modA. Then we get the equalities

vi+1,sqi,s + qi,s+1vi,s+1 = (λ(s)
i+1ui+1,s + wi+1,s)(μ

(s)
i pi,s + ti,s)

+ (λ(s)
i+1μ

(s)
i pi,s+1)ui,s+1

= λ
(s)
i+1μ

(s)
i (ui+1,spi,s + pi,s+1ui,s+1)

+ (λ(s)
i+1ui+1,sti,s + μ

(s)
i wi+1,spi,s + wi+1,sti,s)

= λ
(s)
i+1ui+1,sti,s + μ

(s)
i wi+1,spi,s + wi+1,sti,s.

Hence vi+1,sqi,s + qi,s+1vi,s+1 ∈ rad3
A(Xi[s], Xi+1[s]) and (c2) follows. �

Here, we would like to warn the reader that in general the relations (c1)
and (c2) in (1.7) can not be replaced by the equalities

qi,2vi,2 = 0 and vi+1,mqi,m + qi,m+1vi,m+1 = 0,

for i ∈ {1, . . . , r}, m ≥ 2, and suitably chosen irreducible morphisms vi,m

and qi,m. However, we show in the next section that this is possible, pro-
vided that the stable tube has special homological properties.

Now we establish an extraordinary property of irreducible morphisms be-
tween indecomposable modules lying in stable tubes of the quiver Γ(modA)
of an algebra A.

1.8. Proposition. Let A be an algebra, T a stable tube of rank r =
rT ≥ 1 of Γ(mod A), and (X1, . . . , Xr) a τA-cycle of mouth modules of the
tube T . In the notation of (1.4), let (ri) and (ci) be the ray starting at Xi

and the coray ending with Xi in T , for each i ∈ {1, . . . , r}.
(a) Given i ∈ {1, . . . , r} and m ≥ 2, let fi,m : Xi[m−1] −→Xi[m]

be an irreducible morphism in mod A corresponding to the arrow
Xi[m−1] −→Xi[m] in the ray (ri) of T starting at Xi.
If h : M −−−−→ Xi[m−1] is a homomorphism in mod A such that h 
∈
rad�

A(M, Xi[m−1]), for some � ≥ 1, then fi,mh 
∈ rad�+1
A (M, Xi[m]).

(b) Given s ∈ {1, . . . , r} and m ≥ 2, let gs,m : [m]Xs −→ [m−1]Xs

be an irreducible morphism in mod A corresponding to the arrow
[m]Xs −→ [m−1]Xs in the coray (cs) of T ending with Xs.
If h : [m−1]Xs −−−−→ N is a homomorphism in mod A such that h 
∈
rad�

A([m−1]Xs, N), for some � ≥ 1, then hgs,m 
∈ rad�+1
A ([m]Xs, N).

Proof. We only prove the statement (a), because the proof of (b) is
similar.
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Assume, to the contrary, that f : Xi[m−1] −−−−→ Xi[m] is an irreducible
morphism such that there are an integer � ≥ 1 and a homomorphism h :
M−→Xi[m−1], with h 
∈ rad�

A(M, Xi[m−1]) and fh ∈ rad�+1
A (M, Xi[m]).

Without loss of generality, we may assume that f and h are chosen in
such a way that � ≥ 1 is minimal with respect to this property. Obviously,
h is not a retraction and, hence, � ≥ 2.

Note that the module Xi[m−1] lies on the coray (ci+m) and the module
Xi[m] lies on the coray (ci+m+1), because there are isomorphisms
Xi[m−1] ∼= [m−1]Xi+m and Xi[m] ∼= [m]Xi+m+1, by (1.4). Because f :
Xi[m−1] −→Xi[m] is an irreducible morphism in modA then, according to
(IV.1.10), there exists an almost split sequence

0 −→ [m]Xi+m

[ g1

f1

]
−−−−→ [m−1]Xi+m ⊕ [m+1]Xi+m+1

[ f, g ]−−−−→ [m]Xi+m+1 −→ 0

in modA and (1.6)(a) applies. It follows that there exists a homomorphism
h1 : M −→ [m]Xi+m in modA such that h1 
∈ rad�−1

A (M, [m]Xi+m) and
f1h1 ∈ rad�

A(M, [m+1]Xi+m+1). Moreover, f1 : [m]Xi+m −→ [m+1]Xi+m+1
is an irreducible morphism corresponding to an arrow of the ray (ri), because
it follows from (1.4) that [m]Xi+m

∼= Xi[m] and [m+1]Xi+m+1 ∼= Xi[m+1].
The homomorphism h1 is not a retraction. Hence, � − 1 ≥ 2 and we get a
contradiction with the minimal choice of �. �

We finish the section with two important corollaries.

1.9. Corollary. Let A be an algebra, T a stable tube of rank r = rT ≥ 1
of Γ(mod A), and (X1, . . . , Xr) a τA-cycle of mouth modules of the tube T .
In the notation of (1.4), let (ri) and (ci) be the ray starting at Xi and the
coray ending with Xi in T , for each i ∈ {1, . . . , r}. Let i ∈ {1, . . . , r} and
m ≥ 2 be fixed.

(a) Let fi,m : Xi[m−1] → Xi[m] be an irreducible morphism in mod A
corresponding to the arrow Xi[m−1] → Xi[m] in the ray (ri) of T
starting at Xi. If h : M → Xi[m−1] is a homomorphism in mod A
such that fi,mh ∈ rad∞

A (M, Xi[m]), then h ∈ rad∞
A (M, Xi[m−1]).

(b) Let gi,m : [m]Xi −→ [m−1]Xi be an irreducible morphism in mod A
corresponding to the arrow [m]Xi −→ [m−1]Xi in the coray (ci) of T
ending with Xi. If h : [m−1]Xi −→N is a homomorphism in mod A
such that hgi,m ∈ rad∞

A ([m]Xi, N) then h ∈ rad∞
A ([m−1]Xi, N).

Proof. Apply (1.8). �

In (X.5.8) we present an algebra A and a stable tube T of rank r = rT = 1
of Γ(modA) with a mouth module E such that there exist an irreducible
monomorphism v : E[1]−−−−→ E[2] and an irreducible epimorphism p :
E[2]−−−−→ E[1] satisfying 0 
= pv ∈ rad∞

A (E[1], E[1]).
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1.10. Corollary. Let A be an algebra, T a stable tube of Γ(mod A), and

M0
h1−−−−→M1

h2−−−−→M2 −−−−→ . . . −−−−→ M�−1
h�−→M�

be a path of irreducible morphisms in mod A corresponding to a sectional
path in T . Then h� · . . . · h2 · h1 ∈ rad�

A(M0, M�) \ rad�+1
A (M0, M�).

Proof. Assume that T is a stable tube of rank r = rT ≥ 1 of Γ(modA)
and (X1, . . . , Xr) is a τA-cycle of mouth modules of the tube T . If we
use the notation of (1.4) then any sectional path in T of length � ≥ 2 is a
subpath

Xi[m] −→Xi[m+1] −→Xi[m+2] −→ . . . −→Xi[m+�−1] −→Xi[m+�]

of a ray (ri) in T starting at Xi, for some i ∈ {1, . . . , r} and m ≥ 1, or a
subpath

[m+�]Xs −→ [m+�−1]Xs −→ . . .−→ [m+2]Xs −→ [m+1]Xs −→ [m]Xs

of a coray (cs) in T ending with Xs, for some s ∈ {1, . . . , r} and m ≥ 1.
Because (IV.1.6) yields hi ∈ radA(Mi−1, Mi) \ rad2

A(Mi−1, Mi), for any
i ∈ {1, . . . , r} then the lemma follows by an iterated application of (1.8)(a)
and (1.8)(b). �

X.2. Standard stable tubes
In Chapter XI, we show that the regular components of the Auslander–

Reiten quiver of a hereditary (or a concealed) algebra of Euclidean type
are stable tubes. We start by giving a construction showing how stable
tubes occur as components of the Auslander–Reiten quiver of an (arbitrary)
algebra.

Let A be any algebra. We recall that a brick E in modA is a (necessarily
indecomposable) module E such that EndE ∼= K. Two bricks E and E′ in
mod A are called orthogonal if HomA(E, E′) = 0, and HomA(E′, E) = 0.

LetE1, . . . , Er be a family of pairwise orthogonal bricks in modA, and let
E = EA = EXTA(E1, . . . , Er)

denote the full subcategory of modA (called an extension category) whose
non-zero objects are all the modules M such that there exists a chain of
submodules M = M0 � M1 � . . . � Ml = 0, for some l ≥ 1, with Mi/Mi+1
isomorphic to one of the bricks E1, . . . , Er for all i such that 0 ≤ i < l.
Thus EA = EXTA(E1, . . . , Er) is the smallest additive subcategory of modA
containing the bricks Ei and closed under extensions.

We say that EA is an exact subcategory of modA if the inclusion
functor EA ↪→ mod A is exact. An object S of EA is said to be simple, if
any non-zero subobject of S in EA equals S.
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We recall that an algebra A is hereditary if Ext2A(X, Y ) = 0, for each pair
of A-modules X and Y in modA, or equivalently, if pdX ≤ 1 and idX ≤ 1,
for any indecomposable (even simple) module X in modA. Following this
definition we introduce some new concepts that are used throughout this
book.

Let H be a family of modules in modA, or a full subcategory of modA.
• H is defined to be a hereditary family of modA, if pdX ≤ 1 and

idX ≤ 1, for any module X in H.
• H is defined to be a self-hereditary family of modA, if

Ext2A(X, Y ) = 0, for each pair of A-modules X and Y in H.
It is clear that H = mod A is a hereditary family of modA if and only

if H = mod A is self-hereditary. Note also that any hereditary family H
of modA is self-hereditary, but obviously the converse implication does not
hold in general.

Basic properties of the extension category EXTA(E1, . . . , Er) are col-
lected in the following lemma.

2.1. Lemma. Let A be an algebra, and {E1, . . . , Er} a finite family of
pairwise orthogonal bricks in mod A.

(a) EA = EXTA(E1, . . . , Er) is an exact abelian subcategory of mod A,
EA is closed under extensions, and {E1, . . . , Er} is a complete set
of pairwise non-isomorphic simple objects in EA.

(b) The finite set {E1, . . . , Er} is a hereditary family of mod A if and
only if EXTA(E1, . . . , Er) is a hereditary subcategory of mod A.

(c) The finite set {E1, . . . , Er} is a self-hereditary family of mod A if
and only if EXTA(E1, . . . , Er) is a self-hereditary subcategory of
mod A.

Proof. (a) Let E = EXTA(E1, . . . , Er) and let f : M → N be a homo-
morphism, with M and N in E . We show that the modules Ker f , Im f and
Coker f lie in E . Assume that

M = M0 � M1 � . . . � Mm = 0 and N = N0 � N1 � . . . � Nn = 0
are chains of submodules such that Mi/Mi+1 and Nj/Nj+1 belong to the
set {E1, . . . , Er} for all i, j such that 0 ≤ i < m and 0 ≤ j < n. We prove
our statement by induction on m + n.

If m+n ≤ 1, then, clearly, Ker f , Im f or Coker f are either zero or belong
to {E1, . . . , Er}. Therefore, assume that m+n ≥ 2. Consider first the case
where f(Mm−1) = 0. Then f induces a homomorphism f ′ : M/Mm−1 −→N
and we have

f(M) = f ′(M/Mm−1), Ker f/Mm−1 ∼= Ker f ′ and Coker f ∼= Coker f ′.

Applying the induction hypothesis yields that Ker f , Im f and Coker f lie
in E , as required. Assume now that f(Mm−1) 
= 0. Then there exists
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a largest j such that f(Mm−1) ⊆ Nj−1. Let p : Nj−1 −−−−→ Nj−1/Nj

denote the canonical projection and f ′ : Mm−1 −→Nj−1 the homomorphism
induced by f . Then the composition pf ′ : Mm−1 −−−−→ Nj−1/Nj is non-
zero. Because E1, . . . , Er are pairwise orthogonal bricks, this composition
is an isomorphism. In particular, f ′ is a section and we have

Nj−1 ∼= Nj ⊕ f ′(Mm−1) = Nj ⊕ f(Mm−1).
Setting N ′

s = Ns+1 ⊕ f(Mm−1), for all s such that j ≤ s ≤ n − 1, we thus
obtain a chain of submodules of N

N = N0 � N1 � . . . � Nj−1 � N ′
j � . . . � N ′

n−1 � N ′
n = 0,

where the quotient of two consecutive terms belongs to {E1, . . . , Er} and,
moreover,

N ′
n−1 = Nn ⊕ f(Mm−1) = f(Mm−1).

This shows that we may assume additionally that f(Mm−1) = Nn−1. Hence,
in particular, f is an isomorphism between Mm−1 and Nn−1, and thus it
induces a homomorphism f : M/Mm−1 −−−−→ N/Nn−1. It follows from
the induction hypothesis that Ker f , Im f and Coker f lie in E . Because
Im f = Im f/Nn−1, and Nn−1 belongs to E , which is closed under extensions,
we deduce that Im f belongs to E . Applying the Snake Lemma (I.5.1) to
the commutative diagram

0 −−−−→ Mm−1 −−−−→ M −−−−→ M/Mm−1 −−−−→ 0

∼=
⏐⏐
 ⏐⏐
f

⏐⏐
f

0 −−−−→ Nn−1 −−−−→ N −−−−→ N/Nn−1 −−−−→ 0
with exact rows we get isomorphisms Ker f ∼= Ker f and Coker f ∼= Coker f
and, hence, the modules Ker f and Coker f lie in the category E . This shows
that E is an exact and abelian subcategory of modA.

Clearly, the modules E1, . . . , Er are simple objects in the category E and,
because they are pairwise orthogonal, they are also pairwise non-isomorphic.

(b) The sufficiency is obvious. To prove the necessity, we assume that
the set {E1, . . . , Er} is a hereditary family of modA, that is, pdEj ≤ 1
and idEj ≤ 1, for any j ∈ {1, . . . , r}, or equivalently, Ext2A(Ej , Y ) = 0 and
Ext2A(X, Ej) = 0, for any j ∈ {1, . . . , r} and for all modules X and Y in
mod A. We fix a module Y in modA and we prove that Ext2A(X, Y ) = 0, for
any module X in E . If X is any of the modules E1, . . . , Er, the assumption
gives the result. Assume that X is an arbitrary non-zero object of E . Then
X contains a submodule X0 isomorphic to one of the modules E1, . . . , Er,
because they are all simple objects in the category E , up to isomorphism,
by (a). Then there exists an exact sequence 0 → X0 → X → X → 0 in the
category E and dimKX < dimKX. We derive the induced exact sequence

Ext2A(X, Y ) −−−−−−→ Ext2A(X, Y ) −−−−−−→ Ext2A(X0, Y ).
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By induction, the left hand term and the right hand term of the sequence
are zero. Hence we get Ext2A(X, Y ) = 0, and the required result follows by
induction on dimKX. The equality Ext2A(X, Y ) = 0, for any module X in
mod A and any module Y in EA, follows in a similar way.

(c) Apply the arguments used in the proof of (b). The details are left to
the reader. �

An object U in the category EA = EXTA(E1, . . . , Er) is defined to be
uniserial, if U1 ⊆ U2 or U2 ⊆ U1, for each pair U1, U2 of subobjects of U
in EA. In other words, an object U in EA is uniserial if all subobjects of U
in EA form a chain with respect to the inclusion.

The length of the chain of subobjects of a uniserial object U of the
category E = EA is called an E-length of U , and is denoted by �E(U).

Our next objective is to show that, if r ≥ 1 and E1, . . . , Er are pairwise
orthogonal bricks satisfying the following two conditions:

(a) τEi+1 = Ei, for all i ∈ {1, . . . , r}, where we set Er+1 = E1,
(b) Ext2A(Ei, Ej) = 0, for all i, j ∈ {1, . . . , r},

(the condition (b) is always satisfied if the algebra A is hereditary) then
the indecomposable objects in the category EA = EXTA(E1, . . . , Er) are
uniserial in EA and form an Auslander–Reiten component in Γ(modA),
that is a stable tube of rank r. We start by constructing indecomposable
modules and almost split sequences in EA.

2.2. Theorem. Let A be an algebra, and (E1, . . . , Er), with r ≥ 1, be a
τA-cycle of pairwise orthogonal bricks in mod A such that {E1, . . . , Er} is
a self-hereditary family of mod A. The abelian category

E = EXTA(E1, . . . , Er),

has the following properties.
(a) For each pair (i, j), with 1 ≤ i ≤ r and j ≥ 1, there exist a unis-

erial object Ei[j] of E-length �E(Ei[j]) = j in the category E, and
homomorphisms

uij : Ei[j−1] −−−−→ Ei[j], pij : Ei[j] −−−−→ Ei+1[j−1],

for j ≥ 2, such that we have two short exact sequences in mod A

0 −→ Ei[j−1]
uij−−−−→ Ei[j]

p′
ij−−−−→ Ei+j−1[1] −→ 0,

0 −→ Ei[1]
u′

ij−−−−→ Ei[j]
pij−−−−→ Ei+1[j−1] −→ 0,

where p′
ij = pi+j−2,2 . . . pij and u′

ij = uij . . . ui2. Moreover, for each
j ≥ 2, there exists an almost split sequence
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0 −→Ei[j−1]

[
pi,j−1

uij

]
−−−−−−→ Ei+1[j−2] ⊕ Ei[j]

[ ui+1,j−1 pij ]−−−−−−−−→ Ei+1[j−1] −→ 0,

in mod A, where we set Ei[0] = 0 and Ei+kr[m] = Ei[m], for m ≥ 1
and all k ∈ Z.

(b) The indecomposable uniserial objects Ei[j], with i ∈ {1, . . . , r} and
j ≥ 1, of the category E, connected by the homomorphisms uij :
Ei[j−1] −−−−→ Ei[j] and pij : Ei[j] −−−−→ Ei+1[j−1], form the infi-
nite diagram (2.3) presented below.

(c) Ext2A(X, Y ) = 0, for each pair of objects X and Y of E.

To understand (and visualise) the above statement, some comments may
be useful. We first notice that the homomorphisms uij (and hence the u′

ij)
are necessarily monomorphisms, while the pij (and hence p′

ij) are necessarily
epimorphisms. We thus have the following diagram

Ei[1] Ei+1[1] Ei+2[1] . . . Ei+j−2[1] Ei+j−1[1]

↗ ↘ui2 ↗pi2 ↘ui+1,2↗pi+1,2↘ ↗ ↘ui+j−2,2↗pi+j−2,2↘
Ei[2] Ei+1[2]

. . . . . . Ei+j−2[2]

↗ ↘ui3 ↗pi3 ↘ ↗ ↘
. . . Ei[3]

. . . . . . . . . . . .

↗ ↘ ↘ ↗
. . . . . . Ei+1[j−2] . . . (2.3)

↘ ↗pi,j−1↘ui+1,j−1↗
Ei[j−1] Ei+1[j−1]

↗ ↘uij ↗pij ↘
. . . Ei[j]

. . .

↗ ↘
. . . . . .

where we set Ei[1] = Ei+kr[1], for all k ∈ Z, all the arrows pointing down
represent monomorphisms, all the arrows pointing up represent epimor-
phisms, and each of the squares represents an almost split sequence (as well
as each of the triangles on the top).

If we set Ei[1] = Ei, for each i, then the first short exact sequence in (2.2)
implies that Ei[j−1] embeds into Ei[j] as a maximal subject in the category
E = EXTA(E1, . . . , Er), because the quotient Ei+j−1[1] = Ei+j−1 is one
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of the simple objects E1, . . . , Er of the abelian category E . Hence the
uniseriality of Ei[j] would imply that Ei[j−1] is the unique maximal sub-
object of Ei[j] in E , or, equivalently, that fuij = 0 for any homomorphism
f : Ei[j] −→ Ek, for any k such that 1 ≤ k ≤ r. The second short exact
sequence in (2.2) entails similar consequences. We are now ready to proceed
with the proof of the theorem.

Proof of the theorem. By our assumption, r ≥ 1 and the modules
E1, . . . , Er are pairwise orthogonal bricks such that τAE1 ∼= Er, τAE2 =
E1, . . . , τAEr = Er−1 and Ext2A(Ei, Es) = 0, for all i, s ∈ {1, . . . , r}.

(a) We use induction on j. If j = 1, we set Ei[1] = Ei. Assume that
j = 2. By hypothesis, we have Ei = τEi+1 for each i, hence there is an
almost split sequence

0 −→Ei[1] ui2−−−−→ Ei[2]
pi2−−−−→ Ei+1[1]−→ 0

in modA. Applying the Auslander–Reiten formulae (IV.2.13) yields

1 ≤ dimKExt1A(Ei+1[1], Ei[1]) = dimKDHomA(Ei[1], τEi+1[1])

= dimKDHomA(Ei[1], Ei[1]) ≤ dimKEndEi[1] = 1,

because, by hypothesis, Ei[1] is a brick. Hence Ext1A(Ei+1[1], Ei[1]) ∼= K,
so the above short exact sequence is (up to a scalar multiple) the unique
non-split extension of Ei+1[1] by Ei[1]. Moreover, for any homomorphism
f : Ei[2]−−−−→ Ek, with 1 ≤ k ≤ r, we have fui2 = 0, because the modules
E1, . . . , Er are pairwise orthogonal bricks and ui2 : Ei[1]−−−−→ Ei[2] is not
a section, that is, is not a split monomorphism.

Clearly, then, Ei[2] is a uniserial object of E-length �E(Ei[2]) = 2 in
E = EXTA(E1, . . . , Er). Consequently, for each i with 1 ≤ i ≤ r, the
objects Ei[2] and the homomorphisms ui2 and pi2 are defined, and there
exist the exact sequences required in the lemma.

Assume that k ≥ 3 and that we have constructed all the Ei[j], uij , pij

with 1 ≤ i ≤ r and 1 ≤ j ≤ k − 1. In particular, there exist short exact
sequences

(i) 0−→Ei+1[k−2]
ui+1,k−1−−−−−−→ Ei+1[k−1]

p′
i+1,k−1−−−−−−→ Ei+k−1[1]−→ 0,

(ii) 0−→Ei[1]
u′

i,k−1−−−−−−→ Ei[k−1]
pi,k−1−−−−−−→ Ei+1[k−2] −→ 0.

Applying HomA(−, Ei[1]) to (i) yields an exact sequence

. . . −→Ext1A(Ei+1[k − 1], Ei[1])
Ext1A(ui+1,k−1,Ei[1])−−−−−−−−−−−−→ Ext1A(Ei+1[k−2], Ei[1])

−→Ext2A(Ei+k−1[1], Ei[1])−→ . . .

Because, by hypothesis, Ext2A(Ei+k−1[1], Ei[1]) = 0, Ext1A(ui+1,k−1, Ei[1])
is an epimorphism. Using (ii), there exist Ei[k], uik, pik, u′

ik = uiku′
i,k−1
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and p′
ik = p′

i+1,k−1pik such that we have a commutative diagram with exact
rows and columns

0 0⏐⏐
 ⏐⏐

0 −→ Ei[1]

u′
i,k−1−−−−−−→ Ei[k−1]

pi,k−1−−−−−−→ Ei+1[k−2] −→ 0∥∥∥∥ ⏐⏐
uik

⏐⏐
ui+1,k−1

0 −→ Ei[1]
u′

ik−−−−−−→ Ei[k]
−pik−−−−−−→ Ei+1[k − 1] −→ 0⏐⏐
−p′

ik

⏐⏐
p′
i+1,k−1

Ei+k−1[1] ======= Ei+k−1[1]⏐⏐
 ⏐⏐

0 0

In particular, we get the first two short exact sequences required in the
lemma for j = k. Further, the upper right corner of the above diagram
gives the short exact sequence

(iii) 0−→ Ei[k−1]

[ pi,k−1

uik

]
−−−−−−−−−−−−→ Ei+1[k−2] ⊕ Ei[k]

[ ui+1,k−1 pik ]−−−−−−−−−−−−→ Ei+1[k−1] −→ 0.
We now prove that Imuik

∼= Ei[k−1] is the unique maximal subobject of
Ei[k] in E . Because, by the induction hypothesis, Ei[k − 1] is uniserial, this
would imply that so is Ei[k].

Let f : Ei[k] −→ El be a homomorphism in E , with 1 ≤ l ≤ r. We
claim that fuik = 0. Because the module El is a simple object of E , f
is an epimorphism. We observe that fuikui,k−1 = 0, because the module
Im ui,k−1 ∼= Ei[k−2] is the unique maximal subobject of the uniserial object
Ei[k−1] of E , and the target of fuik : Ei[k−1] −−−−→ El is a simple object of
E . Hence, there exists a homomorphism g : Ei+k−2[1] −−−−→ El such that
fuik = gp′

i,k−1 = gpi+k−2,2 . . . pi,k−1. Letting

f ′ = gpi+k−2,2 . . . pi+1,k−2 : Ei+1[k−2] −−−−−−−−→ El,

the last equation becomes fuik = f ′pi,k−1. Thus [−f ′ f ]
[ pi,k−1

uik

]
= 0.

The exactness of (iii) yields f ′′ : Ei+1[k−1] −−−−→ El such that [−f ′ f ] =
f ′′[ui+1,k−1 pik]. But −f ′ = f ′′ui+1,k−1 = 0 because, by the induction hy-
pothesis, the image of ui+1,k−1 is the unique maximal subobject of Ei+1[k−
1] in E . Hence fuik = f ′pi,k−1 = 0. This shows that Im uik is the unique
maximal subobject of Ei[k], and, consequently, the uniseriality of the latter.

We now prove that (iii) is an almost split sequence in modA. Because
the middle term is the direct sum of two uniserial objects having E-lengths
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k−2 and k in E , while the extreme terms are uniserial of E-length k−1 in E ,
the sequence (iii) does not split. In particular, Ei+1[k−1] is not projective
and hence τEi+1[k−1] 
= 0. We claim that τEi+1[k−1] ∼= Ei[k−1]. By
the induction hypothesis, we have an almost split sequence (corresponding
to j = k − 1)

0 −→Ei[k−2]

[
pi,k−2

ui,k−1

]
−−−−−−→ Ei+1[k−3]⊕Ei[k−1]

[ ui+1,k−2 pi,k−1 ]−−−−−−−−−−−−→ Ei+1[k−2] −→ 0
for any i. Replacing i by i + 1, we get that the homomorphism ui+1,k−1 :
Ei+1[k − 2] −−−−→ Ei+1[k − 1] is an irreducible morphism. It follows that
there exists an irreducible morphism τEi+1[k − 1] −−−−→ Ei+1[k − 2]. The
induction hypothesis yields that

• Ei+1[k−3] = 0, if k = 3, or
• τ−1Ei+1[k−3] ∼= Ei+2[k−3] 
∼= Ei+1[k−1], if k 
= 3.

Therefore, there is an isomorphism τEi+1[k−1] ∼= Ei[k−1]. Because, by
(IV.3.2), an almost split sequence with the left term Ei[k−1] and the right
term Ei+1[k−1] represents a non-zero element of the socle of
Ext1A(Ei+1[k−1], Ei[k−1]), then it remains to show that, for every
non-invertible endomorphism f : Ei[k−1] −−−−→ Ei[k−1], the equality
Ext1A(Ei+1[k−1], f) = 0 holds.

For, let f : Ei[k−1] −−−−→ Ei[k−1] be such a homomorphism. Then
Ker f 
= 0 and, because the module Imu′

i,k−1
∼= Ei[1] is a unique simple

subobject of the uniserial object Ei[k−1] in E , we have fu′
i,k−1 = 0. Hence

there exists a homomorphism f ′ : Ei+1[k−2] −−−−→ Ei[k−1] such that f =
f ′pi,k−1. On the other hand, the Auslander–Reiten formulae (IV.2.13) yields

Ext1A(Ei+1[k−1], Ei+1[k−2]) ∼= DHomA(τ−1Ei+1[k−2], Ei+1[k − 1])
∼= DHomA(Ei+2[k−2], Ei+1[k−1]).

Now Ei+1[k−1] is a uniserial object of E and all its subobjects in E are of
the form Ei+1[j], with j ≤ k − 1, while all epimorphic images of the object
Ei+2[k−2] in the category E are of the form Ei+l+1[k−l], with 1 ≤ l ≤ k −1.
Hence HomA(Ei+2[k−2], Ei+1[k−1]) = 0, and consequently

Ext1A(Ei+1[k−1], Ei+1[k−2]) = 0.

Applying the functor Ext1A(Ei+1[k−1],−) to the short exact sequence

0 −→Ei[1]
u′

i,k−1−−−−→ Ei[k−1]
pi,k−1−−−−→ Ei+1[k−2] −→ 0

yields thus Ext1A(Ei+1[k−1], pi,k−1) = 0. Hence Ext1A(Ei+1[k−1], f) = 0,
because f = f ′pi,k−1, as required.

(b) The statement follows from (1.4), the discussion preceding the proof,
and the arguments given in the proof of (a).

(c) This is a consequence of (2.1). �
Before starting (and proving) the main result of this section, we need two

further definitions, see Bongartz–Gabriel [34] and Ringel [215].
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2.4. Definition. Let C be a component of the Auslander–Reiten quiver
Γ(mod A)of an algebra A, and assume, for simplicity, that C has no multiple
arrows.

(a) The path category KC of C is the K-category defined as follows:
the objects of KC are the points in C, and the morphisms from
x ∈ C0 to y ∈ C0 are the K-linear combinations of paths in C from
x to y, with coefficients in K.

(b) We define an ideal MC in the category KC as follows: to every non-
projective point x ∈ C0 corresponds a mesh in C of the form

and to this mesh, we associate an element mx of HomKC(τx, x),
called the mesh element, and defined by the formula

mx =
t∑

i=1

α′
iαi.

We denote by MC the ideal of KC generated by all the mesh elements
mx (where x ranges over all the non-projective points of C).

(c) The mesh category is the quotient K-category K(C) = KC/MC .

Note that, an arbitrary element of the ideal MC is a finite sum of the

form
m∑

i=1
uimxi

vi, where uimxi
vi is a morphism in KC from yi to zi (say)

such that xi is a non-projective point, ui is a morphism from yi to τxi, and
vi is a morphism from xi to zi.

2.5. Definition. Let C be a component of the Auslander–Reiten quiver
Γ(mod A) of an algebra A.

(a) C is defined to be a standard component of Γ(modA) if there
exists an equivalence of K-categories

K(C) = KC/MC ∼= ind C,

where ind C is the full K-subcategory of modA whose objects are
representatives of the isomorphism classes of the indecomposable
modules in C.
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(b) C is defined to be a self-hereditary component of Γ(modA) if,
for each pair of indecomposable A-modules X and Y in C, we have
Ext2A(X, Y ) = 0.

It follows that the homomorphisms between two indecomposable modules
lying in a standard component C of Γ(modA) may be represented combina-
torially.
As we shall see, this allows an easy computation of the homomorphism
spaces between modules in C.

One can show that every postprojective component P(A) without multi-
ple arrows and every preinjective component Q(A) without multiple arrows
is standard, and consequently that the Auslander–Reiten quiver Γ(modA)
of a representation-directed algebra A is standard. We do not need this
fact, but we need that some stable tubes are standard.

The following important theorem is essentially due to Ringel [215].

2.6. Theorem. Let A be an algebra, and (E1, . . . , Er), with r ≥ 1, be a
τA-cycle of pairwise orthogonal bricks in mod A such that {E1, . . . , Er} is
a self-hereditary family of mod A. The abelian category

E = EXTA(E1, . . . , Er),
has the following properties.

(a) Every indecomposable object M of the category E is uniserial and is
of the form M ∼= Ei[j], where i ∈ {1, . . . , r} and j ≥ 1.

(b) All indecomposable objects of the category E = EXT (E1, . . . , Er)
are uniserial in E, and they form a self-hereditary component TE
of Γ(mod A),

(c) The component TE is a standard stable tube of rank r.
(d) The modules E1, . . . , Er form a complete set modules lying on the

mouth of the tube TE .

Proof. By our assumption, r ≥ 1 and the modules E1, . . . , Er are pair-
wise orthogonal bricks such that τAE1 ∼= Er, τAE2 = E1, . . . , τAEr = Er−1
and Ext2A(Ei, Es) = 0, for all i, s ∈ {1, . . . , r}.

We first prove that every indecomposable object M in the category
E = EXTA(E1, . . . , Er) is isomorphic to one of the objects Ei[j] (for some
i ∈ {1, . . . , r}, and some j ≥ 1), as constructed in (2.2). Clearly, this
implies that the indecomposable objects in E are uniserial in E .

It follows from the definition of E that M contains a subobject of the
form Ei = Ei[1]. Let j ≥ 1 be maximal so that there exist i ∈ {1, . . . , r},
and a monomorphism h : Ei[j] −→ M . We claim that h is an isomorphism.
Assume that this is not the case. The almost split sequence

0 −→Ei[j]

[
pij

ui,j+1

]
−−−−−−−−→ Ei+1[j−1]⊕ Ei[j+1]

[ ui+1,j pi,j+1 ]−−−−−−−−→ Ei+1[j] −→ 0
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yields a homomorphism

[h′′ h′] : Ei+1[j−1] ⊕ Ei[j+1] −−−−−−→ M

such that h = h′′pij + h′ui,j+1. Because Im u′
ij

∼= Ei[1] is the unique simple
subobject of Ei[j] in E , and h : Ei[j] −→ M is a monomorphism, we have
hu′

ij 
= 0. On the other hand, the second short exact sequence of (2.2) yields
piju

′
ij = 0. Hence

h′u′
i,j+1 = h′ui,j+1u

′
ij + h′′piju

′
ij = hu′

ij 
= 0.

But Ei[j+1] is a uniserial object of E with unique simple subobject in E equal
to Im u′

i,j+1
∼= Ei[1]. This implies that h′ : Ei[j+1] −→ M is a monomor-

phism, which contradicts our choice of j. Therefore, there is an isomorphism
M ∼= Ei[j].

Let now E ′ denote the K-subcategory of E generated by the indecompos-
able modules Ei[j], the identity homomorphisms, and the homomorphisms
uij , pij between them. We claim that E ′ is a full subcategory of E and the
equality E ′ = E holds.

Let f : Ei[j] −−−−→ El[k] be a non-zero homomorphism in modA. We
show by induction on j + k that f belongs to E ′.

For j + k = 2, we have j = k = 1, and f is a homomorphism from Ei to
El. Because f 
= 0, we have i = l and, hence, f is an isomorphism of the
form λ · 1Ei , for some λ ∈ K \ {0}, thus f belongs to E ′.

Assume that j + k > 2. Because Im f is a subobject of El[k], which is
uniserial in E , then Im f is indecomposable in E . Because any indecompos-
able object of E is isomorphic to an object of E ′, we may assume that f is
an epimorphism or a monomorphism.

Suppose that f is an epimorphism. If f is not an isomorphism, then
Ker f 
= 0; hence fu′

ij = 0 and there exists a homomorphism
f ′ : Ei+1[j−1] −−−−→ El[k] such that f = f ′pij . By our induction hypothe-
sis, f ′ lies in E ′, hence so does f . The proof is similar if f is a monomor-
phism, but not an isomorphism. Finally, if f is an isomorphism, then i = l,
j = k and f = λ · 1 + f ′, where λ ∈ K is a non-zero scalar, and f ′ is not
an isomorphism. As before, f ′ lies in E ′ and consequently so does f . This
completes the proof of our claim that E ′ = E .

It follows easily from the description of the almost split sequences in
(2.2) that the indecomposable objects in E , namely the modules Ei[j], form
a component TE of Γ(modA), and that this component is a stable tube of
rank r. By (2.1), the component TE is self-hereditary, because we assume
that {E1, . . . , Er} is a self-hereditary family of modA.

There remains to prove its standardness. We thus consider the mesh
K-category K(TE) of TE and the K-linear functor

F : K(TE) −−−−→ ind TE
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that assigns to the point Ei[j] in the tube TE the module Ei[j], to the
arrow Ei[j−1]−→Ei[j] in TE the homomorphism uij , and to the arrow
Ei[j]−→Ei+1[j−1] the homomorphism pij . The above discussion shows that
the functor F is full and dense. There remains to show that F is faithful.

We say that a homomorphism Ei[j] −−−−→ El[k] is standard provided it
is a composition of homomorphisms of the form pαβ followed by homomor-
phisms of the form uγδ.

Because the functor F is full, the standard homomorphisms from Ei[j]
to El[k] generate the K-vector space HomA(Ei[j], El[k]) (for any i, j, k, l).

Now we prove that the standard homomorphisms in HomA(Ei[j], El[k])
are also linearly independent over K. Indeed, if ft is a standard homomor-
phism in HomA(Ei[j], El[k]) given as a composition of t homomorphisms of
the form pαβ followed by homomorphisms of the form uγδ, then it is easily
seen that there is an isomorphism Im ft

∼= Ei+t[j−t].
Let now f =

∑
t

λtft, with λt ∈ K. Assume that at least one of the

scalars λt is non-zero, and let s be the smallest integer such that λs 
= 0.
Then Im (λsfs) is the unique subobject of E-length j − s in El[k], and the
module Im (

∑
t�=s

λtft) is properly contained in Im (λsfs). Hence f 
= 0. This

shows that the standard homomorphisms in HomA(Ei[j], El[k]) form a K-
basis of HomA(Ei[j], El[k]). It follows that the functor F is faithful, and
consequently, the tube TE is standard. �

The preceding theorem provides us with a tool for computing homomor-
phisms between indecomposable modules in standard stable tubes.

2.7. Corollary. Let A be an algebra, T a standard stable tube of rank
r ≥ 1 of Γ(mod A), and {E1, . . . , Er} a self-hereditary family of pairwise
orthogonal bricks forming the mouth of the tube T .

(a) In the notation of (2.2), the only homomorphisms between two inde-
composable modules in T are K-linear combinations of compositions
of the homomorphisms uij, pij, and the identity homomorphisms,
and they are only subject to the relations arising from the almost
split sequences in (2.2).

(b) In the notation of (2.2), given i ∈ {1, . . . , r} and j ≥ 1, we have
• EndEi[j] ∼= K[t]/(tm), for some m ≥ 1,
• EndEi[j] ∼= K if and only if j ≤ r, and
• Ext1A(Ei[j], Ei[j]) ∼= DHomA(Ei[j], τEi[j]) = 0 if and only if

j ≤ r − 1.
(c) If the tube T is homogeneous then Ext1A(M, M) 
= 0, for any inde-

composable M in C.

Proof. Because the stable tube is standard and {E1, . . . , Er} a self-
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hereditary family of pairwise orthogonal bricks forming the mouth of the
tube T then (2.2) and (2.6) applies to the extension category

E = EXTA(E1, . . . , Er)
and T = TE is formed by the indecomposable uniserial modules of E . Then
(a) easily follows from (2.2) and (2.6), but (b) and (c) are an immediate
consequence of (a). �

It follows from (2.7)(a) that a simple combinatorial argument allows to
compute the Hom-spaces and the Ext-space between two indecomposable
modules in a standard stable tube T satisfying the conditions of (2.7). The
combinatorial technique is illustrated in the example (2.12) presented later.

We now prove two lemmata showing how modules in stable tubes and
modules that lie outside stable tubes map to each other. The first is a new,
more practical, version of (IV.5.1).

2.8. Lemma. Let A be an algebra, E = EXTA(E1, . . . , Er) be as in
(2.6), TE be the tube of rank r formed by the indecomposable modules in E,
and let M be an indecomposable A-module that is not in TE .

(a) If there exist i ∈ {1, . . . , r} and a non-zero homomorphism
f : Ei −→ M then, for any j ≥ 2, there exists a homomorphism
gj : Ei[j] −→ M such that f = gju

′
ij.

(b) If there exist i ∈ {1, . . . , r} and a non-zero homomorphism
f : M −→ Ei then, for any j ≥ 2, there exists a homomorphism
hj : M −→ Ei−j+1[j] such that f = p′

i−1,2hj.

Proof. We only show (a), because the proof of (b) is similar. This is done
by induction on j. Assume that j = 2. By hypothesis, there exists a non-
isomorphism f from Ei = Ei[1] to M , which must therefore factor through
the left minimal almost split morphism u′

i2 = ui2 : Ei[1] −−−−→ Ei[2]. This
gives g2. Assume that j > 2, and that gj : Ei[j] −−−−→ M such that
f = gju

′
ij is given. Because M is not in TE , gj is not an isomorphism.

Hence, it factors through the left minimal almost split morphism
[ ui,j+1

pij

]
:

Ei[j] −−−−−−→ Ei[j+1] ⊕ Ei+1[j−1], that is, there exists a homomorphism
[gj+1 g′

j+1] : Ei[j+1] ⊕ Ei+1[j−1] −−−−→ M such that

gj = gj+1ui,j+1 + g′
j+1pij .

Now it follows from the first exact sequence in (2.2) that piju
′
ij = 0. Thus

f = gju
′
ij = gj+1ui,j+1u

′
ij = gj+1u

′
i,j+1. �

2.9. Lemma. Let E = EXTA(E1, . . . , Er) and TE be a standard stable
tube as in (2.6), and M be an indecomposable A-module that is not in TE .

(a) If there exists an indecomposable module L in the tube TE such that
HomA(L, M) 
= 0, then there exists an index i ∈ {1, . . . , r} such
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that HomA(Ei, M) 
= 0 and, consequently, HomA(Ei[j], M) 
= 0, for
any j ≥ 1.

(b) If there exists an indecomposable module L in the tube TE such that
HomA(M, L) 
= 0, then there exists an index i ∈ {1, . . . , r} such that
HomA(M, Ei) 
= 0 and, consequently, HomA(M, Ei−j+1[j]) 
= 0, for
any j ≥ 1.

Proof. We only prove (a), because the proof of (b) is similar. Let L
be an indecomposable module in TE , and f : L −→ M be a non-zero ho-
momorphism. There exist i and j such that L ∼= Ei[j], so that we have a
monomorphism u′

ij : Ei −−−−→ L ∼= Ei[j], with Ei lying on the mouth of
TE . If fu′

ij 
= 0, we are done. Assume that this is not the case, and consider
the second exact sequence of (2.2)

0 −−−−→ Ei[1]
u′

ij−−−−→ Ei[j]
pij−−−−→ Ei+1[j−1] −−−−→ 0.

Because fu′
ij = 0, there exists f ′ : Ei+1[j − 1] −→ M such that f = f ′pij .

Our first claim thus follows by induction on j. The second claim is a direct
consequence of the first, and of (2.8)(a). �

In a characterisation of tilted algebras of Euclidean type given in Chap-
ters XII and XVII, we essentially use a special class of stable tubes, namely
the hereditary tubes in the following sense, see [238].

2.10. Definition. Let A be an algebra and T a stable tube of the
Auslander–Reiten quiver Γ(modA) of A.

(a) The tube T is defined to be hereditary, if pdX ≤ 1 and idX ≤ 1,
for any indecomposable A-module X of T .

(b) The tube T is defined to be self-hereditary, if Ext2A(X, Y ) = 0,
for each pair of indecomposable A-modules X and Y of T .

We remark that the standard stable tubes constructed in (2.2) and (2.6)
are self-hereditary. Note also that, given a hereditary stable tube T ,
the additive subcategory addT of modA is hereditary in the sense that
Ext2A(M, N) = 0, for each pair of the objects M and N of add T . Obvi-
ously, every stable tube T of the Auslander–Reiten quiver Γ(modA) of a
hereditary algebra A is hereditary and, clearly, every hereditary stable tube
T is self-hereditary, but the converse implication does not hold in general.
We show in Section 4 that faithful standard stable tubes are hereditary.

The following lemma shows that the hereditariness and the self-heredit-
ariness of a stable tube T of rank r ≥ 1 of Γ(modA) is decided on the level
of the set of all mouth modules of T .
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2.11. Lemma. Let A be an algebra and T a stable in Γ(mod A).
(a) The tube T is self-hereditary if and only if the finite family of mouth

modules of T is self-hereditary.
(b) The tube T is hereditary if and only if the finite family of mouth

modules of T is hereditary.

Proof. We only prove (a), because the proof of (b) is similar. The
necessity is obvious. To prove the sufficiency, we assume that T is a stable
tube of rank r ≥ 1 in Γ(modA) and (X1, . . . , Xr) is a τA-cycle of mouth
modules of T such that Ext2A(Xi, Xj) = 0, for all i, j ∈ {1, . . . , r}. We
show that Ext2A(X, Y ) = 0, for each pair of indecomposable A-modules X
and Y lying on the tube T . Assume that X and Y are such modules. By
(1.4), X ∼= Xi[m] and Y ∼= Xj [n], for some i, j ∈ {1, . . . , r} and some
integers m, n ≥ 1. First we assume that n = 1, that is Y ∼= Xj [1] = Xj .
We prove by induction on m ≥ 1 that Ext2A(Xi[m], Y ) = 0. If m = 1 then
Xi[m] = Xi and we are done by our assumption. Assume that m ≥ 1 is such
that Ext2A(Xi[m], Y ) = 0 and Ext2A(Xi[m−1], Y ) = 0, for all i ∈ {1, . . . , r}.
By (1.4), there exists an almost split sequence

0 −−−−→ Xi[m] −−−−→ Xi[m+1] ⊕ Xi+1[m−1] −−−−→ Xi+1[m] −−−−→ 0

in modA, where we set Xj [0] = 0 and Xi+kr[t] = Xi[t], for all i ∈ {1, . . . , r},
t ≥ 1, and k ∈ Z. Hence we derive the induced exact sequence

Ext2A(Xi+1[m], Y ) −→Ext2A(Xi[m+1]⊕Xi+1[m−1], Y ) −→ Ext2A(Xi[m], Y ).

The induction hypothesis yields Ext2A(Xi+1[m−1], Y ) = 0, the left hand
term and the right hand term of the sequence is zero. It follows that
Ext2A(Xi+1[m+1], Y ) = 0, for i ∈ {0, . . . , r − 1}. By the induction prin-
ciple, we conclude that Ext2A(X, Y ) = 0, for Y and any indecomposable
A-module X lying on the tube T . Applying the same arguments, we prove
by induction on n ≥ 1 that Ext2A(X, Xj [n]) = 0, for any indecomposable
A-module X lying on the tube T . This finishes the proof. �

We end this section with a few examples of stable tubes. The first ex-
ample shows that the vanishing of the second extension spaces of the brick
is necessary for the validity of Theorem (2.6). The second one illustrates
the use of Corollary (2.7), and the third one shows that there exist self-
hereditary standard stable tubes T of Γ(modA) that are not hereditary
and gl.dimA = 2.

The reader is also referred to Section 4 for more examples of stable tubes.
In particular, we construct there a standard stable tube T that is not self-
hereditary, and consequently, theorems (2.2) and (2.6) do not apply to that
tube T .
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2.11. Example. Let A = K[t]/(t2). Then A is a local self-injective
Nakayama algebra, S = K ∼= K[t]/(t) is a unique non-projective indecom-
posable A-module, and, by (IV.4.1), the Auslander–Reiten quiver Γ(modA)
of A is of the form

S ◦ - - - - - - - ◦ S

↘ ↗
A

Observe that S is a brick and dimKExtn
A(S, S) = 1, for any n ≥ 1.

We show later that there exist algebras A such that the Auslander–Reiten
quiver Γ(modA) admits non-standard stable tubes, see (X.5.8).

2.12. Example. Let A be the path algebra of the quiver Q

Because the underlying graph of Q is a Euclidean diagram (and thus is not a
Dynkin diagram), the hereditary algebra A = KQ is representation-infinite.
By (VIII.2.1), Γ(modA) has a postprojective component and a preinjective
component, and all its remaining components are regular (VIII.2.12). The
straightforward calculation of the postprojective and the preinjective com-
ponents shows that the simple module S = S(3) is neither postprojective nor
preinjective. Hence S is regular. We compute the component of Γ(modA)
containing S. Applying the Nakayama functor ν = DHomA(−, A) to the
minimal projective presentation

0 −−−−→ P (1) ⊕ P (2) −−−−→ P (3) −−−−→ S −−−−→ 0

and using that νP (a) = I(a), for any a ∈ Q0, yields, by (IV.2.4), a left
exact sequence

0 −−−−→ τAS −−−−→ I(1) ⊕ I(2) −−−−→ I(3)

thus, τAS = E is the indecomposable module (viewed as a representation
of Q)

Computing again a minimal projective presentation for E, we get
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0 −−−−→ P (3)−−−−→ P (5) ⊕ P (4) −−−−→ E −−−−→ 0.

Applying the Nakayama functor yields a left exact sequence

0 −−−−→ τAE −−−−→ I(3) −−−−→ I(5) ⊕ I(4)

so that τAE ∼= S. Because each of the modules S and E is clearly a brick,
and the algebra A is hereditary, then Ext2A(−,−) = 0 and we are in the
situation of (2.6). Therefore the component C of Γ(modA) containing S is
a standard stable tube T of rank 2, which is of the form

T :

S E S

| ↘ ↗ ↘ ↗ |
| E

S
S
E |

| ↗ ↘ ↗ ↘ |
E
S
E

S
E
S

E
S
E

| ↘ ↗ ↘ ↗ |
|

|

S
E
S
E

E
S
E
S

|

|

| ↗ ↘ ↗ ↘ |

where the indecomposable modules are represented by their composition
factors (see (I.3.10)) in the category EXTA(E, S), and one identifies along
the vertical dotted lines. The monomorphisms uij and the epimorphisms
pij of (2.2) are particularly easy to understand in the above picture. We
also show how to compute the indecomposable modules E

S and S
E . The

indecomposable module S
E is the middle term of the almost split sequence

0 −−−−→ E −−−−→ S
E −−−−→ S −−−−→ 0

in modA, thus has a dimension vector equal to 1 1
2

1 1
, has S as a summand

of its top, and E as a maximal submodule. It is then easy to see that S
E

and E
S are given by the representations

respectively. We notice that dim S
E = dim E

S , but clearly S
E 
∼= E

S .
It is particularly easy to compute the Hom-spaces between two modules

of C. This is done as for a Nakayama algebra (V.3), because the indecompos-
able objects of C are uniserial. Thus there exist two K-linearly independent
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homomorphisms from
S
E
S

to
E
S
E
S

having as images the unique maximal subob-

ject
S
E
S

, and the simple object S in EXTA(E, S). This also implies an easy

computation of extension spaces, because, for M and N in EXTA(E, S), we

have Ext1A(M, N) ∼= DHomA(N, τAM). For instance, taking M =
S
E
S
E

and

N =
E
S
E
S

, we have τAM ∼= N , and EndN is two-dimensional. Hence there

exist, up to scalars, two non-split extensions of M by N . One of them is
the almost split sequence

0 −−−−→
E
S
E
S

−−−−→ E
S
E

⊕
S
E
S
E
S

−−−−→
S
E
S
E

−−−−→ 0.

The second non-split extension of M by N is the canonical exact sequence

0 −−−−→
E
S
E
S

−−−−→ E ⊕

S
E
S
E
S
E
S

−−−−→
S
E
S
E

−−−−→ 0.

Now we give an example of an algebra C such that gl.dimC = 2 and
Γ(mod C) admits a self-hereditary standard stable tube that is not heredi-
tary.

2.13. Example. Let C be the path algebra of the quiver

bound by one zero relation αρ = 0. Then the quotient algebra A = C/Ce0C
of C is isomorphic to the path algebra KQ of the full subquiver Q of Ω
given by the vertices 1, 2, 3, 4, and 5, that is A ∼= KQ is the hereditary
algebra of Example (2.12). The canonical algebra surjection C −−−−→ A
induces fully faithful exact embedding modA ↪→ mod C. It is easy to check
that the indecomposable projective C-modules P (0) = e0C = S(0) and
P (1) = e1C ∼= I(0) are the unique indecomposable C-modules that do not
lie in modA ↪→ mod C. The component P(C) of Γ(modC) containing the
module P (0) is postprojective and has the form
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It is obtained from the unique postprojective component P(A) of Γ(modA)
by adding two points connected by one arrow corresponding to the irre-
ducible embedding P (0) = radP (1) ↪→ P (1). The component P(C) con-
tains all the indecomposable projective C-modules, up to isomorphism.
Note that the indecomposable projective C-module I(0) = P (1) is also
injective.

It follows that the unique preinjective component Q(A) of Γ(modA) is
also the unique preinjective component Q(C) of Γ(modC). It contains all
the indecomposable injective C-modules, except the projective-injective C-
module I(0) = P (1), and is of the form

The standard stable tube T of rank r = 2 in Γ(modA) with the mouth
modules E and S = S(3), constructed in Example (2.12), remains a stan-
dard stable tube in Γ(modC), under the fully faithful exact embedding
mod A ↪→ mod C.

Now we show that
(i) pdS(3) = 2, idS(3) = 1, pdE = 1, and idE = 1,
(ii) idX = 1, for any indecomposable module X lying in the tube T ,
(iii) gl.dimC = 2, and
(iv) the tube T is self-hereditary, but it is not hereditary.

To prove (i), we note that A-modules S(3) and E have minimal projective
resolutions in modC of the forms

0 −→ P (0) −→ P (1) ⊕ P (2) −→ P (3) −→ S(3) −→ 0,

0 −→ P (3) −→ P (4) ⊕ P (5) −→ E −→ 0,

and the minimal injective resolutions of S(3) and of E are of the forms
0 −→ S(3) −→ I(3) −→ I(4) ⊕ I(5) −→ 0,



32 Chapter X. Tubes

0 −→ E −→ I(1) ⊕ I(2) −→ I(3) −→ 0.

To prove (ii), we observe that the postprojective component P(C) of the
Auslander–Reiten quiver Γ(modC) contains all the indecomposable projec-
tive C-modules, up to isomorphism, and P(C) is closed under predecessors
in modC, by (VIII. 2.5). It then follows that HomC(τ−1

C X, CC) = 0, for any
indecomposable C-module X that is not postprojective. Thus, (IV.2.7)(b)
yields idX ≤ 1, for any indecomposable C-module X that is not postpro-
jective, and (ii) follows. Because one easily shows that pdS(j) ≤ 1, for
all j 
= 3, then gl.dimC = 2. Because (ii) yields Ext2C(X, Y ) = 0, for any
indecomposable modules X and Y in T then the tube T is self-hereditary.

Let C ′ = Cop be the algebra opposite to C. Because there is an isomor-
phism Aop ∼= A of algebras then the preceding consideration implies that
the Auslander–Reiten quiver Γ(modC ′) dual to Γ(modC) admits a stan-
dard stable tube T ′ of rank r = 2, with the mouth modules E′ = D(E) and
S′(3) = e3C

′ ∼= D(S), that has the following properties
(i′) idS′(3) = 2, pdS′(3) = 1, idE′ = 1, and pdE′ = 1,
(ii′) pdY = 1, for any indecomposable module Y lying in the tube T ′,
(iii′) gl.dimC ′ = 2, and
(iv′) the tube T ′ is self-hereditary, but it is not hereditary.

that are dual to (i)-(iv).
It follows from (i)-(iv) and (i′)-(iv′) that, in the definition of hereditary

tube, neither of the two conditions pdX ≤ 1 and idX = 1 can be dropped.

X.3. Generalised standard components
The aim of this section is to investigate tools for a study of standard

stable tubes of Γ(modA) in terms of the infinite radical rad∞
A of the module

category mod A of an algebra A. We do it by applying the following concept
due to Skowroński [246].

3.1. Definition. A connected component C of the Auslander–Reiten
quiver Γ(modA) of an algebra A is defined to be generalised standard if
rad∞

A (X, Y ) = 0, for each pair of indecomposable modules X and Y in C.

The following proposition provides examples of generalised standard com-
ponents.

3.2. Proposition. Let A be an algebra and Γ(mod A) the Auslander–
Reiten quiver of A.

(a) If A is representation-finite then the finite quiver Γ(mod A) is gen-
eralised standard.

(b) If P is a postprojective component of Γ(mod A) then P is generalised
standard.
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(c) If Q is a preinjective component of Γ(mod A) then Q is generalised
standard.

(d) Let A = EndTH be a tilted algebra, where TH is a tilting module
over a hereditary algebra H. If CT is the connecting component of
Γ(mod A) determined by T then CT is generalised standard.

Proof. (a) Assume that A is a representation-finite algebra and let d ≥ 1
be an integer such that dimKX ≤ d, for every indecomposable A-module
X. Then the Harada-Sai Lemma (IV.5.2) yields radm

A = 0, for m = 2d − 1.
Then rad∞

A = 0 and Γ(modA) is generalised standard.
(b) Assume that P is a postprojective component of Γ(modA) and let

M be an indecomposable A-module in P. It follows from (VIII.2.5)(a) that
M has only finitely many predecessors in P, and every indecomposable A-
module L such that HomA(L, M) 
= 0 is a predecessor of M in P. Hence
easily follows that rad∞

A (X, Y ) = 0, for each pair of indecomposable modules
X and Y in P, that is, P is a generalised standard component.

(c) Apply (VIII.2.5)(b) and dualise the arguments used in the proof of
(b).

(d) Assume that A = EndTH is a tilted algebra, where TH is a tilting
module over a hereditary algebra H, and let CT be the connecting com-
ponent of Γ(modA) determined by T . It follows from (VIII.3.5) that the
images HomA(TA, I) of the indecomposable injective H-modules I, under
the functor HomA(TA,−) : modH −−−−→ mod A, form a section Σ of CT

such that

• any predecessor of Σ in CT lies in the torsion-free part Y(T ), and
• any proper successor of Σ in CT lies in the torsion part X (T )

of the torsion pair (X (T ),Y(T )) in modA induced by TA.
Suppose, to the contrary, that there is a pair of indecomposable mod-

ules X and Y in CT such that rad∞
A (X, Y ) 
= 0. Because rad∞

A (X, Y ) =
∞⋂

m=0
radm

A (X, Y ) then, for each t ≥ 1, there is a path of irreducible mor-

phims

X = Z0
f1−→Z1

f2−→Z2 −→ . . . −→ Zt−1
ft−→Zt,

between indecomposable modules in CT and a homomorphism gt : Zt−→Y
such that gt · ft · . . . · f2 · f1 
= 0. By applying the fact that the component
CT is acyclic and has only finitely many τA-orbits, we conclude that there
exists an indecomposable module Z = Zt in CT such that

• Z lies in X (T ),
• Z is a proper successor of Y in CT , and
• HomA(Z, Y ) 
= 0.
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Hence, in view of (IV.5.1)(b), we conclude that, for each s ≥ 1, there is
a path of irreducible morphisms

Ns
hs−→Ns−1 −→ . . . −→ N2

h2−→N1
h1−→N0 = Y,

between indecomposable modules in CT and a homomorphism us : Z−→Ns

such that h1 · h2 · . . . · ·hs · us 
= 0. Again, there exists an indecomposable
module N = Nt in CT such that N lies in Y(T ) and HomA(Z, N) 
= 0.
This is a contradiction, because Z ∈ X (T ), N ∈ Y(T ) and there are no
non-zero homomorphisms from the torsion modules to torsion-free mod-
ules with respect to the torsion theory (X (T ), Y(T )) in modA and, hence,
HomA(Z, N) = 0. The contradiction proves that rad∞

A (X, Y ) = 0, for all
indecomposable modules X and Y in CT . This finishes the proof. �

The following result shows that the generalised standardness of a stable
tube T is equivalent to the vanishing of the infinite radical rad∞

A on the
mouth of T .

3.3. Proposition. Let A be an algebra and T a stable tube of rank
r ≥ 1 of the Auslander–Reiten quiver Γ(mod A) of A. Then T is generalised
standard if and only if rad∞

A (E, E′) = 0, for each pair of mouth modules E
and E′ of T .

Proof. Assume that T is a stable tube of rank r ≥ 1 of Γ(modA). Then
the mouth modules of T form a τB-cycle (E1, . . . , Er).

The necessity part of the proposition is obvious. To prove the suffi-
ciency, we assume, to the contrary, that the stable tube T is not generalised
standard, that is, there exist indecomposable modules X and Y in T such
that rad∞

A (X, Y ) 
= 0. By (1.4), there exist j, s ∈ {1, . . . , r} and integers
n, m ≥ 1 such that X ∼= Ej [n] and Y ∼= Es[m]. Throughout, we freely use
the notation of (1.4).

Choose two indices j, s ∈ {1, . . . , r} and two integers n, m ≥ 1 such that
rad∞

A (Ej [n], Es[m]) 
= 0 and n + m ≥ 2 is minimal, with respect to this
property.

We prove the proposition by showing that n + m = 2, that is, n = 1 and
m = 1, and therefore X ∼= Ej [1] = Ej and Y ∼= Es[1] = Es. Assume, to the
contrary, that n + m ≥ 3. Without loss of generality, we may suppose that
m ≥ 2. Then, according to (1.4), there exists an almost split sequence

0 −→Es[m−1]

[
f
g

]
−−−−→ Es[m] ⊕ Es+1[m−2]

[ u, v ]−−−−→ Es+1[m−1] −→ 0

in modA, where we set Es[m−2] = 0, g = 0, and v = 0, if m = 2.
Let h ∈ rad∞

A (Ej [n], Es[m]) be a non-zero homomorphism. Because
uh ∈ rad∞

A (Ej [n], Es+1[m−1]) then the minimality of n + m yields uh = 0.
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Consider the homomorphism
[

h
0

]
: Ej [n] −−−−−−→ Es[m] ⊕ Es+1[m−2] and

note that [u, v] ·
[

h
0

]
= uh = 0. It follows that there exists a homomorphism

h′ : Ej [n] −−−−−−→ Es[m−1] such that
[

h
0

]
=
[

f
g

]
· h′ and, hence, h = fh′.

In the notation of (1.4), the homomorphism f : Es[m−1] −−−−−−→ Es[m] is
an irreducible morphism in modA corresponding to an arrow of the ray (rs)
of T starting at Es. Because the homomorphism h ∈ rad∞

A (Ej [n], Es[m])
is non-zero then (1.9) yields 0 
= h ∈ rad∞

A (Ej [n], Es[m−1]), and we get a
contradiction with the minimality of n + m. It follows that n = 1, m = 1
and we get rad∞

A (X, Y ) ∼= rad∞
A (Ej [1], Es[1]) = rad∞

A (Ej , Es) = 0. �

X.4. Generalised standard stable tubes
The main objective of this section is to investigate standard stable tubes

of Γ(modA) in terms of the infinite radical rad∞
A of the module category

mod A of an algebra A. We present a characterisation of standard stable
tubes of Γ(modA) in terms of rad∞

A and we prove that a stable tube T
of Γ(modA) is standard if the mouth of T consists of pairwise orthogonal
bricks. We also show that any faithful generalised standard stable tube is
hereditary. Our presentation is mainly based on [246], [247], and [254].

Let A be an algebra and M an A-module. We recall that the right
annihilator of M is the two-sided ideal AnnAM = {a ∈ A; Ma = 0} of A.
Recall also that the module M is said to be faithful if the ideal AnnAM is
zero.

4.1. Definition. Let A be an algebra and C a component of the Auslan-
der–Reiten quiver Γ(modA) of A.

(a) The annihilator of C is the intersection AnnAC =
⋂

X∈ C
AnnAX of

the annihilators of all indecomposable A-modules X lying in C.
(b) The component C is said to be faithful if AnnAC = 0.

We remark that if C is a component of Γ(modA) and B = A/AnnAC
then C is a faithful component of Γ(modB) under the fully faithful exact
embedding modB ↪→ mod A induced by the canonical algebra surjection
A −−−−→ B.

The following simple lemma is very useful.

4.2. Lemma. Let A be an algebra, and C be a component of Γ(mod A).

(a) There exists a module M in add C such that AnnAC = AnnAM .
(b) The component C is faithful if and only if the category add C admits

a faithful A-module.
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Proof. (a) Given a module X in add C there is an isomorphism of A-
modules X ∼= X1⊕X2⊕ . . .⊕Xs, where X1, X2, . . . , Xs are indecomposable
A-modules in C. Then

AnnAX = AnnA(X1⊕X2⊕. . .⊕Xs) = AnnAX1∩AnnAX2∩. . .∩AnnAXs.

Moreover, AnnAY ⊇ AnnAZ if Y is a submodule of Z. Then the ideals
of the form AnnA(X1 ⊕ X2 ⊕ . . . ⊕ Xs), where X1, X2, . . . , Xs are inde-
composable A-modules in C, form a partially ordered set, with respect to
the inclusion. Because the algebra A is finite dimensional then the family
contains a minimal element AnnA(M1 ⊕ . . . ⊕ M�), for some indecompos-
able A-modules M1, . . . , M� in C. It follows that AnnAC = AnnAM , where
M = M1 ⊕ . . . ⊕ M� is a module in add C.

The statement (b) follows immediately from (a). �

4.3. Example. Let A = KQ be the path algebra of the Euclidean quiver

Then A has the lower triangular matrix form

A =

⎡⎢⎣
K 0 0 0 0
0 K 0 0 0
K K K 0 0
K K K K 0
K K K 0 K

⎤⎥⎦ .

Let C be the standard stable tube of rank 2 of Γ(modA) constructed in
Example (2.12). Then the mouth of C consists of two modules S and E,
where S = S(3) is the simple module at the vertex 3 and E is the regular
module

It is clear that E is faithful, that is, AnnAE = 0. It follows that AnnAC = 0,
that is, the tube C is faithful. Observe also that the annihilator AnnAS(3)
of the simple module S = S(3) is the two-sided ideal

AnnAS(3) =

⎡⎢⎣
K 0 0 0 0
0 K 0 0 0
K K 0 0 0
K K K K 0
K K K 0 K

⎤⎥⎦ = AeA,



X.4. Generalised standard stable tubes 37

where e = e1+e2+e4+e5 and e1, e2, e4, and e5 are the primitive idempotents
of A corresponding to the vertices 1, 2, 4, and 5 of the quiver Q.

Now we prove that any faithful generalised standard stable tube is hered-
itary.

4.4. Theorem. Let A be an algebra and T a faithful generalised stan-
dard stable tube of Γ(mod A). Then pdX ≤ 1 and idX ≤ 1, for any
indecomposable module X of T , that is, the tube T is hereditary.

Proof. Assume that T is a faithful generalised standard stable tube of
Γ(mod A) and let X be an indecomposable A-module in T . We only prove
that pdX ≤ 1, because the proof of the inequality idX ≤ 1 is similar.

Assume, to the contrary, that pdX ≥ 2. Then, it follows from (IV.2.7)
that HomA(D(AA), τAX) 
= 0. Let f : D(AA) −−−−→ τAX be a non-zero
homomorphism in modA. Because the stable tube T is faithful then the
category add T admits a faithful A-module M , by (4.2), and it follows from
(VI.2.2) that the A-module D(AA) is cogenerated by M , that is, there
exist an integer t ≥ 1 and an epimorphism h : M t −−−−→ D(AA) of A-
modules. Hence, there exists an indecomposable direct summand Z of M t

such that the composite homomorphism Z
g−−−−→ D(AA)

f−−−−→ τAX is non-
zero, where g is the restriction of h to the summand Z of M t. Note that the
A-module D(AA) is injective and the tube T contains no indecomposable
injective A-modules. Then the indecomposable modules Z and τAX are not
injective, because they lie in the tube T . This yields

• radA(Z, D(AA))=rad∞
A(Z, D(AA)), and

• radA(D(AA), τAX)=rad∞
A(D(AA), τAX).

Consequently, we get 0 
= fg ∈ rad∞
A (Z, τAX). This contradicts the as-

sumption that the tube T is generalised standard, and finishes the proof of
the theorem. �

Now we present a characterisation of (generalised) standard stable tubes.

4.5. Theorem. Let A be an algebra and let T be a stable tube of Γ(mod A).
The following three statements are equivalent.

(a) T is standard.
(b) The mouth of T consists of pairwise orthogonal bricks.
(c) T is generalised standard.

Proof. Assume that T is a stable tube of rand r ≥ 1 in Γ(modA). Then
the mouth A-modules of T form a τA-cycle (E1, . . . , Er).

(a)⇒(b) Assume that the stable tube T is standard, that is, there is
an equivalence of K-categories K(T ) = KT /MT ∼= ind T , where ind T
is the full K-subcategory of modA whose objects are representatives of
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the isomorphism classes of the indecomposable modules in T and K(T ) =
KT /MT is the mesh category of T . Therefore, it follows that, for each
i ∈ {1, . . . , r} and j ≥ 2, there exist irreducible morphisms

ui,j : Ei[j−1] −−−−→ Ei[j] and pi,j : Ei[j] −−−−→ Ei+1[j−1]
such that the following mesh relations are satisfied:

(i) pi2ui2 = 0, for all i ∈ {1, . . . , r}, and
(ii) ui+1,jpij + pi,j+1ui,j+1 = 0, for all i ∈ {1, . . . , r} and j ≥ 2.

Moreover, for each pair of indecomposable modules X and Y in the tube
T , any homomorphism f : X−−−−→Y is a K-linear combination of compo-
sitions of the irreducible morphisms ui,j , pi,j , and the identity homomor-
phisms; and subject to the relations (i) and (ii). It follows that

• EndEi[1] ∼= K, for all i ∈ {1, . . . , r}, and
• HomA(Ei, Es) = HomA(Ei[1], Es[1]) = 0, for all i, s ∈ {1, . . . , r}

with i 
= s,
that is, the mouth modules E1, . . . , Er are pairwise orthogonal bricks.

(b)⇒(c) Assume that the mouth modules E1, . . . , Er are pairwise or-
thogonal bricks. Then, for all i, s ∈ {1, . . . , r}, we have radA(Ei, Es) =
HomA(Ei, Es) = 0 and, hence, rad∞

A (Ei, Es) = 0. Then, it follows from
(3.3) that the stable tube T is generalised standard.

(c)⇒(a) Assume that the stable tube T is generalised standard. Let
I = AnnAT be the annihilator of T and we set B = A/I. Then T is a
stable tube in Γ(modB), under the fully faithful exact embedding modB ↪→
mod A induced by the canonical algebra surjection A −→B. Note also that
then T is a generalised standard stable tube in Γ(modB). Moreover, by
(3.2), T is a faithful tube of Γ(modB). Hence, by (4.4), T is hereditary,
that is, pdBX ≤ 1 and idBX ≤ 1, for any indecomposable module X in T .
It follows that Ext2B(Ei, Es) = 0, for all i, s ∈ {1, . . . , r}.

Because the subcategory ind T of modA lies in the subcategory modB ↪→
mod A of modA then, in view of (2.6), to show that T is a standard stable
tube of modA it is sufficient to prove that the mouth modules E1, . . . , Er

of T are pairwise orthogonal bricks.
To prove the later statement, we apply (1.7). For each i ∈ {1, . . . , r} and

j ≥ 2, we choose irreducible morphisms
vi,j : Xi[j−1] −−−−→ Xi[j] and qi,j : Xi[j] −−−−→ Xi+1[j−1]

in modA such that
• qi,2vi,2 ∈ rad3

A(Xi[1], Xi+1[1]), for all i ∈ {1, . . . , r},
• vi+1,jqi,j +qi,j+1vi,j+1 ∈ rad3

A(Xi[j], Xi+1[j]), for all i ∈ {1, . . . , r} and
j ≥ 2.

Now we fix i, k ∈ {1, . . . , r}. Without loss of generality, we may assume
that i ≤ k. Then Ei

∼= τ s
AEk, where s = k − i ≥ 0. To prove that
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HomA(Ei, Ek) = 0, for i 
= k, and HomA(Ei, Ei) ∼= K, we show that
radA(Ei, Ek) = 0.

It is easy to see that

• any non-trivial path in T from Ei = Ei[1] to Ek = Ek[1] is of length
2s + 2�r, where � ≥ 0, s = k − i ≥ 0 and r ≥ 1 is the rank of the
tube T ,

• radA(Ei, Ek) = rad2s
A (Ei, Ek), if i 
= k,

• radA(Ei, Ek) = rad2r
A (Ei, Ek), if i = k, and

• rad2s+2�r+1
A (Ei, Ek) = rad2s+2(�+1)r

A (Ei, Ek), for any � ≥ 0, and
• rad∞

A (Ei, Ek) = radm
A (Ei, Ek) = 0, for some m ≥ 0.

The final statement follows from (1.5) and the assumption that the tube T
is generalised standard.

Then, to prove the equality radA(Ei, Ek) = 0, it is sufficient to show that
the inclusion radp

A(Ei, Ek) ⊆ radp+1
A (Ei, Ek) holds, for any p∈{1, . . . ,m−1}.

Fix p ∈ {1, . . . , m − 1} and choose a homomorphism h ∈ radp
A(Ei, Ek).

We may assume that h is non-zero, p ≥ 2s (for i 
= k), and p ≥ 2r (for
i = k). Observe that radp

A, viewed as a left ideal of the category modA,
is generated by the compositions of p irreducible morphisms between inde-
composable modules in mod A, apply (IV.5.1). Because radm

A (M, N) = 0
then, according to (IV.5.1), the non-zero homomorphism h has the form
h = h1 + h2 + . . . + hn, where the summand ht is the composite homomor-
phism

Ei = Xt1
ht1−→Xt2 −→ . . . −→ Xtpt

htpt−→Xt,pt+1 = Ek,

pt ≥ p and ht1, . . . , htpt are irreducible morphisms between indecompos-
able modules in mod A, for t ∈ {1, . . . , n}. It follows that, for each t ∈
{1, . . . , n}, there exists jt ∈ {2, . . . , pt − 1} such that Xt,jt+1 ∼= Ei+1[jt−1]
and Xtj

∼= Ei[j], for j ∈ {1, . . . , jt}. Because we have

• dimK

[
radA(Ei[jt], Ei+1[jt−1])/rad2

A(Ei[jt], Ei+1[jt−1])
]

= 1, and
• dimK

[
radA(Ei[j], Ei[j+1])/rad2

A(Ei[j], Ei[j+1])
]

= 1, for all
j ∈ {1, . . . , jt − 1},

then there exist scalars λ
(t)
1 , . . . , λ

(t)
jt

∈ K \ {0} such that

• htjt
− λ

(t)
jt

qi,jt
∈ rad2

A(Ei[jt], Ei+1[jt−1]), and

• htj − λ
(t)
j vi,j ∈ rad2

A(Ei[j], Ei[j+1]) = 1, for all j ∈ {1, . . . , jt − 1}.

Therefore, for each t ∈ {1, . . . , n}, we get the equalities
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ht + radp+1
A (Ei, Ek) = htpt

· . . . · ht2 · ht1 + radp+1
A (Ei, Ek)

= λ
(t)
1 · . . . · λ

(t)
jt

htpt
· . . . · htjt+1 · qi,jt

· vi,jt
· . . . · vi,2 + radp+1

A (Ei, Ek)

= λ
(t)
1 · . . . · λ

(t)
jt

htpt
· . . . · htjt+1 · vi+1,jt−1 · . . . · vi+1,2 · qi,2 · vi,2

+radp+1
A (Ei, Ek)

= 0 + radp+1
A (Ei, Ek),

because qi,2 · vi,2 ∈ rad3
A.

It follows that h1, . . . , hn ∈ radp+1
A (Ei, Ek) and, hence, h = h1+. . .+hn ∈

radp+1
A (Ei, Ek). This shows that the inclusion

radp
A(Ei, Ek)⊆radp+1

A (Ei, Ek)

holds, for any p ∈ {1, . . . , m − 1}, and consequently, we get radA(Ei, Ek) =
radm

A (Ei, Ek) = rad∞
A (Ei, Ek) = 0, because the component T is generalised

standard. Then the proof of the theorem is complete. �
4.6. Corollary. Let A be an algebra, T a standard stable tube of the

Auslander–Reiten quiver Γ(mod A) of A, and B = A/AnnAT . Then T is
a hereditary standard stable tube of Γ(mod B), under the fully faithful exact
embedding mod B ↪→ mod A induced by the canonical algebra surjection
A −→B.

Proof. Apply (4.4) and (4.5) �
4.7. Corollary. Let A be an algebra and T a faithful stable tube of

Γ(mod A). The following three conditions are equivalent.
(a) T is standard.
(b) T is hereditary and the mouth modules of T are pairwise orthogonal

bricks.
(c) T is self-hereditary and the mouth modules of T are pairwise or-

thogonal bricks.

Proof. The implication (a)⇒(b) is a consequence of (4.5), and the im-
plication (b)⇒(c) is obvious.

To prove the implication (c)⇒(a), we assume that T is a faithful stable
tube of rank r = rT ≥ 1 of Γ(modA), and (E1, . . . , Er) is a τA-cycle
of mouth modules of T . By our assumption, T is self-hereditary and the
modules E1, . . . , Er are pairwise orthogonal bricks. Then, by applying (2.6)
to the extension category E = EXTA(E1, . . . , Er), we conclude that the
stable tube T is standard. �

We end this section with two examples of (generalised) standard stable
tubes. In the first one we construct an algebra B such that gl.dimB = 3 and
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Γ(mod B) admits a (generalised) standard stable tube that is self-hereditary,
but is neither faithful nor hereditary. In the second one we construct an
algebra R, with gl.dimR = ∞, such that Γ(modR) admits a standard stable
tube T that is not self-hereditary.

4.8. Example. Let B be the path algebra of the quiver

bound by two zero relations αρ = 0 and ργ = 0. It is easy to see that the
quotient algebra A = B/I, where I is the two sided ideal of B generated
by the arrow ρ, is isomorphic to the path algebra KQ of the quiver

considered in Example (2.12). Then we have a fully faithful exact embedding
mod A ↪→ mod B induced by the canonical algebra surjection B −→A. It is
easy to see that there is precisely one indecomposable A-module X, up to
isomorphism, such that X does not lie in the subcategory modA of modB.
The module X is isomorphic with the unique projective-injective B-module

It follows that the standard stable tube T of rank 2 of Γ(modA) con-
structed in (2.12) remains a standard stable tube T of Γ(modB) and the
annihilator AnnBT of T is just the ideal I of B generated by the arrow ρ.

The simple B-module S = S(3) at the vertex 3 lying on the mouth of
the tube T has a minimal projective resolution in modB of the form

0 −→ P (3) −→ P (4) −→ P (1) ⊕ P (2) −→ P (3) −→ S(3) −→ 0,

a minimal injective resolution in modB of the form
0 −→ S(3) −→ I(3) −→ I(4) ⊕ I(5) −→ I(1) −→ I(3) −→ 0.

Hence, pd S(3) = 3 and idS(3) = 3. It follows that gl.dimB = 3, because
the simple B-module S(2) is projective and the remaining simple B-modules
S(1), S(4), and S(5) have minimal projective resolutions in modB of the
forms
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0 −→ P (3) −→ P (4) −→ P (1) −→ S(1) −→ 0,

0 −→ P (3) −→ P (4) −→ S(4) −→ 0,

0 −→ P (3) −→ P (5) −→ S(5) −→ 0.

Observe also that the quiver Γ(modB) admits a component C contain-
ing all the indecomposable projective B-modules and all the indecomposable
injective B-modules. The component C is obtained from the unique postpro-
jective component P(A) of A and the unique preinjective component P(A)
of A by a glueing with the projective-injective B-module P (1)B = I(4)B as
follows

Now we show that T is a self-hereditary stable tube of Γ(modB). Recall
from (2.12) that the mouth module E of T has the form

and τAS(3) ∼= E ∼= τBS(3). Then the minimal projective resolution of E in
mod B is of the form

0 −→ P (3) −→ P (4) ⊕ P (5)−→ E −→ 0,

and the minimal injective resolution of E in modB is of the form
0 −→ E −→ I(1) ⊕ I(2) −→ I(3) −→ 0.

Hence, pd E = 1 and idE = 1. It follows that Ext2B(E, S(3) ⊕ E) = 0 and
Ext2B(S(3) ⊕ E, E) = 0. Moreover, the short exact sequence

0 −→ S(1) ⊕ S(2) −→ P (3) −→ S(3) −→ 0
yields isomorphisms of vector spaces

Ext2B(S(3), S(3)) ∼= Ext1B(S(1) ⊕ S(2), S(3)) ∼= Ext1B(S(1), S(3)),
because the B-module S(2) is projective. By applying the Auslander–Reiten
formula and the shape of the component of Γ(modB) containing the module
S(1) (see the figure presented above), we get
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Ext1B(S(1), S(3)) ∼= DHomB(S(3), τBS(1)) ∼= DHomB(S(3), S(4)) = 0,
and, consequently, Ext2B(S(3), S(3)) = 0. It follows that the two element
family {S(3), E} of mouth B-modules of the tube T is self-hereditary and
consists of pairwise orthogonal bricks. Then, by (2.1) and (2.2), the tube T
is self-hereditary. Because pd S(3) = 3 and S(3) lies on T then the tube T
is not hereditary. This finishes the example.

Now we give an example of an algebra R, with gl.dimR = ∞, such that
Γ(mod R) admits a standard stable tube T that is not self-hereditary.

4.9. Example. Let R = KΩ/I be the bound quiver algebra, where

and I is the two-sided ideal of the path algebra KΩ generated by the ele-
ments

ργ − ηδ, ξγ − σδ, αρ − βξ, αη − βσ, ργβ, γβσ, σδα, and δαρ.
Denote by J the two-sided ideal of R generated by the cosets ρ + I, σ + I,
ξ+I, and η+I of the arrows ρ, σ, ξ, and η of Ω. Then the quotient algebra
A = R/J is isomorphic to the path algebra KQ of the quiver

considered in Example (2.12). The canonical algebra surjection R −→A
induces a fully faithful exact embedding modA ↪→ mod R.

Let S = S(3) be the simple R-module at the vertex 3 of Ω, and let E be
the indecomposable R-module
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Because SJ = 0 and EJ = 0 then the modules S and E lie in the subcat-
egory mod A ↪→ mod R of modR. We recall from Example (2.12) that the
Auslander–Reiten quiver Γ(modA) of A admits a standard stable tube T
of rank 2 of the form

T :

S E S

| ↘ ↗ ↘ ↗ |
| E

S
S
E |

| ↗ ↘ ↗ ↘ |
E
S
E

S
E
S

E
S
E

| ↘ ↗ ↘ ↗ |
|

|

S
E
S
E

E
S
E
S

|

|

| ↗ ↘ ↗ ↘ |

where the indecomposable modules are represented by their composition
factors (see (I.3.10)) in the extension subcategory EXTA(E, S) of modA,
and one identifies them along the vertical dotted lines. In particular, the
R-modules S and E are orthogonal bricks in modA and (E, S) is a τA-cycle,
that is, τAE ∼= S and τAS ∼= E.

Now we show that (E, S) is a τR-cycle, that is, τRE ∼= S and τRS ∼= E.
Observe that the module S = S(3) admits the minimal projective presen-
tation

P (1) ⊕ P (2) −−−−→ P (3) −−−−→ S(3) −−−−→ 0

in modR. Applying the Nakayama functor νR = DHomR(−, R) and using
the isomorphism νRP (a) = I(a), for any vertex a ∈ Ω0, we get, by (IV.2.4),
an exact sequence

0 −−−−→ τRS(3) −−−−→ I(1) ⊕ I(2) −−−−→ I(3)

in modR. Hence, τRS(3) ∼= E ∼= τAS(3).
Note also that the minimal projective presentation of E in modR has

the form

P (3) −−−−→ P (5) ⊕ P (4) π−−−−→ E −−−−→ 0

and Kerπ ∼= P (3)/S(3). Applying the Nakayama functor νR yields a left
exact sequence

0 −−−−→ τRE −−−−→ I(3) −−−−→ I(5) ⊕ I(4)

and hence τRE ∼= S(3) ∼= τAE.
Because the R-modules S = S(3) and E are orthogonal bricks in modA

they are also orthogonal bricks in modR and we can form the extension
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subcategory EXTR(E, S) of modR that is abelian, exact and closed under
extensions in mod C, by (2.1). It follows that

ER = EXTR(E, S) = EXTA(E, S),

because the subcategory mod A ↪→ mod R of modR is closed under exten-
sions. In particular, ER consists entirely of A-modules and every simple
object in ER is isomorphic to E or to S. It follows that almost split se-
quences in mod A starting from indecomposable modules lying in T remain
almost split in modR and all indecomposable summands of their terms lie
also in T . Hence we conclude that the standard stable tube T of Γ(modA)
remains a standard stable tube T of Γ(modR).

Now we show that the tube T of Γ(modR) is not self-hereditary, by
proving that Ext2R(E, S) 
= 0. By applying the functor HomR(−, S) to the
short exact sequence

0 −−−−→ P (3)/S(3) −−−−→ P (5) ⊕ P (4) π−−−−→ E −−−−→ 0
we derive an isomorphism

Ext2R(E, S) ∼= Ext1R(E, P (3)/S(3)).

Because the canonical exact sequence

0 −→S(3) −−−−→ P (3) π−−−−→ P (3)/S(3) −−−−→ 0

in modR does not split then Ext1R(E, P (3)/S(3)) 
= 0 and, consequently,
Ext2R(E, S) 
= 0.

The preceding two short exact sequences give a minimal projective pre-
sentation

0 −−−−→ S(3) −−−−→ P (3) −−−−→ P (5) ⊕ P (4) π−−−−→ E −→ 0
of length 3 of the module E. Hence, using the minimal projective presen-
tation of S(3), we get a non-split exact sequence

0 −−−−→ E −−−−→ P (1) ⊕ P (2) −−−−→ P (3) −−−−→ S(3) −−−−→ 0

in modR. By combining these two exact sequences, we get a periodic
infinite minimal projective resolution of the module E. This shows that
gl.dimR = ∞. One can also show that the algebra R is self-injective, see
Section V.3. This finishes the example.
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X.5. Exercises

1. Under the notation and assumption of (2.2), show that:
(a) if f : Ei[j] −→Ek[l] is a homomorphism, which is a composition of

t homomorphisms of the form pαβ followed by the homomorphisms
of the form uγδ, then there is an isomorphism Im f ∼= Ei+t[j−t], and

(b) if Hom (Ei[j], Ek[l]) 
= 0, then i ≤ k ≤ i + j − 1 and i + j − k ≤ l.

2. Let M be an indecomposable regular module over an arbitrary algebra
A lying in a standard stable tube of Γ(modA). Show that there exist an
integer m ≥ 1 and an isomorphism of K-algebras EndA M ∼= K[t]/(tm).

Hint: Apply (2.6) and (2.7).

3. Let A = KQ be the path K-algebra of the following quiver

2 3◦ −−−−→ ◦
↗ ↖

Q : 1 ◦ ◦ 4.
↘ ↙

◦ ←−−−− ◦
6 5

(a) Show that the following four indecomposable A-modules

K −−−−→ 0
↗ ↖

E1 = 0 0,
↘ ↙

0 ←−−−− 0

0 −−−−→ 0
↗ ↖

E2 = K 0,

1↘ ↙
K ←−−−− 0

0 −−−−→ 0
↗ ↖

E3 = 0 0,
↘ ↙

0 ←−−−− K

0 −−−−→ K
↗ ↖1

E4 = 0 K,
↘ ↙

0 ←−−−− 0
(viewed as the representation of the quiver Q) form the mouth of a
standard stable tube T0 of Γ(modA) of rank 4 such that τE4 ∼= E3,
τE3 ∼= E2, τE2 ∼= E1, and τE1 ∼= E4.

(b) Show that the following two indecomposable A-modules

K
1−−−−→ K

1↗ ↖
F1 = K 0,

↘ ↙
0 ←−−−− 0

0 −−−−→ 0
↗ ↖

F2 = 0 K,

1↘ ↙
K ←−−−−

1
K
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form the mouth of a standard stable tube T1 of Γ(modA) of rank 2
such that τF2 ∼= F1, and τF1 ∼= F2.

(c) Show that the following indecomposable A-module

K
1−−−−→ K

1↗ ↖1

R = K K,

1↘ ↙1

K ←−−−−
1

K

forms the mouth of a standard homogeneous tube T of Γ(modA).

4. Let n ≥ 1 be an integer and let C = C(n) be the path algebra of the
following acyclic quiver

Δ(n) :

0 ◦ ←−−−−−−−−−−−−−−−−−−−−−−−−−−−− ◦ n

↖ ↙
◦ ←−−−− ◦ ←−−−− . . . ←−−−− ◦
1 2 n−1

of the Euclidean type Ãn. Note that the algebra C(1) is isomorphic to the

the Kronecker algebra
[

K 0
K2 K

]
.

(a) Show that the simple C-modules

E1 = S(1), E2 = S(2), . . . , En−1 = S(n − 1),

together with the indecomposable C-module

En =
K

1←−−−−−−−−−−−−−−−−−−−−−−−−−−−−K
↖ ↙

0 ←−−−− 0 ←−−−− . . . ←−−−− 0

(viewed as the representation of the quiver Δ(n)) form the mouth
of a standard stable tube T0 of Γ(modC) of rank n.

(b) Show that the indecomposable C-module

F =
K

0←−−−−−−−−−−−−−−−−−−−−−−−−−−−− K

1↖ ↙1
K ←−−−−

1
K ←−−−−

1
. . . ←−−−−

1
K

forms the mouth of a standard homogeneous tube T1 of Γ(modC).
(c) Show that the indecomposable C-module

R =
K

1←−−−−−−−−−−−−−−−−−−−−−−−−−−−− K

1↖ ↙1
K ←−−−−

1
K ←−−−−

1
. . . ←−−−−

1
K

forms the mouth of a standard homogeneous tube T2 of Γ(modC).
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5. Let A = KQ be the path K-algebra of the following quiver
1 5◦ ◦
↖α σ↙

Q : ◦ γ←−−−−◦
↙β 3 4 δ↖◦ ◦

2 6

of the Euclidean type D̃5.
(a) Show that the simple A-modules S(3), S(4), and the indecomposable

A-module
K K

↖1 1↙
E = K

1←−−−−K↙1 1↖
K K

(viewed as the representation of the quiver Q) form the mouth of a
standard stable tube T0 of Γ(modA) of rank 3 such that τS(3) ∼= E,
τS(4) ∼= S(3), and τE ∼= S(4).

(b) Show that the following two indecomposable A-modules

K K
↖1 1↙

F1 = K
1←−−−−K

↙ ↖
0 0

0 0
↖ ↙

F2 = K←−−−−
1

K
↙1 1↖

K K

form the mouth of a standard stable tube T1 of Γ(modA) of rank 2
such that τF1 ∼= F2 and τF2 ∼= F1.

(c) Show that the following two indecomposable A-modules

K 0
↖1 ↙

R1 = K
1←−−−−K

↙ 1↖
0 K

0 K
↖ 1↙

R2 = K
1←−−−−K

↙1 ↖
K 0

form the mouth of a standard stable tube T2 of Γ(modA) of rank 2
such that τR1 ∼= R2 and τR2 ∼= R1.

6. Let B be the path K-algebra of the following quiver
1 4◦ ◦
↘λ β↙ ↘α

◦ ◦ 6↙μ 3 δ↘ ↙γ
◦ ◦
2 5

bound by the commutativity relation αγ = βδ.
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(a) Show that the following three indecomposable B-modules

0 K
↘ 1↙ ↘

E1 = K 0,
1↙ ↘ ↙

K 0

K 0
↘1 ↙ ↘

E2 = K 0,
↙ ↘1 ↙

0 K

0 0
↘ ↙ ↘

E3 = 0 K
↙ ↘ ↙

0 0
form the mouth of a standard stable tube T0 of Γ(modB) of rank 3
such that τE1 ∼= E3, τE2 ∼= E1, and τE3 ∼= E2.

(b) Show that the following two indecomposable B-modules

0 K
↘ 1↙ ↘1

F1 = K K,
↙ 1↘ ↙1

0 K

K 0
↘1 ↙ ↘

F2 = K 0
1↙ ↘ ↙

K 0

form the mouth of a standard stable tube T1 of Γ(modB) of rank 2
such that τF1 ∼= F2 and τF2 ∼= F1.

(c) Show that the following two indecomposable B-modules

K K
↘1 1↙ ↘1

R1 = K K,
1↙ 1↘ ↙1

K K

0 0
↘ ↙ ↘

R2 = K 0
↙ ↘ ↙

0 0

form the mouth of a standard stable tube T2 of Γ(modB) of rank 2
such that τR1 ∼= R2 and τR2 ∼= R1.

7. Prove that the algebra C = KΔ/I of Example (4.9) is self-injective.

8. Let Λ be the path K-algebra of the following quiver
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bound by the three relations α2 = 0, β2 = 0, and αβ = βα. For each integer
d ≥ 1, denote by E[d] the Λ-module

where the K-linear endomorphisms f
(d)
α , f

(d)
β : K2d −−−−→ K2d are given,

in the canonical basis of K2d = Kd ⊕ Kd, by the 2d × 2d square matrices

f (d)
α =

[
0 | 0—–|—–
E | 0

]
and f

(d)
β =

[
0 | 0——|——

Jd,0 | 0

]
.

Here E =

⎡⎢⎣
1 0 0 . . . 0
0 1 0 . . . 0
0 0 1 . . . 0...

...
...

. . .
...

0 0 0 . . . 1

⎤⎥⎦ ∈ Md(K) is the d × d identity matrix and

J d,0 =

⎡⎢⎢⎣
0 1 0 ... 0 0
0 0 1 ... 0 0
...
. . . . . . . . .

...
0 ... 0 0 1
0 ... 0 0 0 0

⎤⎥⎥⎦ ∈ Md(K)

is the the d × d Jordan block corresponding to the eigenvalue λ = 0.
Prove that:
(a) there is a K-algebra isomorphism Λ ∼= K[t1, t2]/(t21, t

2
2),

(b) dimKΛ = 4,
(c) the Λ-module E[d] is indecomposable, for each d ≥ 1,
(d) the Auslander–Reiten quiver Γ(mod Λ) of Λ admits a homogeneous

stable tube T , with the unique ray of the form
E[1]−→E[2]−→E[3] −→ . . .−→E[d] −→E[d + 1]−→ . . . ,

(e) the exact sequence 0−→E[1] u−→E[2]
p−→E[1]−→0 is almost split in

mod Λ, where u : K2−→K4 and p : K4−→K2 are the linear maps

given by the matrices u =
[

1 0
0 0
0 1
0 0

]
and p = [ 0 1 0 0

0 0 0 1 ] ,

(f) the endomorphism h : E[2]−→E[2] defined by the linear map h :
K4−→K4, (x1, x2, x3, x4) �→ (0, 0, 0, x1), has a factorisation through
the unique simple Λ-module S and belongs to rad∞

Λ (E[2], E[2]),
(g) the homomorphism v = u + hu : E[1]−→E[2] is an irreducible mor-

phism in mod Λ, the composition pv = phu of p and v is non-zero,
and pv ∈ rad∞

Λ (E[1], E[1]),
(h) the tube T is not standard.



Chapter XI

Module categories over concealed

algebras of Euclidean type

The main aim of this chapter is to describe the structure of the cate-
goryaddR(B) of regular modules over a (representation-infinite) concealed
algebra B of Euclidean type, and hence the structure of the whole cate-
gory modB of finite dimensional right B-modules over such an algebra B,
because of the disjoint union decomposition

Γ(mod B) = P(B) ∪ R(B) ∪ Q(B)

of the Auslander–Reiten quiver Γ(modB) of B, where P(B) is a unique
postprojective component containing all the indecomposable projective B-
modules, Q(B) is a unique preinjective component containing all the inde-
composable injective B-modules, and R(B) is the family of the remaining
components being called regular (see (VIII.2.12), (VIII.4.5) and Chapter X).

In particular, we show that the category addR(B) over a concealed al-
gebra B of Euclidean type is abelian and serial, and the family R(B) of
regular components of the Auslander–Reiten quiver Γ(modB) of B is a
disjoint union of a family

TT B = {T B
λ }λ∈Λ

of pairwise orthogonal standard stable tubes Tλ, all but a finite number of
them being homogeneous.

We recall that B is a concealed algebra of Euclidean type if B is the
endomorphism algebra of a postprojective tilting module over a hereditary
algebra A = KQ of Euclidean type.

In Section 1 we collect the main properties of the Coxeter transforma-
tion ΦA : K0(A) −−−−→ K0(A) of a hereditary algebra A = KQ of Eu-
clidean type Q, where Q = (Q0, Q1) is an acyclic quiver, whose underly-
ing graph Q is one of the Euclidean diagrams Ãm, D̃m, Ẽ6, Ẽ7, Ẽ8, and
K0(A) is the Grothendieck group of A. In particular, we prove the pe-
riodicity of the action ΦA : K0(A) −−−−→ K0(A) induced by ΦA on the
quotient group K0(A) = K0(A)/rad qA of K0(A) modulo the radical rad qA

51
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of the Euler quadratic form qA : K0(A) −−−−→ Z of the algebra A. This
allows us to introduce the concept of a defect

∂A : K0(A) −−−−→ Z

of A, being an important tool for the study of the module category modA
of a hereditary algebra A of Euclidean type.

In Sections 2 and 3 we collect main properties of the category addR(A)
of regular modules over a hereditary algebra A of Euclidean type, and then
of the category addR(B) over a concealed algebra B of Euclidean type.
In particular, we prove that, given an indecomposable A-module M , the
following holds:

• M ∈ P(A) if and only if ∂A(dimM) < 0.
• M ∈ R(A) if and only if ∂A(dimM) = 0.
• M ∈ Q(A) if and only if ∂A(dimM) > 0.

In Section 4 we study in detail the case when A = KQ and Q is the
Kronecker quiver

1 ◦ ←−−−−−−−−←−−−−−−−− ◦ 2,

of the Euclidean type Ã1 and we give a complete description of the cat-
egory of finite dimensional indecomposable modules over the Kronecker
K-algebra

A =
[

K 0
K2 K

]
.

In other words, we give a solution of the well-known Kronecker problem,
that is, the problem of classifying the indecomposable K-linear representa-
tions of the Kronecker quiver ◦ ←−−−−−−−−←−−−−−−−−◦.

In Section 5 we prove a useful characterisation of concealed algebras of
Euclidean type, that we frequently use in Chapter XII.

XI.1. The Coxeter matrix and the defect of
a hereditary algebra of Euclidean type

Throughout this section, we denote by

A = KQ

the path K-algebra of an acyclic quiver Q, with n points, whose underlying
graph Q is one of the Euclidean graphs listed below. They are also called
Euclidean diagrams.
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The Euclidean graphs

Ãm : m ≥ 1

D̃m :

◦ ◦
� �

◦ ◦ · · · ◦ ◦
� �

◦ ◦
m ≥ 4

Ẽ6 :

◦

◦

◦ ◦ ◦ ◦ ◦

Ẽ7 :
◦

◦ ◦ ◦ ◦ ◦ ◦ ◦

Ẽ8 :
◦

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

The Euclidean diagram Ã1 : ◦————————————◦ is called the Kronecker
graph, or Kronecker diagram.

We recall from (VIII.2.2) that an indecomposable A-module M is called
postprojective (or preinjective) if M belongs to the postprojective com-
ponent P(A) (or to the preinjective component Q(A), respectively). Our
objective is to describe the additive full subcategory addR(A) of modA
whose objects are the regular modules, that is, finite direct sums of in-
decomposable modules that are neither postprojective nor preinjective (see
(VIII.2.12)). In particular, we describe the shape of the regular components
of Γ(modA).

We recall from (III.3.5) of Volume 1, that the Grothendieck group K0(A)
of the algebra A = KQ is isomorphic to the free abelian group Zn, where
n = |Q0|. As usual, we denote by e1, . . . , en the canonical Z-basis of Zn.
We know from (III.3.11) that under the isomorphisms K0(A) ∼= Z|Q0| = Zn,
the Euler quadratic form

qA : Zn −−−−→ Z

of the algebra A is defined by the formula
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qA(x) = xt(C−1
A )tx, with x =

[ x1

...
xn

]
= [x1, . . . , xn]t ∈ Zn = K0(A),

where CA ∈ Mn(Z) is the Cartan matrix of A = KQ and Ct is the transpose
of a matrix C. Note that, because the quiver Q is acyclic, the Cartan matrix
CA is invertible in Mn(Z), that is, the inverse C−1

A of CA has integral
coefficients.

We recall from Section VII.4 that, under the group isomorphisms
K0(A) ∼= Z|Q0| = Zn, the Euler form qA : K0(A) −−−−→ Z is equal to the
quadratic form qQ : Zn −−−−→ Z of the graph Q, the form qA = qQ is positive
semidefinite of corank 1, and the radical

rad qA = {x ∈ K0(A); qA(x) = 0}
of qA is an infinite cyclic subgroup of K0(A) = Zn of the form

rad qA = Z · hQ,

where hQ ∈ Zn is the positive vector

1 . . . 1
1 1. . . 1 1,

1 1
2 . . . 2

1 1
,

1
2

1 2 3 2 1
, 2

1 2 3 4 3 2 1, and 3
2 4 6 5 4 3 2 1 (1.1)

in case Q is the graph Ãm, D̃m, Ẽ6, Ẽ7, and Ẽ8, respectively, see (VII.4.2).
We note that at least one of the coordinates of hQ equals 1.

For each vector x ∈ Zn, we have qA(x) = 〈x,x〉A, where

〈−,−〉A : Zn × Zn −−−−→ Z

is the Euler (non-symmetric) Z-bilinear form defined in terms of the Cartan
matrix CA of A by 〈x,y〉A = xt(C−1

A )ty, for x,y ∈ Zn. We also recall from
(III.3.14) that the Coxeter matrix ΦA of A is the matrix

ΦA = −Ct
AC−1

A ∈ Mn(Z).

Because, by (III.3.10), CA ∈ Gl(n, Z), then we have ΦA ∈ Gl(n, Z) as well.
Here Gl(n, Z) = {A ∈ Mn(Z); detA ∈ {−1, 1}}, is the general linear group
over Z. The group homomorphism

ΦA : Zn −−−−→ Zn

defined by the formula ΦA(x) = ΦA · x, for all x = [x1 . . . xn]t ∈ Zn, is
called the Coxeter transformation of A.

It follows from (VII.4.7) that the Coxeter matrix ΦA of A = KQ is the
matrix of the Coxeter transformation c : Zn −−−−→ Zn of the quiver Q in
the canonical basis of Zn, where

c = san
. . . sa2sa1 : Zn −−−−−−→ Zn
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is defined with respect to a fixed admissible numbering a1, . . . , an of the
points of the quiver Q, and saj

: Zn −−−−→ Zn is the reflection homomor-
phism with respect to the point aj of Q. We recall from (VII.4) that the
Coxeter transformation c does not depend on the choice of the admissible
sequence a1, . . . , an, because the quiver Q is acyclic. However, as shown
in Examples (1.6) and (1.7) below, the Coxeter matrix ΦA of A = KQ
depends on the orientation of the quiver Q.

The Coxeter matrices ΦA of the path algebras A = KΔ of canonically
oriented Euclidean quivers Δ are presented in Section XIII.1.

Throughout we identify the group homomorphism c : Zn −−−−→ Zn with
the Coxeter transformation ΦA : Zn −−−−→ Zn.

We start with a result for an arbitrary acyclic quiver.

1.2. Proposition. Let Q be an arbitrary acyclic quiver, A = KQ be the
path K-algebra of Q and let ΦA : Zn −−−−→ Zn be the Coxeter transforma-
tion of A. If M is an indecomposable A-module which is not postprojective
then, for each m ≥ 0, we have

dim τmM = Φm
A (dimM).

Proof. Assume that M is an indecomposable A-module which is not
postprojective. By (VIII.2.1), for each m ≥ 0, the module τmM is non-zero
and non-projective. It follows that HomA(M, A) = 0, because the algebra A
is hereditary. Then the equality dim τmM = Φm

A (dimM) is a consequence
of (IV.2.9). �

1.3. Proposition. Let Q be an acyclic quiver whose underlying graph
is Euclidean, let A = KQ and let ΦA : Zn −−−−→ Zn be the Coxeter trans-
formation of A, where n = |Q0| and Zn = Z|Q0| = K0(A).

(a) If qA : Zn −−−−→ Z is the Euler form of A and hQ ∈ Zn is a positive
generator of the group rad qA, then ΦA(hQ) = hQ and ΦA(rad qA) =
rad qA.

(b) There exists a least d = dQ ≥ 0 such that, for each x ∈ Zn, we have
Φd

A(x) − x ∈ rad qA.

Proof. Let h = hQ ∈ Zn be the positive generator of the group rad qA,
see (1.1).

(a) Because the Coxeter matrix ΦA is the matrix of the Coxeter trans-
formation c : Zn −→ Zn and (VII.4.11) yields c(h) = h, then ΦA(h) = h
and (a) follows.

(b) We consider the quotient group K0(A) = K0(A)/Z·h of the Grothen-
dieck group K0(A) = Zn of A modulo the subgroup Z·h = rad qA, where h =
hQ is the positive generator of rad qA, see (1.1). Let π : K0(A) −−−−→ K0(A)
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be the canonical group epimorphism defined by the formula π(v) = v :=
v + Z · h, for each v ∈ K0(A). Because the canonical group embedding
K0(A) = Zn ↪→ Qn induces an embedding K0(A) −−−−→ Qn/Q · h ∼= Qn−1

of abelian groups and the group K0(A) is generated by the cosets e1, . . . , en

of the canonical Z-basis vectors e1, . . . , en of the group K0(A) = Zn, then
the group K0(A) is torsion-free of rank n − 1; that is, there is a group
isomorphism K0(A) ∼= Zn−1.

The Coxeter transformation ΦA : K0(A) −−−−→ K0(A) of A induces the
group automorphism

ΦA : K0(A) −−−−→ K0(A)

defined by the formula ΦA(v) = ΦA(v), for each v ∈ K0(A), because
ΦA(h) = h and rad qA = Z · h is an ΦA-invariant subgroup of K0(A).
Moreover, the Euler (non-symmetric) Z-bilinear form bA(−,−) = 〈−,−〉A :
K0(A) × K0(A) −−−−→ Z of the algebra A induces the Z-bilinear form

bA(−,−) : K0(A) × K0(A) −−−−→ Z

defined by the formula bA(v, w) = bA(v, w), for each pair of vectors v, w ∈
K0(A) = Zn, because 〈h,h〉A = qA(h) = 0. Consequently, the map

qA : K0(A) −−−−→ Z

defined by the formula qA(v) = bA(v, v) = bA(v, v) = qA(v), for each v ∈
K0(A) = Zn, is a quadratic form on the group K0(A) ∼= Zn−1.

By our assumption, the quiver Q is acyclic and the underlying graph Q
of Q is Euclidean. It follows that the quadratic form qA : Zn−1 −−−−→ Z is
positive definite, because qA(v) = qA(v) ≥ 0, for each v ∈ K0(A) = Zn, and
the equality qA(v) = qA(v) = 0 yields v ∈ rad qA = Z · h, that is, v = 0.
Hence we conclude that the set

R = {v ∈ K0(A); qA(v) = 1} ⊆ K0(A) ∼= Zn−1

of all roots of the quadratic form qA is finite, because one shows that the
Euclidean norm ||v|| of any vector v ∈ R (viewed as a vector of the Euclidean
space Rn−1) is bounded by 1√

μ , where μ = inf{qA(u); u ∈ Rn−1, ||u|| = 1} is
the minimum of the values qA(u) of the quadratic function qA : Rn−1 −→ R

restricted to the unit sphere Sn−2 = {u ∈ Rn−1, ||u|| = 1}; compare with
(VII.3.4) and its proof, see also Exercise (XI.6.1).

Now we show that the finite subset R of K0(A) ∼= Zn−1 is ΦA-invariant,
that is, ΦA(R) = R. For, if v ∈ R then

qA(ΦA(v)) = qA(ΦA(v)) = qA(v) = qA(v) = 1,

because the definitions of qA and of the Coxeter matrix yield
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qA(ΦA(x)) = ΦA(x)t · (C−1
A )t · ΦA(x)

= (ΦA · x)t · (C−1
A )t · ΦA · x

= xt · Φt
A · (C−1

A )t · ΦA · x
= xt ·(−Ct

A ·C−1
A )t ·(C−1

A )t · (−Ct
AC−1

A ) · x
= xt · (C−1

A )t · x = qA(x),

for each vector x ∈ Zn = K0(A), see (III.3.16). It follows that qA(ΦA(x)) =
qA(x), for any vector x ∈ Zn−1 = K0(A).

The cosets e1, . . . , en ∈ K0(A) of the canonical Z-basis vectors e1, . . . , en

of the group K0(A) = Zn are roots of the quadratic form qA, because
qA(ej) = qA(ej) = 1, for j = 1, . . . , n. In other words, the vectors
e1, . . . , en belong to the set R.

It follows that the group automorphism ΦA : K0(A) −−−−→ K0(A) is of
finite order dQ ≥ 2, because the finite set R is ΦA-invariant and contains
the set {e1, . . . , en} of generators of the group K0(A). If we set d = dQ then
Φ

d

A(v) = v, for each v ∈ K0(A), and it follows that, for any x ∈ Zn = K0(A),
the vector Φd

A(x)−x belongs to Z ·h = rad A. This finishes the proof. �
From now on, we denote by dQ = dA the least integer d ≥ 1 satisfying

the condition of (1.3)(b). This allows us to introduce an important concept
of defect of A.

For this purpose, we note that by (1.3)(b), for each x ∈ Zn = K0(A),
there exists an integer ∂A(x) ∈ Z such that

ΦdQ

A (x) = x + ∂A(x) · hQ,

where A = KQ is the path algebra of a Euclidean quiver Q and hQ ∈ Zn is
the positive generator of the subgroup rad qA of Zn, see (1.1).

A straightforward computation shows that the function ∂A : Zn −→ Z

thus defined is an abelian group homomorphism (Z-linear). We are thus led
to the following definition introduced by Gelfand and Ponomarev in [97] for
the four subspace type quiver D̃4, and extended by Dlab and Ringel in [63]
to arbitrary path algebras of quivers whose underlying graph is Euclidean.

1.4. Definition. Let Q be an acyclic quiver whose underlying graph is
Euclidean. Let A = KQ be the path algebra of Q, n = |Q0|, let K0(A) = Zn

be the Grothendieck group of A,

ΦA : K0(A) −−−−→ K0(A)

be the Coxeter transformation of A, hQ ∈ Zn be the positive generator of
rad qA (see (1.1)).
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(a) The defect number dQ of Q is the least integer d ≥ 1 satisfying
the condition of (1.3)(b). The defect number dA of the Euclidean
algebra A = KQ is defined to be the defect number dA = dQ of the
quiver Q.

(b) The defect of the algebra A is the abelian group homomorphism
∂A : Zn −−−−→ Z

such that ΦdA

A (x) = x + ∂A(x) · hQ, for any x ∈ Zn, where dA = dQ

is the defect number of A.

Now we show that the defect ∂A : Zn −→ Z is a ΦA-invariant homomor-
phism.

1.5. Lemma. Let Q be an acyclic quiver whose underlying graph is Eu-
clidean. If ∂A : Zn −−−−→ Z is the defect of the path algebra A = KQ and
K0(A) = Zn is the Grothendieck group of A, then ∂A(x) = ∂A(ΦA(x)), for
any x ∈ Zn.

Proof. Let h = hQ ∈ Zn be the positive generator of the group rad qA

and d = dQ the defect number of Q. By (1.3)(a), we have ΦA(h) = h, and,
hence, we get the equalities

ΦA(x) + ∂A(ΦA(x)) · h = Φd
A(ΦA(x))

= ΦAΦd
A(x)

= ΦA(x) + ∂A(x)ΦA(h)

= ΦA(x) + ∂A(x) · h.

The statement follows. �
The following two examples show that the defect ∂A and the Coxeter

transformation ΦA : K0(A) −−−−→ K0(A) of the path algebra A = KQ of a
Euclidean quiver Q depend on the orientation of Q.

1.6. Example. Let A be the path algebra of the quiver Q

as in (X.2.12). We show that the defect ∂A : Z5 −−−−→ Z of A is defined by
the formula ∂A(x) = x5 + x4 − x2 − x1.

First we note that (1, 2, 3, 4, 5) is an admissible ordering of the vertices
of Q and, by (VII.4.7), the Coxeter matrix ΦA of A = KQ is the matrix of
the Coxeter transformation c = s5s4s3s2s1 : Z5 −−−−−−→ Z5 of the quiver Q
in the canonical basis of Z5.
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We easily compute, as in (VII.4.7), the matrices of the reflections
si : Z5 −→ Z5, with 1 ≤ i ≤ 5. It follows that the matrices of s1, s2, s3, s4, s5,
in the canonical basis e1, . . . , e5 of Z5, are of the form

s1 =

⎡⎢⎣
−1 0 1 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

⎤⎥⎦ , s2 =

⎡⎢⎣
1 0 0 0 0
0 −1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

⎤⎥⎦ , s3 =

⎡⎢⎣
1 0 0 0 0
0 1 0 0 0
1 1 −1 1 1
0 0 0 1 0
0 0 0 0 1

⎤⎥⎦ ,

s4 =

⎡⎢⎣
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 −1 0
0 0 0 0 1

⎤⎥⎦ , s5 =

⎡⎢⎣
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 1 0 −1

⎤⎥⎦ .

Hence the Coxeter matrix ΦA = s5s4s3s2s1 is given by

ΦA =

⎡⎢⎣
−1 0 1 0 0
0 −1 1 0 0

−1 −1 1 1 1
−1 −1 1 0 1
−1 −1 1 1 0

⎤⎥⎦ .

It follows from (VII.4.2) that rad qQ = Z · h, where h = hQ = 1 1
2

1 1
is the

positive generator of the group rad qA, see (1.1). By applying ΦA to the
basis vectors, we obtain

Φ2
A(e1) = e1 − h, Φ2

A(e2) = e2 − h, Φ2
A(e3) = e3,

Φ2
A(e4) = e4 + h, Φ2

A(e5) = e5 + h, ΦB(e5) − e5 
∈ Z · h.

We can also compute the Coxeter matrix ΦA = −Ct
A · C−1

A of A by using
the Cartan matrix of A and its inverse:

CA =

⎡⎢⎣
1 0 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 0
0 0 0 0 1

⎤⎥⎦ , C−1
A =

⎡⎢⎣
1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 −1
0 0 0 1 0
0 0 0 0 1

⎤⎥⎦ .

Thus, if x = x1e1 + x2e2 + x3e3 + x4e4 + x5e5, we get

Φ2
A(x) = x + (x5 + x4 − x2 − x1) · h.

It follows that dQ = 2 and the defect ∂A : Z5 −−−−→ Z of the algebra
A is given by the formula ∂A(x) = x5 + x4 − x2 − x1, for any vector
x = [x1, x2, x3, x4, x5]t ∈ Z5.

Now we show that the Coxeter transformation ΦA and the defect ∂A of
the path algebra A = KQ depend on the orientation of the quiver Q.

1.7. Example. Let Q′ be the quiver
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obtained from the quiver Q of Example (1.6) by reverting the orientation
of the two arrows ending at the points 1 and 2. It follows that the path
algebra B = KQ′ of Q′ is isomorphic to the algebra

B =

⎡⎢⎣
K 0 K 0 0
0 K K 0 0
0 0 K 0 0
0 0 K K 0
0 0 K 0 K

⎤⎥⎦ .

Then the Cartan matrix CB of B and its inverse C−1
B have the forms

CB =

⎡⎢⎣
1 0 0 0 0
0 1 0 0 0
1 1 1 1 1
0 0 0 1 0
0 0 0 0 1

⎤⎥⎦ and C−1
B =

⎡⎢⎣
1 0 0 0 0
0 1 0 0 0

−1 −1 −1 −1 −1
0 0 0 1 0
0 0 0 0 1

⎤⎥⎦ .

Hence the Coxeter matrix ΦB = −Ct
B · C−1

B of B is of the form

ΦB =

⎡⎢⎣
0 1 −1 1 1
1 0 −1 1 1
1 1 −1 1 1
1 1 −1 0 1
1 1 −1 1 0

⎤⎥⎦ .

Note also that (3, 4, 5, 2, 1) is an admissible ordering of the vertices of Q′ and,
by (VII.4.7), ΦB = s1s2s5s4s3, for the reflections s1, s2, s3, s4, s5. Recall
also that rad qQ′ = Z · h, where h = hQ = 1 1

2
1 1

is the positive generator of
the group rad qB , see (1.1). By applying the matrix ΦB to the canonical
basis vectors, we obtain

Φ2
B(e1) = e1 + h, Φ2

B(e2) = e2 + h, Φ2
B(e3) = e3 − 2h,

Φ2
B(e4) = e4 +h, ΦB(e5) = e5 +h, ΦB(e5) −e5 
∈ Z ·h.

Then, for any x = [x1, x2, x3, x4, x5]t ∈ Z5, we get

Φ2
B(x) = x + (x1 + x2 + x4 + x5 − 2x3) · h.

It follows that dQ′ =2 and the defect ∂B :Z5−→Z of B is given by the formula
∂B(x)=x1 + x2 + x4 + x5 − 2x3, for any vector x=[x1, x2, x3, x4, x5]t ∈Z5.
In particular, we get ΦA 
= ΦB and ∂A 
= ∂B , where A = KQ is the algebra
of Example (1.6).

XI.2. The category of regular modules over
a hereditary algebra of Euclidean type

We now recall from (VIII.2.12) that, for a representation-infinite hered-
itary algebra A = KQ as in (1.3), the Auslander–Reiten quiver Γ(modA)
of A is the union of the postprojective component P(A), the preinjective
component Q(A), and the union R(A) of regular components. We may
visualise the shape of Γ(modA) as follows.



XI.2. The category of regular modules 61

2.1. Figure

By (VIII.2.9), the regular part R(A) of Γ(modA) is not empty, and it
follows from (VIII.2.13) that, in the above picture, the non-zero homomor-
phisms can only go from the left to the right, that is, we have

HomA(R(A),P(A)) =0, HomA(Q(A),P(A))=0 and HomA(Q(A),R(A))=0.

We also recall from (VIII.2.14) that the mutually inverse equivalences

mod A
τ−−−−−−−−→←−−−−−−−−

τ−1
mod A,

(IV.2.11) induced by the Auslander–Reiten translations τ and τ−1, induce
mutually inverse equivalences of categories

addR(A)
τ−−−−−−−−→←−−−−−−−−

τ−1
addR(A), (2.2)

where addR(A) is the full subcategory of modA whose objects are all the
regular A-modules.

Now we characterise the components of Γ(mod A) in terms of the defect ∂A.

2.3. Proposition. Assume that Q is an acyclic quiver whose underlying
graph is Euclidean. Let A = KQ be the path algebra of Q, let ∂A : Zn −→ Z

be the defect of A, and let M be an indecomposable A-module.
(a) M ∈ P(A) if and only if ∂A(dimM) < 0.
(b) M ∈ R(A) if and only if ∂A(dimM) = 0.
(c) M ∈ Q(A) if and only if ∂A(dimM) > 0.

Proof. Let ΦA : Zn −−−−→ Zn be the Coxeter transformation of A,
where n = |Q0|, let h = hQ ∈ Zn be the positive generator of the group
rad qA, see (1.1).

Assume that the indecomposable module M is not postprojective. It
follows from (1.2) that, for any m ≥ 0, we have

dim τmM = Φm
A (dimM).
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Suppose now ∂A(dimM) < 0. Applying (1.5), we get

∂A(dim τmM) = ∂A(Φm
A (dimM)) = ∂A(dimM) < 0

for any m ≥ 0. On the other hand, for any s ≥ 1, we have

dim τ sdM = Φsd
A (dimM) = dimM + s · ∂A(dimM) · h,

where d = dQ, see (1.4). Hence we obtain the inequalities

dimM > dim τdM > . . . > dim τ sdM > dim τ (s+1)dM > . . . .

and we get a contradiction with the inequality dim τ sdM > 0, for any s ≥ 1.
Therefore, ∂A(dimM) ≥ 0. On the other hand, if M belongs to Q(A), then
∂A(dimM) > 0. Indeed, if we assume to the contrary that ∂A(dimM) = 0,
then

dim τdM = Φd
A(dimM) = dimM + ∂A(dimM) · h = dimM,

and we get a contradiction to the fact that all indecomposable modules in
preinjective components are directing (by (IX.1.1)) and hence are uniquely
determined, up to isomorphism, by their dimension vectors (by (IX.3.1)).

Dually, we have ∂A(dimM)≤0, for any M in R(A), and ∂A(dimM)<0,
for any M in P(A). In particular, ∂A(dimM) = 0, for any M in R(A). �

2.4. Proposition. Let Q be an acyclic quiver whose underlying graph
is Euclidean, and let A = KQ. The full subcategory addR(A) of mod A is
abelian and closed under extensions.

Proof. Let U , V be two objects from addR(A), and f : U −→V be a
non-zero homomorphism. We first claim that Im f ∈ addR(A). Indeed, let
M be an indecomposable summand of Im f . There exist indecomposable
summands L of U and N of V , respectively, such that HomA(L, M) 
= 0
and HomA(M, N) 
= 0. By (VIII.2.13), this implies that M belongs to R(A).
Therefore, Im f , being a direct sum of indecomposable regular modules, is
itself regular. In particular, ∂A(dim Im f) = 0, where ∂A : Zn −−−−→ Z is
the defect of A, n = |Q0|, and we identify Zn with the Grothendieck group
K0(A) of A.

The short exact sequence

0 −→Ker f −→U −→ Im f −→ 0

gives that dimKer f = dimU − dim Im f . Hence we get

∂A(dimKer f) = ∂A(dimU) − ∂A(dim Im f) = 0.
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Let M be an indecomposable summand of Ker f , then HomA(M, U) 
= 0.
By (VIII.2.13), this implies that the module M is postprojective or regu-
lar. By (2.3), ∂A(dimM) ≤ 0. Because this holds for any indecompos-
able summand M of Ker f , the vanishing of ∂A(dimKer f) implies that
∂A(dimM) = 0 for any such direct summand, which is therefore regular;
hence, so is Ker f . Similarly, the short exact sequence

0 −→ Im f −→V −→ Coker f −→ 0

gives that Coker f is regular. �

The above proposition allows us to introduce an important numerical
invariant of regular A-modules.

2.5. Definition. Let Q be an acyclic quiver whose underlying graph is
Euclidean, and let A = KQ. A non-zero regular A-module E having no
proper regular submodules is said to be simple regular. Then, for any
regular module M , there exists a chain

M = M0 � M1 � . . . � Ml = 0

of regular submodules of M such that Mi−1/Mi is simple regular for any i
with 1 ≤ i ≤ l, and l is called the regular length of M , which we denote
by r�(M).

We need two more definitions.

2.6. Definition. Two components C and C′ of the Auslander–Reiten
quiver of an algebra A are said to be orthogonal if HomA(C, C′) = 0 and
HomA(C′, C) = 0, that is, HomA(C, C ′) = 0 and HomA(C ′, C) = 0, for any
module C in C and any module C ′ in C′.

2.7. Definition. The category addR(A) is said to be serial if every
indecomposable object of addR(A) is uniserial.

We are now able to prove the main result of this section.

2.8. Theorem. Let Q be an acyclic quiver whose underlying graph is
Euclidean, and let A = KQ.

(a) The components of R(A) form a family TT A = {T A
λ }λ∈Λ of pairwise

orthogonal standard stable tubes T A
λ .

(b) The category addR(A) is serial.
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Proof. By (VIII.2.14), the Auslander–Reiten translations τ and τ−1 in-
duce mutually inverse self-equivalences of the abelian subcategory addR(A)
of modA. Thus, they preserve the regular length of objects in addR(A).

Let E be a simple regular module. The τ -orbit

O(E) = {τmE | m ∈ Z}

of E consists of simple regular modules. We claim that O(E) is a finite
set. Indeed, suppose that the modules τmE, with m ∈ Z, are pairwise non-
isomorphic. Then HomA(τ sE, τ tE) = 0 whenever s 
= t, because τ sE and
τ tE are non-isomorphic simple objects of addR(A). Consider the regular
module

M = E ⊕ τ2E ⊕ τ4E ⊕ . . . ⊕ τ2nE,

where n = |Q0|. Then HomA(M, τM) = 0, and M is the direct sum of n+1
pairwise non-isomorphic indecomposable A-modules. Because n ≥ 2 is the
rank of the Grothendieck group K0(A) of A, this contradicts (VIII.5.3).
Thus O(E) is finite, that is, there exists a positive integer r such that O(E)
consists of the modules

Er = E, Er−1 = τE, . . . , E1 = τ r−1E

(so that τE1 = τ rE ∼= E = Er). Because E1, . . . , Er are simple regular
modules, it follows from Schur′s Lemma (I.3.1) that their endomorphism
algebras are division K-algebras, and consequently are equal to K, because
K is an algebraically closed field. Thus E1, . . . , Er are bricks. Moreover,
Ext2A(−,−) = 0, because A is hereditary. It follows from (X.2.1) that
E = EXTA(E1, . . . , Er) is an abelian subcategory of modA, and clearly
also of addR(A), whose indecomposable objects are uniserial and form a
component TE of modA, which is a standard stable tube of rank r.

We have proved that Γ(modA) contains a family TT A = {T A
λ }λ∈Λ of

standard stable tubes such that the modules lying on the mouth of the
tubes T A

λ , with λ ∈ Λ, form a complete family of the simple objects in
addR(A). Observe also that, if M and N are indecomposable modules
lying in two different tubes, then M and N have pairwise distinct simple
regular composition factors. Hence HomA(M, N) = 0. Thus the tubes in
the family TT A = {T A

λ }λ∈Λ are pairwise orthogonal.
Let now L be an arbitrary indecomposable regular A-module. Then there

exists a chain of regular submodules L = L0 ⊃ L1 ⊃ . . . ⊃ Ll = 0, with
Li−1/Li simple regular, for each i such that 1 ≤ i ≤ l. Consequently,
L belongs to one of the tubes T A

λ . Hence the stable tubes in the family
TT A = {T A

λ }λ∈Λ are all the regular components of Γ(modA). �
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We notice that, if M is an indecomposable regular module lying in a
tube TE , with E = EXTA(E1, . . . , Er), then there exist i and j such that
1 ≤ i ≤ r, j ≥ 1, and M ∼= Ei[j]. In this situation, r�(M) = j, and the
modules E1, . . . , Er are simple regular.

The preceding theorem gives no information on the ranks rλ of the stan-
dard stable tubes T A

λ , with λ ∈ Λ, in Γ(modA). We now show that almost
all of them are homogeneous (that is, of rank one).

2.9. Proposition. Let Q be an acyclic quiver whose underlying graph
is Euclidean, let A = KQ, and let

TT A = {T A
λ }λ∈Λ

be the family of the standard stable tubes in Γ(mod A) as in (2.8).

(a) If, for each λ ∈ Λ, rA
λ ≥ 1 is the rank of the tube T A

λ in R(A), then∑
λ∈Λ

(rA
λ −1) ≤ n − 2,

where n = |Q0|.
(b) All but finitely many of the tubes T A

λ in R(A) are homogeneous, and
there are at most n − 2 non-homogeneous tubes Tλ.

Proof. Consider the subset Λ0 = {λ ∈ Λ | rA
λ ≥ 2} of Λ. We claim that

Λ0 has at most n elements. Indeed, assume to the contrary that |Λ0| ≥
n+1, and let λ1, . . . , λn, λn+1 be pairwise distinct elements of Λ0. For each
i ∈ {1, . . . , n + 1}, let Ei ∈ T A

λi
be a simple regular module, and let

E = E1 ⊕ . . . ⊕ En+1.

Because each T A
λi

is a standard stable tube of rank at least two, then we have
HomA(Ei, τEi) = 0. Moreover, HomA(Ei, τEj) = 0, for i 
= j, because the
tubes T A

λ1
, . . . , T A

λn+1
are pairwise orthogonal. Therefore, HomA(E, τE) = 0,

and we get a contradiction with (VIII.5.3). Hence |Λ0| ≤ n and, without
loss of generality, we may assume that Λ0 = {1, . . . , m}, where m ≤ n.

We next prove that
∑

λ∈Λ
(rA

λ −1) ≤ n − 1. For each i ∈ {1, . . . , m}, we

choose a ray

Ei[1] ui2−→ Ei[2] ui3−→ Ei[3]−→ · · · −→Ei[ri − 2]
ui,ri−1−−−−→ Ei[ri−1]

in T A
i , with Ei[1] lying on the mouth of T A

i , and we set

M =
m⊕

i=1

rA
i −1⊕
j=1

Ei[j].
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For each i ∈ Λ0, we have

HomA

( rA
i −1⊕
j=1

Ei[j],
ri−1⊕
j=1

τEi[j]
)

= 0,

because each of the tubes T A
i is standard. Moreover, HomA(M, τM) = 0,

because the tubes T A
i are pairwise orthogonal. Hence, (VIII.5.3) yields

m∑
i=1

(rA
i −1) ≤ n. If the equality holds, then M is the direct sum of n pair-

wise non-isomorphic indecomposable A-modules, pdAM ≤ 1 (because A is
hereditary), and Ext1A(M, M) ∼= DHomA(M, τM) = 0. By (VI.4.4), M
is a tilting A-module. Moreover, B = EndM is a product of hereditary
algebras of Dynkin type ArA

i −1, with 1 ≤ i ≤ m. Then, by (VI.5.6), M

is a separating tilting module. Because B is representation-finite, so is A.
But this contradicts the fact that A = KQ and the quiver Q is Euclidean.

Therefore, we get
m∑

i=1
(rA

i −1) ≤ n − 1.

Finally, suppose, to the contrary, that
m∑

i=1
(rA

i −1) = n − 1, and show that

this leads to a contradiction. Because M is a partial tilting module, and
M is the sum of n− 1 pairwise non-isomorphic indecomposable A-modules,
there exists, by (VI.2.4) and (VI.4.4), an indecomposable A-module N such
that T = M ⊕ N is a tilting A-module. In particular, HomA(T, τT ) ∼=
DExt1A(T, T ) = 0.

We claim that the module N is not regular. Because Ext1A(N, N) = 0,
the module N does not belong to a homogeneous tube. Assume now that N
lies in T A

i , for some i ∈ {1, . . . , m}. Because the tube T A
i is standard and of

rank rA
i , then N must be of regular length at most rA

i − 1. But this implies
the existence of some j ∈ {1, . . . , rA

i − 1} such that HomA(N, τEi[j]) 
= 0;
a contradiction. This establishes our claim.

Let B = EndTA. We claim that the algebra B is hereditary. We already
know that EndM is the direct product of hereditary algebras of Dynkin
types ArA

i −1, with 1 ≤ i ≤ m. Because N is postprojective or preinjective, it
is directing, hence EndN ∼= K (by (IX.1.4)). Assume that N is preinjective.
Then HomA(N, M) = 0 and HomA(N, τM) = 0. On the other hand, by
(1.3), we have a short exact sequence

0 −→Ei[j−1]
uij−→Ei[j]

p′
ij−→E −→ 0,

for each j ∈ {2, . . . , rA
i −1}, where E = Ei+j−1[1]. Applying the functor

HomA(−, N), we get an exact sequence

0 → HomA(E, N) → HomA(Ei[j],N) → HomA(Ei[j−1], N) →Ext1A(E, N).
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Because HomA(τ−1Ei[j−1], N) = 0, and E is the simple regular top of
the module τ−1Ei[j−1], we have HomA(E, N) = 0. Also Ext1A(E, N) ∼=
DHomA(N, τE) = 0. Thus we have an isomorphism

HomA(uij , N) : HomA(Ei[j], N) �−−−−→ HomA(Ei[j−1]), N),

for each j ∈ {2, . . . , rA
i −1}. It follows that the algebra B = EndTA is

hereditary and isomorphic to the path algebra KΔ of the following quiver

Δ :

(1, 1) ←− (1, 2) ←− · · · ←− (1, rA
1 −2)←− (1, rA

1 −1)
...

...
...

... ↖···↖
(j, 1) ←− (j, 2) ←− · · · ←− (j, rA

j − 2)←− (j, rA
j − 1)

←−−−−...←−−−− ω,

...
...

...
... ↙···↙

(m, 1) ←− (m, 2) ←− · · · ←− (m, rA
m−2)←− (m, rA

m−1)

where the number of arrows from the source vertex ω to the vertex (j, rA
j −1)

equals nj = dimKHomA(Ej [rA
j −1], N), for j ∈ {1, . . . , m}. In fact, we

have nj ≥ 1, for any j ∈ {1, . . . , m}, because the algebra B = EndTA is
connected, see (VI.3.5).

Assume now that the module N is postprojective. Then HomA(M, N) =
0 and HomA(N, τM) ∼= Ext1A(M, N) = 0. Now, if HomA(N, Ei[j]) 
= 0, for
some j, then a non-zero homomorphism from N to Ei[j] must, by (IV.5.1),
factor through τM , or else j = rA

i −1. It follows that j = rA
i −1 and the al-

gebra B = EndTA is hereditary. More precisely, B = EndTA is isomorphic
to the path algebra KΔ′ of the following quiver

Δ′ :

(1, 1) ←− (1, 2) ←− · · · ←− (1, rA
1 − 2)←− (1, rA

1 −1)
...

...
...

... ↘···↘
(j, 1) ←− (j, 2) ←− · · · ←− (j, rA

j − 2)←− (j, rA
j − 1)

−−−−→...−−−−→ ω′,

...
...

...
... ↗···↗

(m, 1) ←− (m, 2) ←− · · · ←− (m, rA
m−2)←− (m, rA

m−1)

where the number of arrows from the vertex (j, rA
j −1) to the sink ver-

tex ω′ equals n′
j = dimKHomA(N, Ej [rA

j −1]), for j ∈ {1, . . . , m}, and
again n′

j ≥ 1, for any j ∈ {1, . . . , m}, because the algebra B = EndTA

is connected.
Applying again (VI.5.6), we infer that T is a separating tilting mod-

ule. Therefore, any indecomposable A-module belongs either to F(T ) or
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to T (T ). Because Ei[1] ∈ T (T ), and any module in T A
i is a successor of

Ei[1], we deduce that T A
i ⊆ T (T ). On the other hand, HomA(T, τM) = 0

implies that τEi[1] ∈ F(T ), a contradiction. This completes the proof that
m∑

i=1
(rA

i −1) ≤ n − 2. This finishes the proof of the proposition, because the

statement (b) is an immediate consequence of (a). �

2.10. Example. Let A be a K-algebra given by the quiver

as in Examples (X.2.12) and (1.6). We have constructed in (X.2.12) a stable
tube T A

1 of rank rA
1 = 2 containing the simple regular modules S = S(3)

and E given by dimE = 1 1
1

1 1
. On the other hand, the indecomposable

module

is regular. Indeed, using the defect ∂A computed in Example (1.6), we have
∂A(dimE1) = 0. An easy computation shows that

Moreover, E1 ∼= τE2 and each of the modules E1 and E2 is a brick. Hence,
by (X.2.2) and (X.2.6), the indecomposable modules in EXTA(E1, E2) are
uniserial and form a standard stable tube T A

2 of rank rA
2 = 2 in Γ(modA).

Similarly,

are regular bricks such that τE′
1

∼= E′
2 and τE′

2
∼= E′

1. Again, the indecom-
posables in EXTA(E′

1, E
′
2) are uniserial and form a standard stable tube T A

3
of rank rA

3 = 2 in Γ(modA).
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Because n = |Q0| = 5 then, by (2.9), we get
3∑

i=1
(rA

i −1) = 3 = n − 2

and, hence, all the remaining tubes in Γ(modA) are homogeneous. It fol-
lows that Γ(mod A) = P(A) ∪ R(A) ∪ Q(A) consists of a postprojective
component P(A), a preinjective component Q(A), and the regular part
R(A); consisting of the three tubes T A

1 , T A
2 , T A

3 of rank 2, and a family
{T A

λ }λ∈Λ \ {T A
1 , T A

2 , T A
3 } of homogeneous tubes.

XI.3. The category of regular modules over
a concealed algebra of Euclidean type

We start this section by deriving some consequences for concealed alge-
bras. As seen in Chapter VIII, the module category over a concealed algebra
is very close to the module category over the hereditary algebra it originates
from.

Throughout this section we assume that Q = (Q0, Q1) is an acyclic quiver
whose underlying graph is Euclidean, n = |Q0|,

A = KQ

is the path K-algebra of Q, and B is a concealed K-algebra of Euclidean
type Q, that is, B is the endomorphism algebra

B = EndTA (3.1)

of a postprojective tilting A-module T in mod A, see Chapter VIII.
We recall from (III.3.13) that, for an algebra R of finite global dimension,

the Euler Z-bilinear form 〈−,−〉R : K0(R)×K0(R) −−−−→ Z of R coincides
with the Euler characteristic χR : K0(R)×K0(R) −−−−→ Z of R defined
by the formula

χR(dimM,dimN) =
∞∑

s=0

(−1)sdimKExts
R(M, N), (3.2)

for any pair M , N of modules in modR.
Because, by (VIII.3.2), any concealed algebra B of Euclidean type has

gl.dimB ≤ 2, then its Euler characteristic reduces to the first three terms,
that is,

χB(dimM,dimN) = dimKHomB(M, N) − dimKExt1B(M, N)

+ dimKExt2B(M, N),

for any M and N in modB.
The following theorem collects the main facts on concealed algebras of

Euclidean type we use throughout this chapter.
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3.3. Theorem. Let Q be an acyclic quiver whose underlying graph is
Euclidean, let A = KQ be the hereditary path K-algebra of Q, and let B be
a concealed algebra (3.1) of the Euclidean type Q.

(a) gl.dim B ≤ 2. Moreover, pdZ ≤ 1 and idZ ≤ 1, for all but finitely
many non-isomorphic indecomposable B-modules Z that are post-
projective or preinjective.

(b) The Euler Z-bilinear form 〈−,−〉B : K0(B) × K0(B) −−−−→ Z of B
is Z-congruent to the Euler form 〈−,−〉A : K0(A)×K0(A) −−−−→ Z

of A, and the Euler quadratic form qB : K0(B) −−−−→ Z of B is Z-
congruent to the Euler form qA : K0(A) −−−−→ Z of A, that is, there
exists a group isomorphism f : K0(A) �−→K0(B) ∼= Zn making the
following two diagrams commutative

K0(B) × K0(B)
〈−,−〉B−−−−→ Z

f×f

�⏐⏐∼= ↗ 〈−,−〉A

K0(A) × K0(A)
and

K0(B)
qB−→ Z

f

�⏐⏐∼= ↗ qA

K0(A)

(c) The Euler quadratic form qB : K0(B) −→ Z is positive semidefinite
of corank one.

(d) The Auslander–Reiten quiver Γ(mod B) of B has the disjoint union
form

Γ(mod B) = P(B) ∪ R(B) ∪ Q(B)
of Figure (2.1), with A and B interchanged, where P(B) is a post-
projective component, Q(B) is a preinjective component Q(B), and
R(B) is a family of regular components. The non-zero homomor-
phisms can only go from the left to the right, that is, we have

HomB(Q(B),P(B)) = 0, HomB(R(B),P(B)) = 0, HomB(Q(B),R(B))=0.
(e) The regular part R(B) of Γ(mod B) is not empty. Moreover, pdZ ≤1

and idZ ≤ 1, for any regular module Z in R(B).
(f) Let addR(B) be the full subcategory of mod B whose objects are all

the regular B-modules. The functor HomA(T, −) : modA −→ mod B
restricts to the equivalences HomA(T, −) : addR(A) −→ addR(B)
of categories such that the following diagram is commutative

addR(A)
τA−−−−−−−−→←−−−−−−−−
τ−1

A

addR(A)

HomA(T,−)

⏐⏐
∼= ∼=
⏐⏐
HomA(T,−)

addR(B)
τB−−−−−−−−→←−−−−−−−−
τ−1

B

addR(B),

where the horizontal functors are mutually inverse equivalences of
categories induced by the Auslander–Reiten translates τA in mod A
and τB in mod B, respectively.
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Proof. For the convenience of the reader, we prove the statements (b)
and (c). For the proof of the remaining statements the reader is referred to
(VIII.3.2), (VIII.4.5), (VIII.2.9), (VI.4.7) and (VII.4.2).

Assume that B is a concealed algebra (3.1) of the Euclidean type Q,
n = |Q0|, and A = KQ. Because gl.dim A = 1 and gl.dimB ≤ 2, by
(VIII.3.2), then the Euler Z-bilinear form 〈−,−〉B : K0(B)×K0(B) −−−−→ Z

of B coincides with the Euler characteristic χB : K0(B) × K0(B) −−−−→ Z

(3.2) of B, and the Euler Z-bilinear form 〈−,−〉A : K0(A)×K0(A) −−−−→ Z

of A coincides with the Euler characteristic χA : K0(A) × K0(A) −−−−→ Z

of A, by (III.3.13).
By (VI.4.5), there exists a group isomorphism f : K0(A) �−→K0(B) = Zn

such that
χA(dimM,dimN) = χB(f(dimM), f(dimN)),

for any pair M , N of modules in modA. It then follows that the equality

〈dimM,dimN〉A = 〈f(dimM), f(dimN)〉B

holds, for any pair M , N of modules in modA, and the Cartan matrices
CA and CB are Z-congruent, see (VI.4.6). Consequently, the equality

〈x,y〉A = 〈f(x), f(y)〉B

holds, for all vectors x,y ∈ K0(A) ∼= Zn, or equivalently, the two diagrams
in (b) are commutative. Hence easily follows that the Euler form qB of B
is positive semidefinite of corank one, because so is the Euler form qA of A,
by (VII.4.2). �

Then we have the following immediate consequences of (2.4), (2.8), and
(2.9).

3.4. Theorem. Let B = EndTA be a concealed algebra of a Euclidean
type Q, where Q is an acyclic Euclidean quiver, A = KQ the path algebra of
Q, and TA a multiplicity-free postprojective tilting A-module. Let addR(B)
be the full subcategory of mod B whose objects are all the regular B-modules
in R(B).

(a) The subcategory addR(B) of mod B is serial, abelian and closed
under extensions.

(b) The components of R(B) form a family TT B = {T B
λ }λ∈Λ of pair-

wise orthogonal standard stable tubes. Every tube T A
λ in mod B

is the image of a tube in mod A under the functor HomA(T, −) :
mod A −−−−→ mod B. Moreover, if rB

λ ≥ 1 denotes the rank of T B
λ

and n = |Q0|, then ∑
λ∈Λ

(rB
λ −1) ≤ n − 2.



72 Chapter XI. Module categories over concealed algebras

(c) All but finitely many of the tubes T B
λ in R(A) are homogeneous, and

there are at most n − 2 non-homogeneous tubes T B
λ .

(d) For each λ ∈ Λ, the tube T B
λ consists of the indecomposable objects

which are uniserial in an abelian subcategory of mod B of the form

EA = EXTA(E1, . . . , Er),

where E1, . . . , Erλ
are pairwise orthogonal bricks in mod B such that

there is an isomorphism τEi+1 ∼= Ei, for all i ∈ {1, . . . , rλ}, and
E1 = Erλ+1. �

We prove later, in (XII.3.5), that for any concealed algebra B of Euclidean
type the equality

∑
λ∈Λ

(rB
λ − 1) = n− 2 holds, and that the index set Λ is the

projective line P1(K) over K.

3.5. Lemma. Let B be a concealed algebra of Euclidean type, T be a
stable tube of rank r ≥ 1 in R(B), and M be an indecomposable module
from T .

(a) If k ≥ 0 is an integer such that k · r < r�(M) ≤ (k + 1) · r, then
dimKEndM = k + 1.

(b) If k ≥ 0 is an integer such that k · r ≤ r�(M) < (k + 1) · r, then
dimKExt1A(M, M) = k.

Proof. Because M lies in R(B), we have pdM ≤ 1. Hence

Ext1B(M, M) ∼= DHomB(M, τM).

The required equalities follow then from the standardness of the tube T . �

The following two facts are frequently used.

3.6. Corollary. Let B be a concealed algebra of Euclidean type, qB :
K0(B) −→ Z the Euler quadratic form of B, T a stable tube of rank r ≥ 1
in R(B), and M be an indecomposable module from T .

(a) qB(dimM) ∈ {0, 1}.
(b) qB(dimM) = 0 if and only if the regular length r�(M) of M is a

multiple of the rank r of T .
(c) If T is a homogeneous tube, then qB(dimM) = 0.

Proof. Because B is a concealed algebra and M is an indecomposable
module from T , then (VIII.4.5) yields pdM ≤ 1. It follows that

qB(dimM) = dimKEndM − dimKExt1B(M, M).

Hence we get (a) and (b), by applying (3.5). The statement (c) follows
from (b). �
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3.7. Proposition. Assume that Q is an acyclic Euclidean quiver, n =
|Q0|, and A = KQ is the path algebra of Q. Let B be a concealed algebra of
the Euclidean type Q.

(a) The Euler quadratic form qB : K0(B) −→ Z is positive semidefi-
nite of corank one, and there exists a unique positive vector hB ∈
K0(B) ∼= Zn such that the radical rad qB = {x ∈ K0(B), qB(x) = 0}
of qB is an infinite cyclic subgroup of K0(B) of the form

rad qB = Z · hB .

Moreover, all coordinates of the vector hB are positive.
(b) If f : K0(A) −→ K0(B) is a group isomorphism making the dia-

grams of (3.3)(b) commutative, then the following diagram

K0(A) ΦA−−−−→ K0(A)
f

⏐⏐
∼= f

⏐⏐
∼=

K0(B) ΦB−−−−→ K0(B)

is commutative, where ΦA and ΦB is the Coxeter transformation of
the algebra A and B, respectively.

Proof. (a) Assume that Q is an acyclic Euclidean quiver, n = |Q0|, and
A = KQ is the path algebra of Q. Let B = EndTA be a concealed algebra of
the Euclidean type Q, where T is a postprojective tilting module in modA.

Then, by (VI.4.7) and (3.3), the Euler quadratic form qB : K0(B)−→Z

of B is Z-congruent to the Euler form qA : K0(A)−→Z of the hereditary
algebra A. By (VII.4.2), the form qA is positive semidefinite of corank one
and rad qA = Z · hQ, where hQ is a corresponding positive vector shown in
(1.1). By the commutativity of the right hand diagram in (3.3)(b), with a
group isomorphism f : K0(A)−→K0(B), the Euler form qB is also positive
semidefinite of corank one and rad qB = Z ·h, where h = f(hQ) ∈ K0(B) ∼=
Zn.

On the other hand, we know from (VIII.2.9) and (3.3)(c) that the regular
part R(B) of Γ(modB) is not empty, and, according to (3.4), R(B) contains
at least one stable tube T , say of rank r ≥ 1. By (1.3) and (3.5), there exists
an indecomposable module M [r] in T of regular length r ≥ 1; and then

qB(dimM [r]) = dimKEndB(M [r]) − dimKExt1B(M [r], M [r]) = 1 − 1 = 0.

Hence dimM [r] ∈ rad qB = Z · h, that is, there exists m ∈ Z such that
dimM [r] = m · h. Because dimM [r] 
= 0 and all coordinates of dimM [r]
are non-negative, then there exists a positive vector hB such that rad qB =
Z · hB . It is clear that such a positive vector hB is unique.
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Now, we show that all coordinates of the vector hB are positive by proving
that the regular B-module M [r] is sincere. By (3.3)(f), there exists an
indecomposable regular A-module E[r] of regular length r ≥ 1 in a stable
tube T ′ of rank r in Γ(modA) such that

M [r] = HomA(T, E[r]).

Let T1, . . . , Tn be the indecomposable pairwise non-isomorphic direct sum-
mands of T , and

P1 = HomA(T, T1), . . . , Pn = HomA(T, Tn)

be the associated indecomposable projective B-modules. To prove our
claim, it is sufficient to show that HomB(Pj , M [r]) ∼= HomA(Tj , E[r]) is
non-zero, for any j ∈ {1, . . . , n}.

We know that dimE[r] = s · hQ, for a positive integer s, and all co-
ordinates of the vector hQ are positive, see (1.1). This shows that the
indecomposable A-module E[r] is sincere. Fix an index j ∈ {1, . . . , n}. Be-
cause Tj is a postprojective A-module, then there exist an indecomposable
projective A-module P and an integer tj ≥ 0 such that Tj

∼= τ−tj P , see
(VIII.2.2).

Observe also that τ tj E[r] is an indecomposable regular A-module of reg-
ular length r ≥ 1 in the stable tube T ′ of rank r containing the module
E[r]. Then, by applying (3.5) again, we get qA(dim τ tj E[r]) = 0, that is,
dim τ tj E[r] = p · hQ, for a positive integer p ≥ 1. It then follows that the
module τ tj E[r] is sincere. Then, by applying (IV.2.15), we get

HomA(Tj , E[r]) ∼= HomA(τ−tj P, E[r]) ∼= HomA(P, τ tj E[r]) 
= 0.

This finishes the proof of (a).
(b) Let f : K0(A) −→K0(B) be a group isomorphism making the di-

agrams of (3.3)(b) commutative. It follows that there exists a matrix
U ∈ Mn(Z), where n = |Q0|, such that det U ∈ {−1, 1}, f(x) = U · x,
for any x ∈ K0(A) = Zn, and the equality holds

CB = U · CA · U t.

Hence we get the following matrix equalities

ΦA = −CA · C−1
A = −U−1 · CB · C−1

B · U = U−1 · ΦB · U.

This implies the equality ΦB ·U = U ·ΦA of matrices and, equivalently, the
commutativity of the diagram in (b). This finishes the proof. �
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3.8. Definition. Assume that B is a concealed algebra of Euclidean
type and let qB : K0(B)−−−−→Z be the Euler quadratic form of the algebra
B. The unique positive vector hB ∈ K0(B) such that

rad qB = Z · hB

is called a positive generator of the group rad qB .

The following corollary is an immediate consequence of the proof of (3.7).

3.9. Corollary. Let B be a concealed algebra of Euclidean type. If T
is a stable tube in Γ(mod B) of rank r ≥ 1 and M [r] is an indecomposable
regular module in T of regular length r then M [r] is sincere and dimM [r] ∈
rad qB = Z · hB, where hB is the positive generator of rad qB. �

We show in Chapter XII that, for any concealed algebra B of Euclidean
type and for each B-module X of regular length r lying in a stable tube T
of R(B) of rank r, we have in fact dimX = hB .

For the final result of this section we need the following description of
the dimension vectors of indecomposable regular modules over concealed
algebras of Euclidean type.

3.10. Lemma. Assume that B is a concealed algebra of Euclidean type.
Let T be a stable tube in the Auslander–Reiten quiver Γ(mod B) of B of rank
r ≥ 2 with the τB-cycle (E1, E2, . . . , Er) of modules lying on the mouth of
T . We set h = dimE1 + dimE2 + . . . + dimEr.

If X is an indecomposable regular module in T , Ei is the regular socle of
X and r�(X) = mr + s, where m ≥ 0 and 0 ≤ s ≤ r1, then

(a) dimX = m·h+
s−1∑
p=0

dimEi+p, where we set Ei+r = Ei and E−1 = 0.

(b) for a positive integer m′ ≥ 1, r�(X) = m′ · r if and only if dimX =
m′ · h.

Proof. (a) Because (E1, E2, . . . , Er) is a τB-cycle then there are isomor-
phisms τE1 ∼= Er, τE2 ∼= E1, . . . , τEr

∼= Er−1. Let X be an indecom-
posable regular B-module in the tube T with the regular socle Ei. In the
notation of (X.2.2), there is an isomorphism X ∼= Ei[mr + s].

If r�(X) = 1, then X ∼= Ei = Ei[1], m = 0, s = 1, and the required
equality holds. Assume that r�(X) ≥ 2. Then, by (X.2.2), there exists a
short exact sequence

0 −→Ei[1]−−−−→ Ei[mr+s] −−−−→ Ei+1[mr+s−1] −→ 0.

Hence we get dimX = dimEi[mr+s] = dimEi+1[mr+s−1]+dimEi. Then
the required formula follows by induction on the regular length of the mod-
ules in the tube T , because r�(Ei+1[mr+s−1]) < r�(X) and the module
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Ei+1 is the regular socle of the module Ei+1[mr+s−1]. This finishes the
proof of (a).

Because (b) is an immediate consequence of (a), the proof is complete. �
3.11. Corollary. Let B be a concealed algebra of Euclidean type, T a

stable tube Γ(mod B) of rank r ≥ 2, and X, Y two indecomposable regular
modules in T , such that r�(X) = m · r = r�(Y ), for some m ≥ 1. Then
dimX = dimY .

Proof. Apply (3.10). �
We show in Chapter XII that if B is a concealed algebra of Euclidean

type such that the rank of the group K0(B) is at least 3, then Γ(modB)
contains at least one non-homogeneous tube, and hence, by (3.11), it con-
tains two non-isomorphic indecomposable modules X and Y such that
dimX = dimY . Moreover, we show in the following section that this
is also the case for the Kronecker algebra A =

[
K 0
K2 K

]
. On the other hand,

we have the following result.

3.12. Proposition. Let B be a concealed algebra of Euclidean type, let
qB : K0(B)−−−−→Z be the Euler quadratic form of the algebra B, and X,
Y a pair of indecomposable B-modules such that dimX = dimY . If X is
regular and qB(dimX) = 1, then X ∼= Y .

Proof. Assume that X and Y are indecomposable regular B-modules
such that dimX = dimY and qB(dimX) = 1. By (3.6), the module X
belongs to a standard stable tube T in Γ(modB) of rank r ≥ 2 and the
regular length r�(X) of X is not a multiple of r. Moreover, by (VIII.3.2),
(VIII.4.5), and (XI.3.3) we have gl.dimB ≤ 2, and pdZ ≤ 1 and idZ ≤ 1,
for any indecomposable module in T . By applying this to Z = X, we get
pdX ≤ 1 and idX ≤ 1, and hence Ext2B(X, Y ) = 0 and Ext2B(Y, X) = 0.
Then, by applying (III.3.13) and (3.2), we get

1 = qB(dimX) = 〈dimX,dimX〉B = 〈dimX,dimY 〉B

= dimKHomB(X, Y ) − dimKExt1B(X, Y ),

1 = qB(dimX) = 〈dimX,dimX〉B = 〈dimY,dimX〉B

= dimKHomB(Y, X) − dimKExt1B(Y, X),

where 〈−,−〉B : K0(B) × K0(B) −−−−→ Z is the Euler Z-bilinear form of
B. It follows that HomB(X, Y ) 
= 0, HomB(Y, X) 
= 0, and therefore the
module Y also belongs to the tube T , because HomB(R(B),P(B)) = 0,
HomB(Q(B),R(B)) = 0, and the regular part R(B) of Γ(modB) is a dis-
joint union of pairwise orthogonal standard stable tubes, see (3.3) and (3.4).
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Let (E1, E2, . . . , Er) be a τB-cycle of B-modules lying on the mouth of
the tube T , that is, τE1 ∼= Er, τE2 ∼= E1, . . . , τEr

∼= Er−1. We set

h = dimE1 + dimE2 + . . . + dimEr.

Let r�(X) = mr+s and r�(Y ) = m′r+s′, where m, m′ ≥ 0 and 0 ≤ s, s′ ≤ r1
Assume that Ei is the regular socle of X and Ej is the regular socle of Y .
By (X.2.2), there are isomorphisms X ∼= Ei[mr + s] and Y ∼= Ej [m′r + s′].
By applying (3.4), we get

dimX = m · h + a and dimY = m′ · h + a′,
where

a =
s−1∑
p=0

dimEi+p and a′ =
s′−1∑
q=0

dimEj+q

and we set Ek+r = Ek and E−1 = 0. Because, by our assumption, dimX =
dimY , a < h, and a′ < h, then m = m′ and, consequently, a = a′.
Moreover, by (3.6)(b), the equalities 1 = qB(dimX) = qB(dimY ) imply
that the regular ranks r�(X) and r�(Y ) of X and Y are not multiples of r;
hence s ≥ 1 and s′ ≥ 1. Observe also that

dimEi[s] = a = a′ = dimEj [s′].
Further, M = Ei[s] and N = Ej [s′] are modules in the tube T of regular
length smaller than r; hence qB(dimM) = 1. Hence we conclude, as in the
first part of the proof, that HomB(M, N) 
= 0, HomB(M, N) 
= 0. Because
the tube T is standard, we get the inequalities i ≤ j ≤ i + s − 1 and
j ≤ i ≤ i + s′ − 1. It follows that i = j and s = s′, because a = a′.
Consequently, there are isomorphisms X ∼= Ei[mr+s] = Ej [m′r+s′] ∼= Y ,
and the proof is complete. �

XI.4. The category of modules over
the Kronecker algebra

In this section, we classify all indecomposable modules over the Kro-
necker algebra

A =
[

K 0
K2 K

]
that is, the path algebra of the so-called Kronecker quiver

1 ◦ α←−−−−−←−−−−−
β

◦ 2 .

The indecomposable projective A-modules are

P (1) = (K ←−−−−−←−−−−− 0) and P (2) = (K2
[ 10 ]←−−−−−←−−−−−
[ 01 ]

K)
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and the indecomposable injective A-modules are

I(1) = (K
[1 0]←−−−−−←−−−−−
[0 1]

K2) and I(2) = (0 ←−−−−−←−−−−− K),

viewed as K-linear representations of the Kronecker quiver. Computing the
Cartan matrix CA, its inverse C−1

A , the Coxeter matrix ΦA = −Ct
AC−1

A

and its inverse Φ−1
A yields

CA =
[

1 2
0 1

]
, C−1

A =
[

1 −2
0 1

]
, ΦA =

[
−1 2
−2 3

]
, Φ−1

A =
[

3 −2
2 −1

]
.

The Euler quadratic form qA : Z2 −→ Z of the Kronecker algebra A is
defined on a vector x =

[ x1

x2

]
∈ K0(A) = Z2 by the formula

qA(x) = xt(C−1
A )tx = [x1 x2]

[
1 0

−2 1

] [ x1

x2

]
= x2

1 + x2
2 − 2x1x2 = (x1 − x2)2.

Hence rad qA = Z · h, where h =
[

1
1

]
. Moreover, for x =

[ x1

x2

]
∈ K0(A), we

have

ΦA(x) =
[−1 2

−2 3
]
·
[ x1

x2

]
=
[ −x1+2x2

−2x1+3x2

]
=
[ x1

x2

]
+ (−2x1 + 2x2)

[
1
1

]
= x + (−2x1 + 2x2) · h.

Hence the defect ∂A : Z2 −→ Z is given by the formula ∂A(x) = 2(x2 −x1).

(4.1) Postprojective modules. By (VII.2.3), the postprojective com-
ponent P(A) of A is of the form

P (2) − − −− τ−1P (2) − − −− τ−2P (2) − − −−
↗↗ ↘↘ ↗↗ ↘↘ ↗↗ ↘↘

P (1) − − −− τ−1P (1) − − −− τ−2P (1) − − −− . . .

It follows that, for each m ≥ 0, the postprojective A-modules τ−mP (1)
and τ−mP (2) are directing and, according to (IX.3.1), they are uniquely
determined by their dimension vectors. Since dimP (1) =

[
1
0

]
, dimP (2) =[

2
1

]
, we get, from (IV.2.9), for any m ≥ 0,

dim τ−mP (1) = Φ−m
A (dimP (1)) =

[
3 −2
2 −1

]m
·
[

1
0

]
=
[

2m+1
2m

]
,

dim τ−mP (2) = Φ−m
A (dimP (2)) =

[
3 −2
2 −1

]m
·
[

2
1

]
=
[

2m+2
2m+1

]
.
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Now, it is easy to check that, for each t ≥ 0, the A-module

Pt = (Kt+1
ϕαt←−−−−−←−−−−−ϕβt

Kt),
with ϕαt and ϕβt given by the matrices

ϕαt
=

⎡⎢⎢⎢⎣
1 0 0 ... 0
0 1 0 ... 0
0 0 1 ... 0
...

...
...
. . .

...
0 0 0 ... 1
0 0 0 ... 0

⎤⎥⎥⎥⎦ , ϕβt
=

⎡⎢⎢⎢⎣
0 0 0 ... 0
1 0 0 ... 0
0 1 0 ... 0
...

...
...
. . .

...
0 0 0 ... 0
0 0 0 ... 1

⎤⎥⎥⎥⎦ ,

is a brick, and therefore indecomposable. Because, for each m ≥ 0, we have
dim τ−mP (1) = dimP2m and dim τ−mP (2) = dimP2m+1, then there are
isomorphisms

τ−mP (1) ∼= P2m and τ−mP (2) ∼= P2m+1
of A-modules.

(4.2) Preinjective modules. By (VIII.2.3), the preinjective compo-
nent Q(A) of A is of the form

. . . − − −− τ2I(2) − − −− τI(2) − − −− I(2)

↘↘ ↗↗ ↘↘ ↗↗ ↘↘ ↗↗
− − −− τ2I(1) − − −− τI(1) − − −− I(1)

It follows that, for each m ≥ 0, the preinjective modules τmI(1) and
τmI(2) are directing and, according to (IX.3.1), they are uniquely deter-
mined by their dimension vectors. Because dim I(1) =

[
1
2

]
, dim I(2) =[

0
1

]
, we deduce from (IV.2.9) that, for each m ≥ 0,

dim τmI(1) = Φm
A (dim I(1)) =

[−1 2
−2 3

]m ·
[

1
2

]
=
[

2m+1
2m+2

]
,

dim τmI(2) = Φm
A (dim I(2)) =

[−1 2
−2 3

]m ·
[

0
1

]
=
[

2m

2m+1

]
.

It is easy to check that, for each t ≥ 0, the A-module

It = (Kt
ϕαt←−−−−−←−−−−−ϕβt

Kt+1)

with ϕαt
and ϕβt

given by the matrices

ϕαt =

⎡⎢⎢⎣
1 0 0 ... 0 0
0 1 0 ... 0 0
0 0 1 ... 0 0
...

...
...
. . .

...
...

0 0 0 ... 1 0

⎤⎥⎥⎦ , ϕβt =

⎡⎢⎢⎣
0 1 0 . . . 0 0
0 0 1 . . . 0 0
0 0 0 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 0 1

⎤⎥⎥⎦ ,

is a brick, and therefore indecomposable. Because, for each m ≥ 0, we
have dim τmI(1) = dim I2m+1 and dim τmI(2) = dim I2m, then there are
isomorphisms of A-modules

τmI(1) ∼= I2m+1 and τmI(2) ∼= I2m.
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(4.3) Regular modules. By (III.3.5), the Grothendieck group K0(A)
of A is free abelian of rank n = 2. It then follows from (2.8) and (2.9) that
the regular part R(A) of Γ(modA) consists of a family TT A = {T A

λ }λ∈Λ of
pairwise orthogonal standard homogeneous tubes. We show that Λ is the
projective line P1(K) and, for each λ ∈ P1(K), we give an explicit form of
the A-modules in the tube T A

λ .
Let M be an indecomposable regular A-module. Then M lies in a homo-

geneous tube and therefore there is an isomorphism M ∼= τM . Note also
that if dimM = x =

[ x1

x2

]
, then x1 = x2. Indeed, because (2.3) yields

0 = ∂A(dimM) = 2(x2 − x1), then we get x1 = x2.
Now we describe all the indecomposable regular A-modules lying in a

given homogeneous tube. We start by defining a P1(K)-family of simple
regular A-modules.

For each vector μ =
[

μ1

μ2

]
∈ K2 \

{[
0
0

]}
, let

Eμ = (K
ϕμ1←−−−−−←−−−−−ϕμ2

K),

where ϕμ1 (or ϕμ2) denotes the multiplication by the scalar μ1 (or μ2,
respectively). Clearly, Eμ is indecomposable. Moreover, for any pair of

vectors μ =
[

μ1

μ2

]
and μ′ =

[
μ′

1
μ′

2

]
in K2 \

{[
0
0

]}
, we have Eμ

∼= Eμ′ if
and only if there exists ν ∈ K \ {0} such that μ′

1 = νμ1, μ′
2 = νμ2 or,

equivalently, if and only if μ and μ′ define the same point (μ1 : μ2) on the
projective line P1(K). Here we identify P1(K) with K ∪ {∞} via

(4.4) K = {(1 : λ) ∈ P1(K) | λ ∈ K} and ∞ = (0 : 1).

For λ = (μ1 : μ2) in P1(K), we set Eλ = Eμ. Then, for each λ ∈ K, we
have

Eλ = (K
1←−←−
λ

K) and E∞ = (K
0←−←−
1

K).

The reader might notice that this construction was performed in the
proof of (VII.2.3) for a family of indecomposable representations of a quiver
Q of the Euclidean type Ãm, where m ≥ 1.

Note that, for each λ ∈ P1(K), the module Eλ is simple regular. Indeed,
because obviously ∂A(dimEλ) = 2(1 − 1) = 0 then, by (2.3), the module
Eλ is regular. Moreover, if Y is an indecomposable regular submodule of
Eλ and dimY =

[
y1

y2

]
, then y1 = y2 and, because 0 < y1 ≤ 1, we get

y1 = y2 = 1 and, consequently, Y = Eλ. This shows that the module Eλ is
simple regular.

For each λ ∈ P1(K), we denote by T A
λ the homogeneous tube of R(A)

containing the simple regular module Eλ. Because, for λ 
= μ in P1(K),
HomA(Eλ, Eμ) = 0 then, by (2.8), the tubes T A

λ and T A
μ are orthogonal.
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By the results of Section X.2, for any λ ∈ P1(K), the simple regular
modules Eλ lie on the mouth of the homogeneous tube T A

λ , and all inde-
composable modules in T A

λ lie on the ray

Eλ = Eλ[1]−→Eλ[2]−→Eλ[3]−→ · · · −→Eλ[d] −→Eλ[d + 1]−→ · · ·

such that Eλ[d + 1]/Eλ[d] ∼= Eλ, for any d ≥ 1. Using the short exact
sequence

0 −−−−→ Eλ[d] −−−−→ Eλ[d + 1]−−−−→ Eλ −−−−→ 0
and the uniseriality of Eλ[d+1] in R(A), we see easily that, if λ = (1 : λ) ∈
K, then

Eλ[d] = (Kd

⎡⎢⎣
1 0 . . . 0
0 1 . . . 0...

...
. . .

...
0 0 . . . 1

⎤⎥⎦
←−−−−−−−−−−−−←−−−−−−−−−−−−⎡⎢⎢⎣

λ 1 0 . . . 0
0 λ 1 . . . 0...

...
...

. . .
...

0 0 0 1
0 0 0 . . . λ

⎤⎥⎥⎦
Kd)

and, for λ = ∞, we get

E∞[d] = (Kd

⎡⎢⎢⎣
0 1 0 . . . 0
0 0 1 . . . 0...

...
...

. . .
...

0 0 0 . . . 1
0 0 0 . . . 0

⎤⎥⎥⎦
←−−−−−−−−−−−−←−−−−−−−−−−−−⎡⎢⎣

1 0 0 . . . 0
0 1 0 . . . 0
0 0 1 . . . 0...

...
...

. . .
...

0 0 0 . . . 1

⎤⎥⎦
Kd).

4.5. Proposition. Let A be the Kronecker K-algebra, and let Eλ and
Eλ[d] be the A-modules defined above.

(a) For any indecomposable regular A-module M , there exist λ ∈ P1(K)
and d ≥ 1 such that M ∼= Eλ[d].

(b) Every simple regular A-module is of the form Eλ, up to isomorphism,
where λ ∈ P1(K).

Proof. Assume that M is an indecomposable regular A-module and
dimM =

[ x1

x2

]
. Then x1 = x2 and therefore M , viewed as a represen-

tation of the Kronecker quiver, has the form M = (Kd
ϕα←−−−−−←−−−−−ϕβ

Kd), up to
isomorphism, where d = x1 = x2.

Because the modules Eλ, with λ ∈ P1(K), are simple regular and, by
(2.8), the regular part R(A) of Γ(modA) consists of pairwise orthogonal
stable tubes, it suffices to show that HomA(Eλ, M) 
= 0 for some λ ∈ P1(K).
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Suppose first that ϕα is not an isomorphism, and let x ∈ Kd be a non-zero
vector in Kerϕα. Then there is a non-zero morphism f : E∞ −→M given
by the commutative square

K
0←−−−−−←−−−−−
1

K

f1

⏐⏐
 ⏐⏐
f2

Kd
ϕα←−−−−−←−−−−−ϕβ

Kd

with f1 and f2 defined by the formulae f1(1) = ϕβ(x) and f2(1) = x,
respectively.

Assume now that ϕα is an isomorphism, and let z ∈ Kd be an eigenvector
of ϕβϕ−1

α : Kd −−−−→ Kd, say with eigenvalue λ. Then, for λ = (1 : λ), we
get a non-zero morphism f : Eλ −→M given by the commutative square

K
1←−−−−−←−−−−−
λ

K

f1

⏐⏐
 ⏐⏐
f2

Kd
ϕα←−−−−−←−−−−−ϕβ

Kd

with f1 and f2 defined by the formulae f1(1) = z and f2(1) = ϕ−1
α (z). �

We summarise these considerations in the following theorem.

4.6. Theorem. Let A =
[

K 0
K2 K

]
be the Kronecker K-algebra, P(A) be

the postprojective component (4.1) and Q(A) be the preinjective component
(4.2).

(a) The A-modules Pt, It (for t ≥ 0), and Eλ[d] (for λ ∈ P1(K) and
d ≥ 1), form a complete set of representatives of the isomorphism
classes of indecomposable A-modules.

(b) Every simple regular A-module is of the form Eλ, up to isomorphism,
where λ ∈ P1(K).

(c) The Auslander–Reiten quiver Γ(mod A) of A consists of the postpro-
jective component P(A), the preinjective component Q(A), and the
P1(K)-family TT A = {T A

λ }λ∈P1(K) of pairwise orthogonal standard
homogeneous tubes defined above.

In view of (4.6), the Auslander–Reiten quiver Γ(modA) of modA may
be visualised as follows.
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The following proposition expresses what is known as the separation
property of the family TT A = {T A

λ }λ∈P1(K) of tubes defined above.

4.7. Proposition. Let A =
[

K 0
K2 K

]
be the Kronecker K-algebra, P be

a postprojective A-module, I be a preinjective A-module, and f : P −→ I be
any homomorphism. Then, for any λ ∈ P1(K), there exists Rλ ∈ add T A

λ

such that f factors through Rλ.

Proof. We first show that any non-zero postprojective A-module P
maps non-trivially into a module from T A

λ . The module P has an inde-
composable direct summand of the form τ−tP (i), with i ∈ {1, 2} and t ≥ 0.
On the other hand, the homogeneity of T A

λ implies that τEλ
∼= Eλ. Hence,

by applying (IV.2.15), we get the isomorphisms

HomA(τ−tP (i), Eλ) ∼= HomA(τ−tP (i), τ−tEλ) ∼= HomA(P (i), Eλ) 
= 0.

We next prove that P may in fact be embedded into a module from addT A
λ .

Let u : P −→Eλ be a non-zero homomorphism. We proceed by induction on
the dimension of P ′ = Ker u. If P ′ = 0, there is nothing to prove. Assume
that P ′ 
= 0. By induction, there is a monomorphism u′ : P ′ −→R′

λ, with
R′

λ ∈ add T A
λ . Consider the induced commutative diagram with exact rows

0 −→ P ′ −→ P −→ P/P ′ −→ 0

u′
⏐⏐
 v′

⏐⏐
 ∥∥∥∥
0 −→ R′

λ −→ M −→ P/P ′ −→ 0.

Applying the snake lemma yields that v′ is a monomorphism. If u is an
epimorphism, then P/P ′ ∼= Eλ and consequently M ∈ add T A

λ , because
add T A

λ is closed under extensions, thus v′ is the required embedding.
If u is not an epimorphism, then P/P ′ is a proper submodule of Eλ.

Because Eλ is simple regular, we have P/P ′ ∈ addP(A), hence
Ext1A(P/P ′, R′

λ) ∼= DHomA(R′
λ, τ(P/P ′)) = 0.

Therefore the lower exact sequence yields M ∼= R′
λ ⊕ P/P ′, and the em-

bedding P/P ′ −−−−→ Eλ induces an embedding P −−−−→ M −−−−→ R′
λ ⊕Eλ,

with R′
λ ⊕ Eλ ∈ add T A

λ . This establishes our claim.
Let now f : P −→ I be a non-zero homomorphism with P postprojec-

tive and I preinjective. We may clearly assume that I is indecompos-
able. Assume first that I is injective. We have shown that there is a
monomorphism j : P −→Rλ, with Rλ ∈ add T A

λ . The injectivity of I
yields a non-zero homomorphism g : Rλ −→ I such that f = gj, so we
are done in this case. If, on the other hand, I is not injective, there exist
t ≥ 1 and i ∈ {1, 2} such that I ∼= τ tI(i). But then the homomorphism
τ−tf : τ−tP −−−−→ τ−tI ∼= I(i) factors through a module Rλ ∈ add T A

λ ,
and so f factors through τ tRλ

∼= Rλ. �
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XI.5. A characterisation of concealed algebras
of Euclidean type

The main aim of this section is to establish the following useful charac-
terisation of concealed algebras of Euclidean type in terms of properties of
their module categories. The section ends with an important consequence
of the criterion.

5.1. Theorem. An algebra B is a concealed algebra of Euclidean type if
and only if the quiver Γ(mod B) contains two different components P and
Q satisfying the following conditions:

(a) P is a postprojective component containing all indecomposable pro-
jective B-modules,

(b) Q is a preinjective component containing all indecomposable injec-
tive B-modules, and

(c) one of the components P or Q contains a section Σ of Euclidean
type.

Proof. To prove the necessity, assume that B is a concealed algebra of
type Q, where Q is an acyclic quiver whose underlying graph is Euclidean.
Then, by definition (VIII.4.6), B = EndTA is the endomorphism algebra of
a postprojective tilting A-module T over the path algebra A = KQ of the
quiver Q.

Applying (VIII.4.5)(c), we easily conclude that the connecting compo-
nent CT of Γ(modB) determined by T is a preinjective component Q(B)
containing all indecomposable injective B-modules but no projective B-
module.

Moreover, Q(B) = CT contains the section Σ = Qop of Euclidean type
given by the indecomposable B-modules HomA(T, I), where I runs through
the pairwise non-isomorphic indecomposable injective A-modules. Further,
by (VIII.4.5)(e), the images under the functor HomA(T, −) of the postpro-
jective indecomposable A-modules in the torsion class T (T ) form a postpro-
jective component P(B) of Γ(modB) containing all indecomposable projec-
tive B-modules but no injective B-module. Clearly then P(B) 
= Q(B).

Finally, we note that P(B) contains a section of Euclidean type Qop.
Indeed, by (VIII.4.5)(a), the torsion class T (T ) contains all but finitely
many non-isomorphic indecomposable A-modules, and any indecomposable
A-module not in T (T ) is postprojective. Then the postprojective compo-
nent P(A) of Γ(modB) contains a full translation subquiver P ′(A), isomor-
phic to (−N)Qop, closed under successors in P(A), and consisting entirely
of modules from T (T ). Then the image P ′(B) of P ′(A) under the functor
HomA(T, −) is a full translation subquiver of the postprojective component
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P(B) which is closed under successors. Obviously, P ′(B) is isomorphic to
(−N)Qop, and hence P(B) contains a section of type Qop. This finishes the
proof of the necessity part.

To prove the sufficiency, assume that B is an algebra such that the quiver
Γ(mod B) contains two different components P and Q satisfying the condi-
tions (a), (b), and (c). The condition (c) forces two cases to consider.

Case 1◦ Assume that the preinjective component Q contains a section
Σ of Euclidean type. Observe, that the section Σ is faithful, that is, the
direct sum TB of all modules lying on Σ is a faithful B-module. Indeed,
the preinjective component Q contains, by (b), all indecomposable injective
B-modules, which are clearly successors of Σ in Q.

To show that TB is faithful, it is enough to prove that the module D(B) is
generated by TB (see Section VI.1 and (VI.2.2)). For, consider a projective
cover f : P → D(B) of D(B) in modB. Because P 
= Q, the preinjective
component Q has no projective B-module, is acyclic, and admits only a
finite number of τB-orbits. Then, by applying (IV.5.1)(b), we conclude that
f factorises through a direct sum M of indecomposable modules lying on
the section Σ. Therefore, the module TB generates the module D(B).

Observe also that HomB(U, τBV ) = 0, for all modules U and V from Σ,
because Σ is a section of the preinjective component Q, that is closed under
successors in mod B, see (VIII.2.5)(b).

Applying now the criterion (VIII.5.6) we conclude that TB is a tilting
B-module such that A = EndTB is a hereditary algebra, Q is the con-
necting component CT ∗ determined by the tilting A-module T ∗

A = D(AT ).
Moreover, A is the path algebra KQ of the Euclidean quiver Q = Σop.

Further, because Q = CT ∗ has no projective B-module, applying
(VIII.4.1)(a), we conclude that T ∗ has no preinjective direct summand.
We claim that in fact T ∗ is a postprojective A-module, and consequently
B = EndT ∗

A is a concealed algebra of Euclidean type. Because the connect-
ing component CT ∗ = Q is preinjective, it follows from (VIII.4.2) that T ∗ is
not a regular A-module, and consequently admits at least one postprojective
direct summand.

Assume that the module T ∗ admits also a regular direct summand. We
know that B = EndT ∗

A is a connected algebra, because A is the path algebra
of the connected quiver Q (see (VI.3.5)). Moreover, HomA(R(A),P(A))=0.
Therefore, there are two indecomposable direct summands T ∗

1 and T ∗
2 of T ∗

such that T ∗
1 ∈ P(A), T ∗

2 ∈ R(A), and HomA(T ∗
1 , T ∗

2 ) 
= 0. It follows from
(2.8) and (2.9) that the regular part R(A) consists of pairwise orthogonal
standard stable tubes, and only finitely many of them are non-homogeneous.
Denote by m a common multiple of the ranks of stable tubes in R(A). Then,
for any indecomposable module XA ∈ R(A), we have, τm

A X ∼= X. Applying
now (IV.2.15), we obtain
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HomA(τ−pm
A T ∗

1 , T ∗
2 ) ∼= HomA(T ∗

1 , τpm
A T ∗

2 ) = HomA(T ∗
1 , T ∗

2 ) 
= 0,

for any p ∈ N.
On the other hand, the modules τ−pm

A T ∗
1 belong to the postprojective

component P(A). Then, because the quiver P(A) is acyclic, there exists a
positive integer s such that no postprojective indecomposable direct sum-
mand of T ∗ is a successor of a module of the form τ−pm

A T ∗
1 with p ≥ s.

Denote also by T ∗
reg the direct sum of all regular direct summands of T ∗.

Then, applying the Auslander–Reiten formula (IV.2.13) and (IV.2.15), we
obtain

DExt1A(T ∗, τ−pm
A T ∗

1 ) ∼= HomA(τ−pm
A T ∗

1 , τAT ∗) ∼= HomA(τ−pm
A T ∗

1 , τAT ∗
reg)

∼= HomA(T ∗
1 , τpm+1

A T ∗
reg) ∼= HomA(T ∗

1 , τAT ∗
reg)

∼= DExt1A(T ∗
reg, T

∗
1 ) = 0,

for any p > s. Hence, the postprojective modules τ−pm
A T ∗

1 , for p > s, belong
to the torsion class T (T ), and they are predecessors of T ∗

2 in T (T ). Then,
by (VI.3.8), the B-modules HomA(T, τ−pm

A T ∗
1 ), p > s, are pairwise non-

isomorphic and predecessors of the indecomposable projective B-module
HomA(T, T ∗

2 ) in modB. But, by the assumption (a), all indecomposable
projective B-modules belong to the postprojective component P, and hence
have only finitely many predecessors in modB, see (VIII.2.5)(a). Therefore,
the module T ∗

A is indeed postprojective, and A is a concealed algebra of
Euclidean type.

Case 2◦ Assume that the postprojective component P contains a section
Σ of Euclidean type. Then HomB(U, τBV ) = 0, for all modules U and V
from Σ. Because P 
= Q and (b) holds, the component P has no injective
B-modules. Then taking the injective envelope f : B → I(B) of B in modB
and applying (IV.5.1)(a), we conclude that B is cogenerated by the direct
sum TB of all modules lying on Σ. Hence, applying (VI.2.2), we obtain that
the section Σ is faithful.

In view of the criterion (VIII.5.6), it follows that TB is a tilting B-module
such that A = EndTB is a hereditary algebra, and P is the connecting com-
ponent CT ∗ determined by the tilting A-module T ∗

A = D(AT ). Moreover, A
is the path algebra of the Euclidean quiver Q = Σop.

Applying dual arguments to the above ones, we conclude that T ∗ is a
preinjective A-module. Applying now (VIII.4.7)(a), we deduce that the
torsion-free part F(T ∗) contains all but finitely many non-isomorphic in-
decomposable A-modules and any indecomposable A-module not in F(T ∗)
is preinjective. Moreover, by (VIII.4.7)(e), the images under the functor
Ext1A(T ∗,−) of the preinjective torsion-free A-modules form a preinjective
component Q(B) containing all indecomposable injective B-modules but no
projective B-module, and consequently Q = Q(B).
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Further, the preinjective component Q(A) of Γ(modA) contains a full
translation subquiver Q′(A), isomorphic to NQop = NΣ, closed under pre-
decessors in Q(A), and consisting entirely of modules from F(T ∗). Then
the image Q′(B) of Q′(A) under the functor Ext1A(T ∗,−) is a full trans-
lation subquiver of the preinjective component Q = Q(B) which is closed
under predecessors. Clearly, Q′(B) is isomorphic to NQop, and hence the
component Q(B) contains a section of Euclidean type Qop = Σ. Therefore,
it follows (as in the proof above) that A is a concealed algebra of Euclidean
type. This finishes the proof. �

The following useful fact is an immediate consequence of (VIII.4.5),
(VIII.4.7), and the above proof.

5.2. Corollary. Let Q be an acyclic Euclidean quiver. Then an alge-
bra B is a concealed algebra of type Q if and only if B = EndTA for a
preinjective tilting A-module over the path algebra A = KQ. �

We finish this section by the following two simple corollaries.

5.3. Corollary. Let B be a concealed algebra of a Euclidean type Q.
Then the algebra Bop opposite to B is a concealed algebra of type Qop.

Proof. Let Q be an acyclic Euclidean quiver, A = KQ the path algebra
of Q, T a postprojective tilting A-module, and B = EndTA. Then there is
an isomorphism Aop = K(Qop) of algebras, T ∗ = D(T ) is a preinjective tilt-
ing Aop-module, and there is an isomorphism Bop ∼= EndT ∗

Aop of algebras.
It follows from (5.2) that Bop is a concealed algebra of type Qop. �

We also note that a tilted algebra B of a Euclidean type Q is representa-
tion-finite if and only if there is an isomorphism B ∼= EndTA, where T is
a tilting A-module having both a postprojective and a preinjective direct
summand, see (VIII.4.3) and (VIII.4.4).

In (XII.5.12) and (XII.5.13), we present examples of representation-infi-
nite tilted algebras of Euclidean type that are not concealed.

XI.6. Exercises

1. Assume that q : Zn −−−−→ Z is a positive definite quadratic form on
the free abelian group Zn and let ||−|| : Rn −−−−→ R be the Euclidean norm
on Rn.

Prove that

(a) the set Rq = {v ∈ Zn; q(v) = 1} of all roots of q is finite and
(b) ||v|| ≤ 1√

μ , for any vector v ∈ Rq, where μ = inf{q(u); u ∈
Rn, ||u|| = 1} is the minimum of the values q(u) of the quadratic
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function q : Rn −−−−→ R restricted to the unit sphere Sn−1 = {u ∈
Rn, ||u|| = 1} of Rn.

2. Let Q be an acyclic quiver whose underlying graph is Euclidean,
A = KQ the path algebra of Q, n = |Q0|, ΦA : Zn −−−−→ Zn the Cox-
eter transformation of A, n = |Q0|, ∂A : Zn −−−−→ Z the defect of A, and
dQ ≥ 1 the defect number of Q. Show that, for any m ≥ 1 and x ∈ Zn, the
following equality holds

ΦmdQ

A (x) = x + m · ∂A(x) · hQ

3. Let A denote the Kronecker algebra. Show that, for any λ ∈ P1(K),
and for an arbitrary preinjective A-module M there exists an epimorphism

h : X1 ⊕ . . . ⊕ Xm −−−−→ M,

where X1, . . . , Xm are indecomposable modules in the tube T A
λ .

4. Let A = K[t1, t2]/(t21, t
2
2), see Exercise (X.5.8).

(a) Prove that dimKΛ = 4, K0(Λ) ∼= Z, and gl.dim Λ = ∞.
(b) Compute the Cartan matrix CA of the algebra A and note that CA

is not invertible (over Z).

5. Let Q be an acyclic quiver Q = (Q0, Q1), whose underlying graph Q is
one of the Dynkin diagrams An, Dn, E6, E7, and E8, or one of the Euclidean
diagrams D̃n, Ẽ6, Ẽ7, and Ẽ8. Let m = |Q0|, and define the incidence matrix

CQ = [cij ]i,j∈Q0 ∈ Mm(Z)

of the quiver Q by setting

cij =

⎧⎨⎩ 1, if i = j,
1, if there is a path from the vertex i to the vertex j in Q,
0, otherwise.

Let A = KQ be the path K-algebra of Q.

(a) Show that the Cartan matrix CA ∈ Mm(Z) of the algebra A is the
transpose of the matrix CQ.

(b) Show that the inverse of CQ is the matrix C ′
Q = [c′

ij ]i,j∈Q0 ∈ Mm(Z)
defined by the formula

c′
ij =

⎧⎨⎩ 1, if i = j,
−1, if there is an arrow i → j in Q,

0, otherwise.
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6. Let A be the path K-algebra of the following Euclidean quiver

of type Ã4.

(a) Compute the Coxeter matrix ΦA ∈ M5(Z) of A and the defect
∂A : Z5 −→ Z of A.

(b) Compute the Auslander–Reiten quiver Γ(modA) of A. In particular,
show that the regular part R(A) of Γ(modA) consists of a P1(K)-
family TT A = {T A

λ }λ∈P1(K) of tubes T A
λ , and two of them are non-

homogeneous of rank 2 and 3.

7. Let A be the path K-algebra of the following Euclidean quiver
1 5◦ ◦
↖α σ↙

◦ γ←−−−−◦↙β 3 4 δ↖◦ ◦
2 6

(a) Compute the Coxeter matrix ΦA ∈ M6(Z) of A and the defect
∂A : Z6 −→ Z of A.

(b) Show that the regular part R(A) of Γ(modA) contains two tubes of
rank 2, one tube of rank 3, and the remaining tubes of R(A) are of
rank 1.

8. Let B be the path K-algebra of the following quiver

1 4◦ ◦
↘λ β↙ ↘α

◦ ◦ 6↙μ 3 δ↘ ↙γ
◦ ◦
2 5

bound by the commutativity relation αγ = βδ.

(a) Show that B is a concealed algebra EndTA, where A = KQ is the
hereditary algebra of Exercise 5 and T is a postprojective module
in modA.

(b) Compute the Euler quadratic form qB : Z6 −−−−→ Z of B.
(c) Find the positive generator hB of rad qB .
(d) Describe the non-homogeneous stable tubes of Γ(mod B).
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9. Let B be the path K-algebra of the following quiver
1 4◦ ◦

ω↙ ↘λ β↙ ↘α

7 ◦ ◦ ◦ 6
ξ↘ ↙μ 3 δ↘ ↙γ

◦ ◦
2 5

bound by the two commutativity relations ωξ = λμ and αγ = βδ.
(a) Show that B is a concealed algebra of Euclidean type D̃6.
(b) Compute the Euler quadratic form qB : Z7 −−−−→ Z of B.
(c) Find the positive generator hB of rad qB .
(d) Describe the non-homogeneous stable tubes of Γ(mod B).

10. Let B be the algebra given by the quiver
1 5◦ ◦
↘α 2 ξ↙

◦ ↘σ

β

⏐⏐
 ◦ 6

◦ ↙δ

↙γ 3 η↘◦ ◦
4 7

bound by the commutativity relation ξβη = σδ.
(a) Show that B is a concealed algebra of Euclidean type Ẽ6.
(b) Compute the Euler quadratic form qB : Z7 −−−−→ Z of B.
(c) Show that the vector

1 1
2
2

1 1

1

is the positive generator hB of rad qB .

(d) Show that Γ(modB) admits a stable tube of rank 2, whose modules
on the mouth have the dimension vectors

0 0
1
1

1 1

1 and 1 1
1
1

0 0

0 .

(e) Show that Γ(modB) admits a stable tube of rank 3, whose modules
on the mouth have the dimension vectors

1 1
1
1

1 1

1 , 0 0
0
1

0 0

0 , 0 0
1
0

0 0

0 .

(f) Show that Γ(modB) admits a stable tube of rank 3, whose modules
on the mouth have the dimension vectors

0 1
1
1

1 0

0 , 1 0
1
1

0 1

0 , 0 0
0
0

0 0

1 .



Chapter XII

Regular modules and tubes
over concealed algebras

of Euclidean type

The main aim of this chapter is to describe the structure of the family of
stable tubes in the Auslander–Reiten quiver

Γ(mod B) = P(B) ∪ R(B) ∪ Q(B)

of any concealed algebra B of Euclidean type (over an algebraically closed
field K). A prominent rôle is played by the class of canonical K-algebras
introduced and studied by Ringel in [215].

In Section 1 we introduce the canonical algebras of Euclidean type and
we prove that they are concealed algebras of the form EndKΔ(T ), where T
is a postprojective tilting module over the path algebra KΔ of a canonically
oriented quiver Δ of Euclidean type.

In Section 2 we provide a detailed description of the indecomposable
regular modules over any canonical algebra C of Euclidean type, and the
structure of the stable tubes in the regular part R(C) of Γ(modC).

In Section 3, by applying the tilting theory, we prove general results on
the structure of the module category modB over an arbitrary concealed
algebra B of Euclidean type. In particular, we show that

• the regular part R(B) of the Auslander–Reiten quiver Γ(modB) is
a disjoint union of the P1(K)-family

TT B = {T B
λ }λ∈P1(K)

of pairwise orthogonal standard stable tubes T B
λ , where P1(K) is

the projective line over K,
• the family TT B separates the postprojective component P(B) of

Γ(mod B) from the preinjective component Q(B),
• the module category mod B is controlled by the Euler quadratic

form qB : K0(B) −−−−→ Z of the algebra B.
Throughout, we assume that K is an algebraically closed field, and by

an algebra we mean a finite dimensional K-algebra.

91
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XII.1. Canonical algebras of Euclidean type
In this section we describe the category of regular modules over a spe-

cial type of concealed K-algebras of Euclidean type, called the canonical
algebras of Euclidean type.

For each pair of integers q ≥ p ≥ 1, we define C(p, q) to be the path
algebra

C(p, q) = KΔ(p, q) (1.1)

of the following acyclic Euclidean quiver

Δ(p, q) = Δ(Ãp,q) :

a1
α2←−−−− a2 ←−−−− · · · αp−1←−−−− ap−1

α1↙ ↖αp

0 ω

β1
↖ ↙βq

b1 ←−−−−
β2

b2 ←−−−− · · · ←−−−−
βq−1

bq−1

Observe that C(1, 1) is isomorphic to the Kronecker algebra[
K 0
K2 K

]
.

For any triple (p, q, r) of integers such that r ≥ q ≥ p ≥ 1, we set

C(p, q, r) = KΔ(p, q, r)/I(p, q, r), (1.2)

that is, C(p, q, r) is the bound quiver algebra KΔ(p, q, r)/I(p, q, r), where
Δ(p, q, r) is the quiver

Δ(p, q, r) :

a1
α2←−−−− a2 ←−−−− · · · αp−1←−−−− ap−1

α1↙ ↖αp

0
β1←− b1

β2←−−−− b2 ←−−−− · · · βq−1←−−−− bq−1
βq←− ω

γ1
↖ ↙γr

c1 ←−−−−
γ2

c2 ←−−−− · · · ←−−−−
γr−1

cr−1

and I(p, q, r) is the two-sided ideal of the path K-algebra KΔ(p, q, r) gen-
erated by the element αp . . . α1 + βq . . . β1 + γr . . . γ1.

In this chapter we are only interested in the triples (p, q, r) of integers
such that r ≥ q ≥ p ≥ 2 and 1

p + 1
q + 1

r > 1. It is easy to check that (p, q, r)
is such a triple if and only if it is one of the following triples

(2, 2, m − 2), withm ≥ 4, (2, 3, 3), (2, 3, 4) or (2, 3, 5).
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1.3. Definition. The following finite dimensional algebras
• C(p, q), with q ≥ p ≥ 1,
• C(2, 2, m − 2), with m ≥ 4, and
• C(2, 3, 3), C(2, 3, 4), C(2, 3, 5)

are called the canonical algebras of the Euclidean type Ãp,q, D̃m, Ẽ6,
Ẽ7, Ẽ8, respectively.

Clearly, the canonical algebra C(p, q) is a hereditary path algebra of the
quiver Δ(p, q) = Δ(Ãp,q) whose underlying graph is the Euclidean graph
Ãp+q−1. It follows from the following four propositions that the remaining
canonical algebras are concealed of Euclidean type defined in Chapter VIII.
In contrast to the algebra C(p, q), each of the algebras C(p, q, r) is not
hereditary, because of the following lemma.

1.4. Lemma. Let C = C(p, q, r) be the algebra (1.2), where
r ≥ q ≥ p ≥ 2.

(a) The projective dimension pdS(ω) of the unique simple injective C-
module S(ω) equals 2.

(b) gl.dimC = 2.

Proof. (a) It is easy to see that the projective cover of the simple injec-
tive C-module S(ω) has the form ε : P (ω) −→S(ω) and Ker ε is isomorphic
to the C-module

K
1←−−−− K

1←−−−− · · · 1←−−−− K
[10]↙ ↖0

K2 [11]←− K
1←−−−− K

1←−−−− · · · 1←−−−− K
0←− 0,

[01]↖ ↙0

K
1←−−−− K

1←−−−− · · · 1←−−−− K

viewed as a linear representation of the bound quiver

(Δ(p, q, r), I(p, q, r)).

It follows that the minimal projective presentation of the C-module Ker ε
is of the form

0 −−−−→ P (0) −−−−→ P (ap−1) ⊕ P (bq−1) ⊕ P (cr−1) −−−−→ Ker ε −−−−→ 0.

This shows that pdS(ω) = 2.
(b) Similarly as above we show that pdS(j) = 1, for each vertex j of

the quiver Δ(p, q, r) such that j 
= 0 and j 
= ω, because the kernel of the
projective cover P (j) −→ S(j) of the simple C-module S(j) is projective. It
follows that gl.dimC = 2 (see (A.4.8) of Volume 1), because the remaining
simple C-module S(0) is projective. �
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1.5. Proposition. For each m ≥ 4, the canonical algebra (1.3)
C = C(2, 2, m − 2) is concealed of the Euclidean type

Δ(D̃m) :

1 m
↖ ↙

3 ←− · · · ←− m − 1
↙ ↖

2 m + 1

and gl.dimC = 2.

Proof. Let Δ = Δ(D̃m). The standard calculation technique shows that
the left hand part of the component P of Γ(modC) containing the simple
projective module S(0) = P (0) looks as follows

P (a1)=
1

1 0 0
00. . . 00

− − − − − 0
1 1 0
10. . . 00

− − − − −−
↗ ↘ ↗ ↘ ↗

0
1 0 0
00. . . 00

→ 0
1 1 0
00. . . 00

→ 1
2 1 0
10. . . 00

→ 1
1 0 0
10. . . 00

→ 1
2 1 0
210. . . 00

→

↘
‖

P (b1) ↗ ↘ ↗ ↘

P (c1)=
0

1 0 0
10. . . 00

− − −− 1
2 1 0
110. . . 00

− − −− . . .

↘ ↗ ↘ ↘

P (c2)=
0

1 0 0
110. . . 00

− − −− . . . − − −− 1
2 1 0
21. . . 11

− − −−

↘ ↘ ↗ ↘
. . . − − −− 1

2 1 0
11. . . 11

→ 1
2 1 1
11. . . 11

→ 2
3 2 1
21. . . 11

↘ ↗ ↘ ↗
P (cm−3)=

0
1 0 0
11. . . 11

− − −− 1
1 1 0
00. . . 00

− − −−

where

P (0) =
0

1 0 0
00. . . 00

, and P (ω) =
1

2 1 1
11. . . 11

,

and the indecomposable modules are represented by their dimension vec-
tors. Observe that P is a postprojective component containing all the inde-
composable projective modules and a section of the form Δop given by the
modules
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P (ω) (1.6)

↗
P (a1)−→τ−1P (0)−→τ−1P (c1)−→. . . . . .−→τ−1P (cm−4)−→τ−1P (cm−3)

↗
P (b1)

Dually, Γ(modC) has a preinjective component Q containing all the in-
decomposable injective modules and a section of the form Δ given by the
modules

I(a1)

↗
τI(c1) −→ τI(c2) −→ . . . . . . −→ τI(cm−3) −→ τI(ω) −→ I(b1)

↗
I(0)

Hence, by applying (XI.5.1), we conclude that C is a concealed algebra of the
Euclidean type Δ(D̃m). Finally, by (1.4) and (VIII.3.2), gl.dimC = 2. �

The reader may have observed that we have shown in the course of the
proof the following useful fact.

1.7. Corollary. Let C = C(2, 2, m − 2) be the canonical algebra of type
Δ(D̃m).

(a) The family (1.6) is a section in the postprojective component P(C)
of the quiver Γ(mod C) containing all the indecomposable projective
C-modules.

(b) The module

T = P (a1) ⊕ P (b1) ⊕ τ−1P (0) ⊕ τ−1P (c1) ⊕ . . . ⊕ τ−1P (cm−3) ⊕ P (ω)

is a postprojective tilting C-module and A = EndTC is a hereditary
algebra isomorphic to the path algebra of the quiver Δ(D̃m). �

1.8. Proposition. The canonical algebra C = C(2, 3, 3) is concealed of
the Euclidean type

Δ(Ẽ6) :

5⏐

4⏐


3 −→ 2 −→ 1 ←− 6 ←− 7.
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and gl.dimC = 2.

Proof. Let Δ = Δ(Ẽ6). The standard calculation technique shows that
the left hand part of the component P of Γ(modC) containing the simple
projective module S(0) = P (0) looks as follows

P (b2)=
0

1 1 1 0
0 0

− − − − −−
1

1 0 0 0
1 0

− − − − −−
0

1 1 0 0
1 1

− − −

↗ ↘ ↗ ↘ ↗ ↘
P (b1)=

0
1 1 0 0

0 0
− − − − −−

1
2 1 1 0

1 0
− − − − −−

1
2 1 0 0

2 1

1
2 1 1 1

1 1
=P (ω)

↗ ↘ ↗ ↘ ↗ ↘↗ ↘↗
P (0)=

0
1 0 0 0

0 0
→

1
1 0 0 0

0 0
→

1
2 1 0 0

1 0
→

0
1 1 0 0

1 0
→

1
3 2 1 0

2 1
→

1
2 1 1 0

1 1
→

2
3 2 1 0

2 1
→

↘ ↗ ↘ ↗ ↘ ↗ ↘
P (c1)=

0
1 0 0 0

1 0
− − − − −−

1
2 1 0 0

1 1
− − − − −−

1
2 2 1 0

1 0
− − − − −−

↘ ↗ ↘ ↗ ↘ ↗
P (c2)=

0
1 0 0 0

1 1
− − − − −−

1
1 1 0 0

0 0
− − − − −−

0
1 1 1 0

1 0
− − −

where
P (a1) =

1
1 0 0 0

0 0
,

and the indecomposable modules are represented by their dimension vectors.
Hence P is a postprojective component containing all the indecomposable
projective modules and a section of the form Δop given by the modules

τ−2P (b2)

↗
τ−2P (b1)

↗
τ−2P (0) −→ τ−2P (a1) −→ P (ω)

↘
τ−2P (c1)

↘
τ−2P (c2)

(1.9)
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Dually, Γ(modC) has a preinjective component Q containing all the in-
decomposable injective modules and a section of the form Δ given by the
modules

τ2I(b1)

↘
τ2I(b2)

↘
I(0) −→ τ2I(a1)−→τ2I(ω)

↗
τ2I(c2)

↗
τ2I(c1)

Hence, by applying (XI.5.1), we conclude that C is a concealed algebra of
the Euclidean type Δ(Ẽ6). Finally, by (1.4) and (VIII.3.2), gl.dimC = 2. �

We have shown in the course of the proof the following useful fact.

1.10. Corollary. Let C = C(2, 3, 3) be the canonical algebra of type
Δ(Ẽ6).

(a) The family (1.9) is a section in the postprojective component P(C)
of the quiver Γ(mod C) containing all the indecomposable projective
C-modules.

(b) The module

T = τ−2P (a1) ⊕ τ−2P (b1) ⊕ τ−2P (b2) ⊕ τ−2P (0) ⊕ τ−2P (c1)

⊕ τ−2P (c2) ⊕ P (ω)

is a postprojective tilting C-module and A = EndTC is a hereditary
algebra isomorphic to the path algebra of the quiver Δ(Ẽ6). �
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1.11. Proposition. The canonical algebra C = C(2, 3, 4) is concealed
of the Euclidean type

Δ(Ẽ7) :
5⏐


4 −→ 3 −→ 2 −→ 1 ←− 6 ←− 7 ←− 8.

and gl.dimC = 2.

Proof. Let Δ = Δ(Ẽ7). The standard calculation technique shows that
the left hand part of the component P of Γ(modC) containing the simple
projective module S(0) = P (0) looks as follows

P (ω)=
1

2 1 1 1
1 1 1

↗ ↘
P (b2)=

0
1 1 1 0
0 0 0

− − −−
1

1 0 0 0
1 0 0

− − −−
0

1 1 0 0
1 1 0

− − −
1

2 1 1 0
1 1 1

− − −

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
P (b1)=

0
1 1 0 0
0 0 0

− − −−
1

2 1 1 0
1 0 0

− − −−
1

2 1 0 0
2 1 0

− − −−
1

3 2 1 0
2 2 1

− − − . . .

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
0

1 0 0 0
0 0 0

→
1

1 0 0 0
0 0 0

→
1

2 1 0 0
1 0 0

→
0

1 1 0 0
1 0 0

→
1

3 2 1 0
2 1 0

→
1

2 1 1 0
1 1 0

→
2

4 2 1 0
3 2 1

→
1

2 1 0 0
2 1 1

· · ·

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
P (c1)=

0
1 0 0 0
1 0 0

− − −−
1

2 1 0 0
1 1 0

− − −−
1

3 2 1 0
2 1 1

− − −−
2

3 2 1 0
2 1 0

− − − . . .

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
P (c2)=

0
1 0 0 0
1 1 0

− − −−
1

2 1 0 0
1 1 1

− − −−
1

2 2 1 0
1 0 0

− − −−
1

2 1 1 0
2 1 0

− − −

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
P (c3)=

0
1 0 0 0
1 1 1

− − −−
1

1 1 0 0
0 0 0

− − −−
0

1 1 1 0
1 0 0

− − −
1

1 0 0 0
1 1 0

where

P (0) =
0

1 0 0 0
0 0 0

, P (a1) =
1

1 0 0 0
0 0 0

,

and the indecomposable modules are represented by their dimension vectors.
Hence P is a postprojective component containing all the indecomposable
projective modules and a section of the form Δop given by the modules
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P (ω)

↗
τ−3P (b2)

↗
τ−3P (b1)

↗
τ−3P (0) −→ τ−3P (a1)

↘
τ−3P (c1)

↘
τ−3P (c2)

↘
τ−3P (c3)

(1.12)

Dually, Γ(modC) has a preinjective component Q containing all the in-
decomposable injective modules and a section of the form Δ given by the
modules

τ3I(ω), τ3I(a1), τ3I(b2), τ3I(b1), I(0), τ3I(c3), τ3I(c2), and τ3I(c1).

Hence, by applying (XI.5.1), we conclude that C is a concealed algebra of the
Euclidean type Δ = Δ(Ẽ7). Finally, by (1.4) and (VIII.3.2), gl.dimC = 2.�

We have shown in the course of the proof the following useful fact.

1.13. Corollary. Let C =C(2, 3, 4) be the canonical algebra of type Δ(Ẽ7).
(a) The family (1.12) is a section in the postprojective component P(C)

of the quiver Γ(mod C) containing all the indecomposable projective
C-modules.

(b) The module

T = τ−3P (a1) ⊕ τ−3P (b1) ⊕ τ−3P (b2) ⊕ τ−3P (0) ⊕ τ−3P (c1)

⊕ τ−3P (c2) ⊕ τ−3P (c3) ⊕ P (ω)
is a postprojective tilting C-module and A = EndTC is a hereditary
algebra isomorphic to the path algebra of the quiver Δ(Ẽ7). �
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1.14. Proposition. The canonical algebra C = C(2, 3, 5) is concealed
of the Euclidean type

Δ(Ẽ8) :
4⏐


3 −→ 2 −→ 1 ←− 5 ←− 6 ←− 7 ←− 8 ←− 9
and gl.dimC = 2.

Proof. Let Δ = Δ(Ẽ8). The standard calculation technique shows that
the beginning part of the component P of Γ(modC) containing the simple
projective module S(0) = P (0) is that one presented in Figure 1.15a below,
where

P (a1) =
1

1 0 0 0
0 0 0 0

and the indecomposable modules are represented by their dimension vectors.
Hence P is a postprojective component containing all the indecomposable
projective modules and a section of the form Δop given by the modules

τ−5P (0) (1.15)

↙ ↘
τ−5P (c1)

⏐⏐
 τ−5P (b1)

↙ ↘
τ−5P (c2) τ−5P (a1) τ−5P (b2).

↙
τ−5P (c3)

↙
τ−5P (c4)

↙
P (ω)

Dually, Γ(modC) has a preinjective component Q containing all the in-
decomposable injective modules and a section of the form Δ given by the
modules

τ5I(ω), τ5I(a1), τ5I(b2), τ5I(b1), τ5I(c4), τ3I(c5), τ5I(c2), τ5I(c1), I(0).

Hence, by applying again (XI.5.1), we conclude that C is a concealed algebra
of the Euclidean type Δ(Ẽ8). Finally, by (1.4) and (VIII.3.2), gl.dimC =2.

�
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1.15a. Figure

P (0)=
0

1 0 0 0
0 0 0 0

↙ ↓ ↘
P (c1)=

0
1 0 0 0
1 0 0 0

1
1 0 0 0
0 0 0 0

0
1 1 0 0
0 0 0 0

=P (b1)

↙ ↘ ↓ ↙ ↘
P (c2)=

0
1 0 0 0
1 1 0 0

1
2 1 0 0
1 0 0 0

P (b2)=
0

1 1 1 0
0 0 0 0

↙ ↘ ↙ ↓ ↘ ↙
P (c3)=

0
1 0 0 0
1 1 1 0

1
2 1 0 0
1 1 0 0

0
1 1 0 0
1 0 0 0

1
2 1 1 0
1 0 0 0

↙ ↘ ↙ ↘ ↓ ↙ ↘
0

1 0 0 0
1 1 1 1

=P (c4)
1

2 1 0 0
1 1 1 0

1
3 2 1 0
2 1 0 0

1
1 0 0 0
1 0 0 0

↘ ↙ ↘ ↙ ↓ ↘ ↙
1

2 1 0 0
1 1 1 1

1
3 2 1 0
2 1 1 0

1
2 1 1 0
1 1 0 0

1
2 1 0 0
2 1 0 0

↙ ↘ ↙ ↘ ↓ ↙ ↘
1

1 1 0 0
0 0 0 0

1
3 2 1 0
2 1 1 1

2
4 2 1 0
3 2 1 0

0
1 1 0 0
1 1 0 0

↘ ↙ ↘ ↙ ↓ ↘ ↙
1

2 2 1 0
1 0 0 0

2
4 2 1 0
3 2 1 1

1
2 1 0 0
2 1 1 0

1
3 2 1 0
2 2 1 0

↙ ↘ ↙ ↘ ↓ ↙ ↘
0

1 1 1 0
1 0 0 0

2
3 2 1 0
2 1 0 0

2
5 3 1 0
4 3 2 1

1
2 1 1 0
1 1 1 0

↘ ↙ ↘ ↙ ↓ ↘ ↙
1

2 1 1 0
2 1 0 0

2
4 3 1 0
3 2 1 0

1
3 2 1 0
2 2 1 1

2
4 2 1 0
3 2 2 1

↙ ↘ ↙ ↘ ↓ ↙ ↘
1

1 0 0 0
1 1 0 0

1
3 2 1 0
3 2 1 0

3
6 4 2 0
4 3 2 1

1
2 1 0 0
2 1 1 1

↘ ↙ ↘ ↙ ↓ ↘ ↙
1

2 1 0 0
2 2 1 0

2
5 3 2 0
4 3 2 1

2
3 2 1 0
2 1 1 0

2
4 3 1 0
3 2 1 1

↙ ↘ ↙ ↘ ↓ ↙ ↘
0

1 1 0 0
1 1 1 0

2
4 2 1 0
3 3 2 1

...
1

2 2 1 0
1 1 0 0

↘ ↙ ↘ ↙
1

3 2 1 0
2 2 2 1

. . . . . .

↙ ↘
1

2 1 1 0
1 1 1 1

. . .

↙
1

2 1 1 1
1 1 1 1

=P (ω)
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We have shown in the course of the proof the following useful fact.

1.16. Corollary. Let C = C(2, 3, 5) be the canonical algebra of type
Δ(Ẽ8).

(a) The family (1.12) is a section in the postprojective component P(C)
of Γ(mod C) containing all the indecomposable projective C-modules.

(b) The module

T = τ−5P (a1) ⊕ τ−5P (b1) ⊕ τ−5P (b2) ⊕ τ−5P (0) ⊕ τ−5P (c1) ⊕ τ−5P (c2)

⊕ τ−5P (c3) ⊕ τ−5P (c4) ⊕ P (ω)

is a postprojective tilting C-module and A = EndTC is a hereditary
algebra isomorphic to the path algebra of the quiver Δ(Ẽ8). �

1.17. Definition. Let C = C(p, q, r) be a canonical algebra of Euclidean
type, where we agree that C(p, q) is the algebra C(p, q, 1). By a canonical
radical vector of C we mean the vector

hC = (hj) ∈ K0(C) ∼= Zp+q+r−1

in the Grothendieck group K0(C) ∼= Zp+q+r−1 of C given by hj = 1, for
each point j of the quiver Δ(p, q, r) of C.

Now we show that rad qC = Z · hC .

1.18. Proposition. Let C be a canonical algebra of Euclidean type
and let qC : K0(C) −−−−→ Z be the Euler quadratic form of C.

(a) The canonical radical vector hC of C is the generator of the group
rad qC ⊆ K0(C), that is, rad qC = Z · hC .

(b) If C is one of the canonical algebras C(2, 2, m − 2), with m ≥ 4,
C(2, 3, 3), C(2, 3, 4), and C(2, 3, 5), then the Cartan matrix CC of
C has the form (1.19), (1.20), (1.21), and (1.22), respectively.

Proof. First, we assume that C = C(p, q). Then the algebra C is hered-
itary of Euclidean type Ãp+q−1 and (VII.4.2) applies. It follows that the
canonical vector hC is just the generator of the radical of the Euler qua-
dratic form qC : K0(C) −→ Z of C presented in (VII.4.2) and (XI.1.1), with
Q = Ãp+q−1.

Next, we assume that C = C(p, q, r) is of one of the types C(2, 2, m− 2),
with m ≥ 4, C(2, 3, 3), C(2, 3, 4), and C(2, 3, 5). By (1.5), (1.8), (1.11), and
(1.14), the algebra C is concealed of Euclidean type. It follows from (XI.3.7)
that there exists a unique vector h ∈ K0(C), with all coordinates positive,
such that rad qC = Z·h. Then, it remains to show that qC(hC) = 0, because
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this yields hC = m · h, for some m ∈ Z, and hence we easily conclude that
m = 1 and, consequently, h = hC and rad qC = Z · hC .

To finish the proof, we recall from (III.3.11) and Section XI.1 that the
Euler quadratic form

qC : K0(C) −−−−→ Z

is given by the formula

qC(x) = xt(C−1
C )tx,

where CC is the Cartan matrix of the algebra C. For each of the types
C(2, 2, m−2), with m ≥ 4, C(2, 3, 3), C(2, 3, 4), C(2, 3, 5), we now compute
the Cartan matrix CC and the Euler quadratic form qC , and then we show
that rad qC = Z · hC . Now we do it by a case by case inspection.

Case 1◦ Assume that C is the algebra

C(2, 2, m − 2) = KΔ(2, 2, m − 2)/I(2, 2, m − 2),

where m ≥ 4. We compute the matrices CC and (C−1
C )t with respect to

the following ordering

0, a1, b1, c1, . . . , cm−3, ω

of vertices of the quiver Δ(2, 2, m−2). Because, by (III.3.8), the j-th column
of the matrix CC is the dimension vector dimP (j) of the indecomposable
projective right C-module P (j) = ejC corresponding to the j-th vertex of
Δ(2, 2, m − 2), with respect to the ordering fixed above, then the square
(m + 1) × (m + 1) matrices CC and (C−1

C )t have the forms

CC =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1 1 ... 1 1 1 2
0 1 0 0 0 ... 0 0 0 1
0 0 1 0 0 ... 0 0 0 1
0 0 0 1 1 ... 1 1 1 1
0 0 0 0 1 ... 1 1 1 1...

...
...

...
. . . . . .

...
...

...
...

0 0 0 0 0 ... 1 1 1 1
0 0 0 0 0 ... 0 1 1 1
0 0 0 0 0 ... 0 0 1 1
0 0 0 0 0 ... 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (C−1

C )t =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 ... 0 0 0 0 0
−1 1 0 0 0 ... 0 0 0 0 0
−1 0 1 0 0 ... 0 0 0 0 0
−1 0 0 1 0 ... 0 0 0 0 0

0 0 0 −1 1
. . . 0 0 0 0 0

0 0 0 0 −1
. . . 0 0 0 0 0...

...
...

. . . . . . . . . . . . . . .
...

...
...

0 0 0 0 0
. . . −1 1 0 0 0

0 0 0 0 0
. . . 0 −1 1 0 0

0 0 0 0 0 ... 0 0 −1 1 0
1−1−1 0 0 ... 0 0 0−1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(1.19)

We note that the coefficient c1,m+1 of the matrix CC equals 2, because it is
the dimension of the K-vector space

eωCe0 ∼=(Kαp . . . α1⊕Kβq . . . β1⊕Kγr . . . γ1)/K(αp . . . α1+βq . . . β1+γr . . . γ1).
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Then the Euler quadratic form qC : K0(C) −−−−→ Z of C is given by the
formula

qC(x) = xt(C−1
C )tx = x2

0 + x2
a1

+ x2
b1 + x2

c1
+ . . . + x2

cm−3
+ x2

ω

− x0(xa1 + xb1 + xc1 − xω) − xa1xω − xb1xω

− xc1xc2 − xc2xc3 − . . . − xcm−4xcm−3 − xcm−3xω

= (x0 − 1
2
xa1 − 1

2
xb1 − 1

2
xc1 +

1
2
xω)2

+
3
4
(xa1 − 1

3
xb1 − 1

3
xω − 1

3
xc1)

2 +
2
3
(xb1 − 1

2
xω − 1

2
xc1)

2

+
1
2
(xc1 − xc2)

2 +
1
2
(xc2 − xc3)

2 + . . . +
1
2
(xcm−4 − xcm−3)

2

+
1
2
(xcm−3 − xω)2.

It follows that qC(hC) = 0 and, given x ∈ rad qC , there is an integer m such
that x = m · hC . This shows that rad qC = Z · hC , and we are done.

Case 2◦ Assume that C is the algebra

C(2, 3, 3) = KΔ(2, 3, 3)/I(2, 3, 3).

We compute the matrices CC , (C−1
C )t with respect to the following ordering

0, a1, b1, b2, c1, c2, ω

of vertices of the quiver Δ(2, 3, 3). Because the j-th column of CC is the
dimension vector dimP (j) of the right C-module P (j) = ejC corresponding
to the j-th vertex of Δ(2, 3, 3), then the square 7×7 matrices CC and (C−1

C )t

have the forms

CC=

⎡⎢⎢⎢⎢⎣
1 1 1 1 1 1 2
0 1 0 0 0 0 1
0 0 1 1 0 0 1
0 0 0 1 0 0 1
0 0 0 0 1 1 1
0 0 0 0 0 1 1
0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎦, (C−1
C )t=

⎡⎢⎢⎢⎢⎣
1 0 0 0 0 0 0

−1 1 0 0 0 0 0
−1 0 1 0 0 0 0

0 0 −1 1 0 0 0
−1 0 0 0 1 0 0

0 0 0 0 −1 1 0
1−1 0 −1 0 −1 1

⎤⎥⎥⎥⎥⎦ ∈ M7(Z). (1.20)

Hence, the Euler quadratic form qC : K0(C) −−−−→ Z of C is given by the
formula

qC(x) = xt(C−1
C )tx = x2

0 + x2
a1

+ x2
b1 + x2

b2 + x2
c1

+ x2
c2

+ x2
ω

−x0(xa1 + xb1 + xc1 −xω)−xa1xω−xb1xb2 −xb2xω−xc1xc2 −xc2xω

= (x0− 1
2
xa1 − 1

2
xb1 − 1

2
xc1 +

1
2
xω)2 +

3
4
(xa1 − 1

3
xω− 1

3
xc1 − 1

3
xb1)

2

+
2
3
(xb1 − 3

4
xb2 − 1

2
xc1 +

1
4
xω)2 +

5
8
(xb2 − 3

5
xω − 2

5
xc1)

2

+
2
5
(xc1 − 5

4
xc2 +

1
4
xω)2 +

3
8
(xc2 − xω)2.
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It follows that qC(hC) = 0 and, given x ∈ rad qC , there is an integer m such
that x = m · hC . This shows that rad qC = Z · hC , and we are done.

Case 3◦ Assume that C is the algebra

C(2, 3, 4) = Δ(2, 3, 4)/I(2, 3, 4).

We compute the matrices CC and (C−1
C )t with respect to the following

ordering
0, a1, b1, b2, c1, c2, c3, ω

of vertices of the quiver Δ(2, 3, 4). Because the j-th column of CC is the
dimension vector dimP (j) of the right C-module P (j) = ejC corresponding
to the j-th vertex of Δ(2, 3, 4), then the square 8×8 matrices CC and (C−1

C )t

have the forms

CC =

⎡⎢⎢⎢⎢⎢⎣
1 1 1 1 1 1 1 2
0 1 0 0 0 0 0 1
0 0 1 1 0 0 0 1
0 0 0 1 0 0 0 1
0 0 0 0 1 1 1 1
0 0 0 0 0 1 1 1
0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎦, (C−1
C )t =

⎡⎢⎢⎢⎢⎢⎣
1 0 0 0 0 0 0 0

−1 1 0 0 0 0 0 0
−1 0 1 0 0 0 0 0

0 0 −1 1 0 0 0 0
−1 0 0 0 1 0 0 0

0 0 0 0 −1 1 0 0
0 0 0 0 0 −1 1 0
1 −1 0 −1 0 0 −1 1

⎤⎥⎥⎥⎥⎥⎦ ∈ M8(Z). (1.21)

Hence, the Euler quadratic form qC : K0(C) −−−−→ Z of C is given by the
formula

qC(x) = xt(C−1
C )tx = x2

0 + x2
a1

+ x2
b1 + x2

b2 + x2
c1

+ x2
c2

+ x2
c3

+ x2
ω

−x0(xa1 + xb1 + xc1 −xω)−xa1xω−xb1xb2 −xb2xω

− xc1xc2 − xc2xc3 − xc3xω

= (x0− 1
2
xa1 − 1

2
xb1 − 1

2
xc1 +

1
2
xω)2 +

3
4
(xa1 − 1

3
xc1 − 1

3
xb1 − 1

3
xω)2

+
2
3
(xb1 − 3

4
xb2 − 1

2
xc1 +

1
4
xω)2 +

5
8
(xb2 − 3

5
xω − 2

5
xc1)

2

+
2
5
(xc1 − 5

4
xc2 +

1
4
xω)2+

3
8
(xc2 − 4

3
xc3 +

1
3
xω)2+

1
3
(xc3 −xω)2.

It follows that qC(hC) = 0 and, given x ∈ rad qC , there is an integer m such
that x = m · hC . This shows that rad qC = Z · hC , and we are done.

Case 4◦ Assume that C is the algebra

C(2, 3, 5) = Δ(2, 3, 5)/I(2, 3, 5).

We compute the matrices CC and (C−1
C )t with respect to the following

ordering
0, a1, b1, b2, c1, c2, c3, c4, ω



106 Chapter XII. Regular modules over concealed algebras

of vertices of the quiver Δ(2, 3, 5). Because the j-th column of CC is the
dimension vector dimP (j) of the right C-module P (j) = ejC corresponding
to the j-th vertex of Δ(2, 3, 5), then the square 9×9 matrices CC and (C−1

C )t

have the forms

CC =

⎡⎢⎢⎢⎢⎢⎢⎣

1 1 1 1 1 1 1 1 2
0 1 0 0 0 0 0 0 1
0 0 1 1 0 0 0 0 1
0 0 0 1 0 0 0 0 1
0 0 0 0 1 1 1 1 1
0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 1 1 1
0 0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦, (C−1
C )t =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0 0 0
−1 1 0 0 0 0 0 0 0
−1 0 1 0 0 0 0 0 0

0 0 −1 1 0 0 0 0 0
−1 0 0 0 1 0 0 0 0

0 0 0 0 −1 1 0 0 0
0 0 0 0 0 −1 1 0 0
0 0 0 0 0 0 −1 1 0
1 −1 0 −1 0 0 0 −1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (1.22)

Hence, the Euler quadratic form qC : K0(C) −−−−→ Z of C is given by the
formula

qC(x) = xt(C−1
C )tx = x2

0 + x2
a1

+ x2
b1 + x2

b2 + x2
c1

+ x2
c2

+ x2
c3

+ x2
c4

+ x2
ω

− x0(xa1 + xb1 + xc1 − xω) − xa1xω

− xb1xb2 − xb2xω − xc1xc2 − xc2xc3 − xc3xc4 − xc4xω

= (x0− 1
2
xa1 − 1

2
xb1 − 1

2
xc1 +

1
2
xω)2 +

3
4
(xa1 − 1

3
xc1 − 1

3
xb1 − 1

3
xω)2

+
2
3
(xb1 − 3

4
xb2 − 1

2
xc1 +

1
4
xω)2 +

5
8
(xb2 − 3

5
xω − 2

5
xc1)

2

+
2
5
(xc1 − 5

4
xc2 +

1
4
xω)2 +

3
8
(xc2 − 4

3
xc4 +

1
3
xω)2

+
1
3
(xc4 − 3

2
xc3 +

1
2
xω)2 +

1
4
(xc3 − xω)2.

It follows that qC(hC) = 0 and, given x ∈ rad qC , there is an integer m such
that x = m · hC . This shows that rad qC = Z · hC , and we are done. This
completes the proof of the proposition. �

XII.2. Regular modules and tubes over
canonical algebras of Euclidean type

Our next aim is to give a precise description of connected components
of the Auslander–Reiten quiver Γ(modC) of any canonical algebra C of
Euclidean type.

It follows from (VIII.4.5), (XI.3.4), and the preceding propositions that,
if C is a canonical algebra of Euclidean type, then Γ(modC) consists of the
following three types of connected components:
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• the postprojective component P(C) containing all the indecomposable
projective modules,

• the preinjective component Q(C) containing all the indecomposable
injective modules, and

• the family R(C) of pairwise orthogonal standard stable tubes.
Moreover, we know from (XI.3.4) that the full subcategory addR(C) of
mod C is abelian and serial. In the proofs of (1.5), (1.8), (1.11) and (1.14)
we also have indicated the structure of the components P(C) and Q(C).

To describe a detailed structure of the components in regular part R(C)
of C, we establish a relationship between the regular C-modules and the
regular modules over the Kronecker algebra C(1, 1).

Let C be a canonical algebra of Euclidean type. Denote by A the algebra
eCe defined by the idempotent e = e0 + eω ∈ C, where e0 and eω are the
primitive idempotents corresponding to the vertices 0 and ω. It is easy to
see that there is a K-algebra isomorphism

A = eCe ∼=
[

K 0
K2 K

]
(2.1)

of A with the Kronecker algebra given by the Kronecker quiver

0 ←−−−−−−←−−−−−−ω.

We may then consider the idempotent embedding functors (see (I.6.6))

mod A
Te,Le−−−−−→←−−−−−
rese

mod C

given by the formulae

rese(X) = Xe, Te(Y ) = Y ⊗A eC, Le(Y ) = HomA(Ce, Y )

for X ∈ mod C and Y ∈ mod A. By (I.6.8), rese is the restriction functor,
Te and Le are full and faithful embeddings, Le is right adjoint to rese, Te is
left adjoint to rese, and reseTe

∼= 1mod A
∼= reseLe.

We also need the following two lemmata.

2.2. Lemma. Let C be a canonical algebra of Euclidean type and let
A = eCe, where e = e0 + eω. Let X be an indecomposable C-module.

(a) If X ∈ P(C), then rese(X) ∈ addP(A).
(b) If X ∈ Q(C), then rese(X) ∈ addQ(A).

Proof. (a) Assume that X ∈ P(C). To prove that reseX ∈ addP(A),
it is enough to show that every indecomposable direct summand of rese(X)
has only finitely many indecomposable predecessors in modA. Let

Mr −→ Mr−1 −→ · · · −→ M1
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be a path in modA with HomA(M1, rese(X)) 
= 0. Then we have a path

Te(Mr) −→ Te(Mr−1) −→ · · · −→ Te(M1)

in modC with HomC(Te(M1), X) ∼= HomA(M1, rese(X)) 
= 0. Because X
has only finitely many predecessors in modC and any indecomposable A-
module M is of the form M ∼= rese(Te(M)), the required claim follows.
Hence the A-module rese(X) lies in addP(A).

(b) If X ∈ Q(C) then, applying the functor Le, we show similarly that ev-
ery indecomposable direct summand of reseX has only finitely many succes-
sors in mod A, and consequently the A-module rese(X) lies in addQ(A). �

We prove later that X ∈ R(C) also implies rese(X) ∈ addR(A).

2.3. Lemma. Let C be a canonical algebra of Euclidean type, let hC ∈
K0(C) be the canonical radical vector of C (1.17), and let A = eAe, where
e = e0 +eω. If E is a simple regular C-module satisfying the following three
conditions:

• dimE = m · hC for some m ≥ 1,
• rese(E) ∈ addR(A), and
• HomC(E, M) = 0, for any indecomposable C-module M , with

reseM = 0,
then dimE = hC .

Proof. Because the functor Le : mod A −−−−→ mod C is right adjoint to
the restriction functor rese : mod C −−−−→ mod A, then there is a functorial
isomorphism of K-vector spaces

HomC(E, Le(rese(E)))
ψ−−−−→
�

HomA(rese(E), rese(E)).

Take the unique homomorphism η : E −−−−→ Le(rese(E)) in modC such
that ψ(η) is the identity homomorphism of rese(E). Clearly, η 
= 0.

We claim that Le(rese(E)) belongs to addR(C). To prove it, suppose
to the contrary that Le(rese(E)) admits a postprojective indecomposable
direct summand P . Then, by (2.2), the module rese(P ) is a postprojective
direct summand of rese(E), and we get a contradiction with our assumption.
Similarly, we prove that the module Le(rese(E)) has no preinjective direct
summands. Therefore, Le(res e(E)) is a regular C-module, and consequently
η : E −−−−→ Le(rese(E)) is a monomorphism, because E is a simple object
of the abelian category addR(C).

Consider now the induced exact sequence

0 −→ E
η−−−−→ Le(rese(E))

ξ−−−−→ M −→ 0,
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where M = Coker η. Because the functor rese is exact and rese(η) is the
identity on rese(E), we get reseM = 0. Hence, invoking our assumption, we
have HomC(E, M) = 0. Take now ϕ ∈ EndA(rese(E)). Because ξLe(ϕ)η =
0, we get a commutative diagram with exact rows

0 −−−−→ E
η−−−−→ Le(rese(E))

ξ−−−−→ M −−−−→ 0

ϕ′
⏐⏐
 ⏐⏐
Le(ϕ)

⏐⏐
ϕ′′

0 −−−−→ E
η−−−−→ Le(rese(E))

ξ−−−−→ M −−−−→ 0.

Suppose that ϕ′ = 0. Then Le(ϕ) = �ξ, for some � : M −−−−→ Le(rese(E)).
But

HomC(M, Le(rese(E))) ∼= HomA(rese(M), rese(E)) = 0,
and so Le(ϕ) = 0. Then ϕ = 0, because the functor Le : mod A −→ mod C
is a full and faithful embedding. Therefore, we get an injective algebra
homomorphism

EndA(rese(E)) −−−−−−→ EndC(E)
which assigns to ϕ ∈ EndA(resA(E)) the endomorphism ϕ′ ∈ EndC(E),
defined above. Because E is a simple object of addR(C), we know that E
is a brick. Hence rese(E) is a brick. Finally, observe that the hypothesis
dimE = m ·hC , where m ≥ 1, implies dim rese(E) = [m, m]t. By (XI.4.5),
rese(E) is isomorphic to the Kronecker module Eλ[m] for some λ ∈ P1(K).
Because the module rese(E) is a brick, then m = 1 and, consequently,
dimE = hC . �

2.4. An identification

(a) Throughout, we identify any C(p, q)-module M with the K-linear
representation

Ma1

ϕα2←−−−− Ma2 ←−−−− · · ·
ϕαp−1←−−−− Map−1

ϕα1↙ ↖ϕαp

M0 Mω

ϕβ1
↖ ↙ϕβq

Mb1 ←−−−−
ϕβ2

Mb2 ←−−−− · · · ←−−−−
ϕβq−1

Mbq−1

of the quiver Δ(p, q), see (1.1).
(b) Similarly, we identify any C(p, q, r)-module M with the K-linear

representation
Ma1

ϕα2←−−−− Ma2 ←−−−− · · ·
ϕαp−1←−−−− Map−1

ϕα1↙ ↖ϕαp

M0
ϕβ1←− Mb1

ϕβ2←−−−− Mb2 ←−−−− · · ·
ϕβq−1←−−−− Mbq−1

ϕβq←− Mω

ϕγ1
↖ ↙ϕγr

Mc1 ←−−−−
ϕγ2

Mc2 ←−−−− · · · ←−−−−
ϕγr−1

Mcr−1
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of the quiver Δ(p, q, r) satisfying the relation (see (1.1))

ϕα1 . . . ϕαp
+ ϕβ1 . . . ϕβq

+ ϕγ1 . . . ϕγr
= 0.

(c) Denote by C one of the algebras C(p, q) or C(p, q, r). Let e =

e0 + eω ∈ C, and let A = eCe ∼=
[

K 0
K2 K

]
be the Kronecker

algebra, see (2.1). Then, under the preceding identifications, the
restriction functor

rese : mod C −−−−→ mod A

assigns to each C-module M , viewed as a K-linear representation,
the A-module

rese(M) =
(

M0

ϕα1ϕα2 ···ϕαp←−−−−−−−−−−−−←−−−−−−−−−−−−
ϕβ1ϕβ2 ···ϕβp

Mω

)
,

viewed as a K-linear representation of the Kronecker quiver

1 ◦ ←−−−−−−←−−−−−− ◦ 2.

We exhibit now a class of indecomposable modules over the canonical
algebras of Euclidean type and show that they are periodic with respect to
the action of the Auslander–Reiten translation τC = DTr of C, and, as a
consequence, they belong to stable tubes. To formulate the results we need
a family of canonical forms of modules presented in the following table.

2.5. Table

Indecomposable C(p, q)-modules of the dimension vector ≤ hC

Let p and q be integers such that q ≥ p ≥ 1. Consider the following
family of indecomposable C(p, q)-modules:

(1) E
(∞)
i =S(ai), with 1 ≤ i ≤ p−1, E

(∞)
p :

0 ←− 0 ←− · · · ←− 0↙ ↖
K K,

1↖ ↙1
K←−

1
K←−

1
· · · ←−

1
K

(2) E
(0)
j =S(bj), with 1 ≤ j ≤ q − 1, E

(0)
q :

K
1←−K

1←− · · · 1←−K
1↙ ↖1

K K,
↖ ↙

0 ←− 0 ←− · · · ←− 0
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(3) for each s, t such that 1 ≤ s ≤ p and 1 ≤ t ≤ q, the modules

Rαs :

K
1←− · · · 1←− K

ϕαs=0←−−−−−− K
1←− · · · 1←− K

1↙ ↖1

K K,

1↖ ↙1

K ←−
1

K ←−
1

. . . . . . . . . . . . . . . . ←−
1

K ←−
1

K

Rβt :

K
1←− K

1←− . . . . . . . . . . . . . . . . 1←− K
1←− K

1↙ ↖1

K K,

1↖ ↙1

K ←−
1

· · · ←−
1

K ←−−−−−−
ϕβt=0

K ←−
1

· · · ←−
1

K

(4) for each λ ∈ K \ {0}, the modules

E(λ) :

K
1←−K

1←− · · · 1←−K
1↙ ↖1

K K.
λ↖ ↙1

K←−
1

K←−
1

· · · ←−
1

K

We now state the following useful fact.

2.6. Lemma. Let p and q be integers such that q ≥ p ≥ 1, let C =
C(p, q) and let hC ∈ K0(C) be the canonical radical vector of C. The C-
modules Rαs , with 1 ≤ s ≤ p, Rβt , with 1 ≤ t ≤ q, and the modules E(λ),
with λ ∈ K \ {0}, presented in Table (2.5), form a complete set of pairwise
non-isomorphic indecomposable C-modules of the dimension vector hC .

Proof. (a) Because the vector hC has the identity coordinate over each
vertex of the quiver Δ(p, q) of C then any module M (viewed as a K-linear
representation of Δ(p, q)), with dimM = hC , has Mj

∼= K for all points j
of Δ(p, q). Hence the lemma easily follows. �

Assume that C = C(p, q) and let P1(K) = K ∪ {∞} is the projective
line over K. Consider the following P1(K)-family

TT C = {T C
λ }λ∈P1(K) (2.7)

of connected components of the Auslander–Reiten quiver Γ(modC) of C,
where

• T C
∞ is the component containing E(∞) = E

(∞)
p ,

• T C
0 is the component containing E(0) = E

(0)
q , and

• for each λ ∈ K\{0}, T C
λ is the component containing the module E(λ).

The following proposition shows that the P1(K)-family TT C consists of stable
tubes lying in R(C).
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2.8. Proposition. Let p and q be integers such that q ≥ p ≥ 1, let
C = C(p, q) and let TT C = {T C

λ }λ∈P1(K) be the P1(K)-family (2.7).

(a) The component T C
∞ of Γ(mod C) is a standard stable tube in R(C)

of rank rC
∞ = p and, for each i ∈ {1, . . . , p}, there is an isomorphism

τCE
(∞)
i+1

∼= E
(∞)
i , where we set E

(∞)
p+1 = E

(∞)
1 .

(b) The component T C
0 of Γ(mod C) is a standard stable tube in R(C)

of rank rC
0 = q and, for each j ∈ {1, . . . , q}, there is an isomorphism

τCE
(0)
j+1

∼= E
(0)
j , where we set E

(0)
q+1 = E

(0)
1 .

(c) For each λ ∈ K \{0}, the component T C
λ of Γ(mod C) is a standard

stable tube in R(C) of rank rC
λ = 1 and there is an isomorphism

τCE(λ) ∼= E(λ).
(d) Each tube in R(C) \ (T C

∞ ∪ T C
0 ) is of rank 1.

(e) The C-modules E
(∞)
1 , . . . , E

(∞)
p , E

(0)
1 , . . . , E

(0)
q and E(λ), with λ ∈

K \ {0}, are simple regular.

Proof. By a direct calculation of the Auslander–Reiten translations of
the modules

E
(∞)
1 , . . . , E(∞)

p , E
(0)
1 , . . . , E(0)

q , and E
(λ)
j , with λ ∈ K \ {0},

we easily get the isomorphisms τCE
(∞)
i+1

∼= E
(∞)
i , τCE

(0)
j+1

∼= E
(0)
j and

τCE(λ) ∼= E(λ) as follows.
First, we prove that τCE(λ) ∼= E(λ), for any λ 
= 0. Note that, for each

λ 
= 0, there exists an exact sequence in mod C

0 −→ e0C
u−→ eωC

π−→E(λ) −→ 0.

We know from (III.2.4) that the indecomposable projective C-module eωC,
viewed as a representation of the quiver Δ(p, q), is given by the diagram

eωC :

K
1←−K

1←− · · · 1←−K
[10]↙ ↖1

K2 K.
[01]↖ ↙1

K←−
1

K←−
1

· · · ←−
1

K

The epimorphism π = (πj) : eωC −→E(λ) is defined by setting πj = 1K ,
for j 
= 0, and π0 = [1 λ] : K2 −−−−→ K. Further, u : e0C −→ eωC is given
by the obvious isomorphism e0C ∼= Ker π. The homomorphism u induces
the commutative diagram (with exact rows)

0 −→ HomC(eωC, C)
HomC(u,C)−−−−−−→ HomC(e0C, C) −−−−→ Tr E(λ) −→ 0

fω

⏐⏐
∼= f0

⏐⏐
∼=

0 −→ Ceω
v−−−−−−→ Ce0 −−−−→ Coker v −→ 0
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of left C-modules, where v is the diagonal embedding of the simple left C-
module Ceω into the socle soc Ce0 ∼= Ceω ⊕ Ceω of Ce0 and the vertical
homomorphisms fω and f0 are the bijective functorial maps given by (I.4.2).
Hence, there is an isomorphism f : Tr E(λ) �−−−−→ Coker v induced by f0.
On the other hand, it is easy to see that Coker v ∼= DE(λ). Hence we get
the isomorphisms τCE(λ) = DTr E(λ) ∼= DCoker v ∼= DDE(λ) ∼= E(λ), and
we are done.

Next, we prove that, for each j ∈ {1, . . . , q}, there is an isomorphism
τCE

(0)
j+1

∼= E
(0)
j . We consider three cases.

Case 1◦ j = q − 1. By the arguments given above, there exists an exact
sequence in mod C

0 −→ ebq−1C
u−→ eωC −→E(0)

q −→ 0

and the homomorphism u induces the commutative diagram (with exact
rows)

0 −→ HomC(eωC, C)
HomC(u,C)−−−−−−→ HomC(ebq−1C, C) −−−−→ Tr E

(0)
q −→ 0

f1

⏐⏐
∼= f0

⏐⏐
∼= f

⏐⏐
∼=

0 −→ Ceω
v−−−−−−→ Cebq−1 −−−−→ Coker v −→ 0

of left C-modules, where the vertical homomorphisms f1 and f0 are the
bijective functorial maps given by (I.4.2), whereas f : Tr E

(0)
q

�−−−−→ Coker v
is the isomorphism induced by f0. On the other hand, it is easy to see that
Coker v ∼= DS(bq−1) = DE

(0)
q−1. Hence we get the isomorphisms

τCE(0)
q = DTr E(0)

q
∼= DCoker v ∼= DDE

(0)
q−1

∼= E
(0)
q−1,

and we are done.
Case 2◦ 1 < j < q − 1. By the arguments given above, there exists an

exact sequence in mod C

0 −→ ebj−1C
u−→ ebj

C −→S(bj) −→ 0

and the homomorphism u induces the commutative diagram (with exact
rows)

0 −→ HomC(ebj
C, C)

HomC(u,C)−−−−−−→ HomC(ebj−1C, C) −−−−→ Tr S(bj) −→ 0

f1

⏐⏐
∼= f0

⏐⏐
∼= f

⏐⏐
∼=

0 −→ Cebj

v−−−−−−→ Cebj−1 −−−−→ Coker v −→ 0
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of left C-modules, where the vertical homomorphisms f1 and f0 are bijective
functorial maps, whereas f : Tr S(bj)

�−−−−→ Coker v is the isomorphism in-
duced by f0. On the other hand, it is easy to see that Coker v ∼= DS(bj−1) =
DE

(0)
j−1. Hence we get a sequence of isomorphisms

τCE
(0)
j = DTr E

(0)
j = DTr S(bj) ∼= DCoker v ∼= DDE

(0)
j−1

∼= E
(0)
j−1,

and we are done.
Case 3◦ 1 = j < q − 1. By the arguments given above, there exists an

exact sequence in mod C

0 −→ e0C
u−→ eb1C −→S(b1) −→ 0

and the homomorphism u induces the commutative diagram, with exact
rows,

0 −→ HomC(eb1C, C)
HomC(u,C)−−−−−−→ HomC(e0C, C) −−−−→ Tr S(b1) −→ 0

f1

⏐⏐
∼= f0

⏐⏐
∼= f

⏐⏐
∼=

0 −→ Ceb1
v−−−−−−→ Ce0 −−−−→ Coker v −→ 0

of left C-modules, where the vertical homomorphisms f1 and f0 are bijective
functorial maps, whereas f : Tr S(b1)

�−−−−→ Coker v is the isomorphism
induced by f0. On the other hand, it is easy to see that Coker v ∼= DE

(0)
q .

Hence we get a sequence of isomorphisms

τCE
(0)
q+1 = τCE

(0)
1 = DTr E

(0)
1 = DTr S(b1) ∼= DCoker v ∼= DDE(0)

q
∼= E(0)

q ,

and we are done.
The proof of the existence of an isomorphism τCE

(∞)
i+1

∼= E
(∞)
i , for each

i ∈ {1, . . . , p}, is similar to the above one, and we leave it as an exercise.
This shows that the modules E

(∞)
1 , . . . , E

(∞)
p , E

(0)
1 , . . . , E

(0)
q and E

(λ)
j ,

with λ ∈ K \ {0}, are τC-periodic. It follows that they are neither post-
projective nor preinjective, hence regular and, consequently, the family
TT C = {T C

λ }λ∈P1(K) consists of regular modules.
Because C = C(p, q) is a hereditary algebra of the Euclidean type Ãp+q−1

then, by (XI.2.8) and (XI.2.9), the components of R(C) form a family TT =
{Tλ}λ∈Λ, of pairwise orthogonal standard stable tubes, and if we let rλ be
the rank of Tλ, then

∑
λ∈Λ

(rλ − 1) ≤ p + q − 2, where p + q = n is the rank of
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the group K0(C). It follows that, for each λ ∈ P1(K), the component T C
λ

is a standard stable tube.
Because q ≥ p ≥ 1 and we have constructed above the stable tube T C

∞ of
rank rC

∞ = p, the stable tube T C
0 of rank rC

0 = q and, clearly,

rC
∞ − 1 + rC

0 − 1 = (p − 1) + (q − 1) = p + q − 2,

then the remaining tubes of Γ(modC) are of rank 1.
Because the regular C-modules E

(∞)
1 , . . . , E

(∞)
p−1 , E

(0)
1 , . . . , E

(0)
q−1 are sim-

ple, then it remains to show that the remaining regular C-modules E
(∞)
p ,

E
(0)
q and E(λ), with λ ∈ K \ {0}, are simple regular. Let E be one of them,

and let X be a proper submodule of E. It follows that Xω = 0 and a di-
rect calculation shows that X is preprojective, hence it is not regular. This
shows that E is simple regular and finishes the proof of the proposition. �

2.9. Table

Indecomposable C(p, q, r)-modules of the dimension vector ≤ hC

Let now (p, q, r) be any of the triples (2, 2, m − 2), with m ≥ 4, (2, 3, 3),
(2, 3, 4) or (2, 3, 5). Consider the following family of indecomposable
C(p, q, r)-modules:

(1) E
(∞)
1 = S(a1) and E

(∞)
2 :

(2) E
(0)
j =S(bj),with 1 ≤ j ≤ q−1, and E

(0)
q :

(3) E
(1)
k =S(ck), with 1 ≤ k ≤ r−1, and E

(1)
r :

(4) for s, t, m such that 1 ≤ s ≤ 2, 1 ≤ t ≤ q and 1 ≤ m ≤ r, the modules
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(5) for λ ∈ K \ {0, 1}, the modules

We also state the following useful fact.

2.10. Lemma. Let (p, q, r) be any of the triples (2, 2, m−2), with m ≥ 4,
(2, 3, 3), (2, 3, 4), or (2, 3, 5), let C = C(p, q, r) and let hC ∈ K0(C) be
the canonical radical vector of C. The C-modules Rαs , with 1 ≤ s ≤ p,
Rβt , with 1 ≤ t ≤ q, Rγm , with 1 ≤ m ≤ r, and E(λ), with λ ∈ K \
{0, 1}, presented in (2.9), form a complete set of pairwise non-isomorphic
indecomposable C-modules of the dimension vector hC .

Proof. Apply the arguments used in the proof of (2.6). �

Assume now that (p, q, r) is any of the triples (2, 2, m − 2), with m ≥ 4,
(2, 3, 3), (2, 3, 4), or (2, 3, 5), and C = C(p, q, r). Consider the following
P1(K)-family

TT C = {T C
λ }λ∈P1(K) (2.11)

of connected components of the Auslander–Reiten quiver Γ(modC) of C,
where

• T C
∞ is the component containing E(∞) = E

(∞)
p = E

(∞)
2 ,

• T C
0 is the component containing E(0) = E

(0)
q ,
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• T C
1 is the component containing E(1) = E

(1)
r , and

• for each λ ∈ K\{0, 1}, T C
λ is the component containing the module E(λ).

The following proposition shows that the P1(K)-family (2.11) consists of
stable tubes lying in R(C).

2.12. Proposition. Let (p, q, r) be any of the triples (2, 2, m − 2), with
m ≥ 4, (2, 3, 3), (2, 3, 4), or (2, 3, 5), let C = C(p, q, r) and let TT C =
{T C

λ }λ∈P1(K) be the P1(K)-family (2.11).

(a) The component T C
∞ of Γ(mod C) is a standard stable tube in R(C)

of rank rC
∞ = 2 and there are isomorphisms τCE

(∞)
2

∼= E
(∞)
1 and

τCE
(∞)
1

∼= E
(∞)
2 .

(b) The component T C
0 of Γ(mod C) is a standard stable tube in R(C)

of rank rC
0 = q and, for each j ∈ {1, . . . , q}, there is an isomorphism

τCE
(0)
j+1

∼= E
(0)
j , where we set E

(0)
q+1 = E

(0)
1 .

(c) The component T C
1 of Γ(mod C) is a standard stable tube in R(C)

of rank rC
1 = r and, for each t ∈ {1, . . . , r}, there is an isomorphism

τCE
(1)
t+1

∼= E
(1)
t , where we set E

(1)
r+1 = E

(1)
1 .

(d) For each λ ∈ K\{0, 1}, the component T C
λ of Γ(mod C) is a standard

stable tube in R(C) of rank rC
λ = 1 and there is an isomorphism

τCE(λ) ∼= E(λ).
(e) The tubes T C

∞ , T C
0 and T C

1 of rank p, q and r, respectively, are the
only non-homogeneous tubes in R(C).

(f) The C-modules E
(∞)
1 , E

(∞)
2 , E

(0)
1 , . . . , E

(0)
q , E

(1)
1 , . . . , E

(1)
r , and E(λ),

with λ ∈ K \ {0}, are simple regular.

Proof. By a direct calculation of the Auslander–Reiten translation of
the modules E

(∞)
1 , E

(∞)
2 , E

(0)
1 , . . . , E

(0)
q , E

(1)
1 , . . . , E

(1)
r , like in the proof of

(2.8), we easily get isomorphisms

τCE
(∞)
2

∼= E
(∞)
1 , τCE

(∞)
1

∼= E
(∞)
2 , τCE

(0)
j+1

∼= E
(0)
j , τCE

(1)
t+1

∼= E
(1)
t ,

and τCE(λ) ∼= E(λ), for each λ ∈ K \ {0, 1}, because the projective resolu-
tions of these modules are very simple.

Because, by (1.5), (1.8), (1.11), and (1.14), C is a concealed algebra
of Euclidean type, it follows from (XI.3.4) that the regular part R(C) of
Γ(mod C) consists of a family TT = {Tλ}λ∈Λ, of pairwise orthogonal stan-
dard stable tubes and, if we let rλ be the rank of Tλ, then∑

λ∈Λ

(rλ − 1) ≤ n − 2,

where n is the rank of the group K0(C). Further, addR(C) is a serial,
abelian and full subcategory of modC whose simple objects are the modules
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lying on the mouth of the tubes Tλ, with λ ∈ Λ. Moreover, it follows from
(VIII.4.5) that pdZ ≤ 1, for any module Z in R(C), and consequently
Ext2C(X, Y ) = 0, for all modules X and Y in R(C).

A simple calculation shows that the modules
E

(∞)
1 , E

(∞)
2 , E

(0)
1 , . . . , E

(0)
q , E

(1)
1 , . . . , E

(1)
r and E

(λ)
j , with λ ∈ K \

{0, 1},
form a family of pairwise orthogonal bricks. Therefore, by applying (X.2.6),
we show that

• the modules E
(∞)
1 and E

(∞)
2 form the mouth of a stable tube T C

∞ of
rank rC

∞ = 2,
• the modules E

(0)
1 , E

(0)
2 , . . . , E

(0)
q form the mouth of a stable tube

T C
0 of rank rC

0 = q, and
• the modules E

(1)
1 , E

(1)
2 , . . . , E

(1)
r form the mouth of a stable tube

T C
1 of rank rC

1 = r.
Moreover, we have

rC
∞ − 1 + rC

1 − 1 + rC
0 − 1 = (p − 1) + (q − 1) + (r − 1) = n − 2.

Hence, by the inequality
∑

λ∈Λ
(rλ − 1) ≤ n − 2, the remaining tubes of

Γ(mod C) are homogeneous. Moreover, the C-modules

E
(∞)
1 , E

(∞)
2 , E

(0)
1 , . . . , E

(0)
q , and E

(1)
1 , . . . , E

(1)
r

are clearly simple regular. Finally, for each λ ∈ K \ {0, 1}, the brick E(λ)

forms the mouth of a stable tube T C
λ of rank rC

λ = 1, again by (X.2.6);
hence E(λ) is simple regular. This finishes the proof. �

We now give a description of all indecomposable regular modules over
any canonical algebra of Euclidean type.

2.13. Theorem. Let C be a canonical algebra of Euclidean type.
(a) The regular part R(C) of Γ(mod C) consists of the pairwise orthog-

onal stable tubes T C
λ of the P1(K)-family

TT C = {T C
λ }λ∈P1(K)

described in (2.8) for C = C(p, q), and in (2.12) for C = C(p, q, r),
where (p, q, r) is any of the triples (2, 2, m−2), with m ≥ 4, (2, 3, 3),
(2, 3, 4), or (2, 3, 5). The tubes T C

∞ , T C
0 and T C

1 are of rank rC
∞ = p,

rC
0 = q and rC

1 = r, respectively, and the remaining tubes T C
λ are of

rank rC
λ = 1.

(b) The C-modules Rαs , with 1 ≤ s ≤ p, lie in T C
∞ and are of regular

length p, the C-modules Rβt , with 1 ≤ t ≤ q, lie in T C
0 and have

regular length q, and the C-modules Rγm , with 1 ≤ m ≤ r, lie in
T C

1 (if C = C(p, q, r) ) and have regular length r.



XII.2. Regular modules and tubes 119

(c) Every simple regular C-module lying in one of the tubes T C
∞ , T C

0
and T C

1 is isomorphic to one of the modules
E

(∞)
1 , . . . , E

(∞)
p , E

(0)
1 , . . . , E

(0)
q , E

(1)
1 , . . . , E

(1)
r

defined in Tables (2.5) and (2.9), respectively. The remaining simple
regular C-modules are of the form E(λ), where λ ∈ K \ {0, 1}, up to
isomorphism.

Proof. The statement (a) follows from (c), (2.8) and (2.12).
(b) First we observe that the C-modules Rαs , Rβt , and Rγm are neither

postprojective nor preinjective; hence, they are regular C-modules. More-
over, we have

• HomC(E(∞)
s , Rαs) 
= 0 and HomC(Rαs , E

(∞)
s−1 ) 
= 0, for each

s ∈ {1, . . . , p},
• HomC(E(0)

t , Rβt) 
= 0 and HomC(Rβt , E
(0)
t−1) 
= 0, for each

t ∈ {1, . . . , q},
• HomC(E(1)

m , Rγm) 
= 0 and HomC(Rγm , E
(1)
m−1) 
= 0, for each

m ∈ {1, . . . , r} (if C = C(p, q, r)),

where E
(∞)
0 = E

(∞)
p , E

(0)
0 = E

(0)
q and E

(1)
0 = E

(1)
r . Hence, (b) follows.

To prove the statement (c), we consider the Kronecker algebra

A = eCe ∼=
[

K 0
K2 K

]
and the restriction functor rese : mod C −→ mod A, where e = e0 + eω, see
(2.1).

We claim that if M is an indecomposable C-module with rese(M) = 0,
then M lies in one of the non-homogeneous tubes. Indeed, if res e(M) = 0,
then M is an indecomposable representation of the quiver obtained from
the quiver of C by removing the vertices 0 and ω, and our claim follows,
because

• the simple modules S(ai), S(bj) and S(ck) lie in non-homogeneous
tubes of Γ(modC), and

• we know the structure of the indecomposable modules over the path
algebra

Tn(K) =

⎡⎣K 0 ... 0
K K ... 0
...

...
. . .

...
K K ... K

⎤⎦
of the linear quiver

1 2 3 n−1 n◦←−−−−◦←−−−−◦←− · · · ←−◦←−−−−◦ of Dynkin
type An. We recall from Chapter V that Tn(K) is a Nakayama
algebra.

Take now a simple regular module E lying in a homogeneous tube of
Γ(mod C). Because the different tubes of Γ(mod C) are orthogonal, then
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HomC(E, M) = 0, for any indecomposable C-module with rese(M) = 0.
Moreover, (XI.3.6), (XI.3.7), and (1.18) yield dimE ∈ rad qC = Z · hC ,
where hC is the canonical radical vector of C, see (1.17). Hence, dimE =
m · hC , for some m ≥ 1.

We prove now that the Kronecker A-module rese(E) belongs to addR(A).
It follows from our assumption on E, that E is orthogonal to any simple
C-module except S(0) and S(ω). This implies that all K-linear maps ϕαs

,
ϕβt

, ϕγm
in E, viewed as a K-linear representation, are bijective. Hence, the

two maps in the representation rese(E) of the Kronecker quiver 0←−−−−−−←−−−−−−ω
are also bijective, and, according to (XI.4.3), the module rese(E) belongs
to addR(A).

Consequently, (2.3) applies and we get dimE = hC . It follows from (2.6)
and (2.10) that E is isomorphic to one of the modules of Table 2.5 (or Table
2.9) if C = C(p, q) (or C = C(p, q, r), respectively). Hence, by (2.8), (2.12),
and the statement (b) proved above, there is an isomorphism E ∼= E(λ), for
some λ ∈ P1(K). We note that, for C = C(1, q), there is an isomorphism
E ∼= E(∞) = E

(∞)
1 and, for C = C(1, 1), we have E ∼= E(0) = E

(0)
1 .

Consequently, we have proved that the simple regular modules from the
tubes T C

λ , with λ ∈ P1(K), exhaust all the simple regular C-modules, and
consequently the regular part R(C) of Γ(modC) is the disjoint union of
the stable tubes T C

λ , with λ ∈ P1(K). This finishes the proof of (c) and
completes the proof of the theorem. �

As a byproduct of our considerations we get the following useful fact.

2.14. Corollary. Assume that C is a canonical algebra of Euclidean
type. Let qC : K0(C) −→ Z be the Euler quadratic form of C and let hC

be the canonical radical vector of C. If M is an indecomposable regular
C-module lying in a tube of rank � ≥ 1 then, for a positive integer m ≥ 1,
r�(M) = m · � if and only if dimM = m · hC .

Proof. Let M be an indecomposable regular C-module of regular length
� ≥ 1 lying in a tube T of rank �.

If � ≥ 2 then, by (2.13), M is isomorphic to one of the modules:

• Rαs , with 1 ≤ s ≤ p,
• Rβt , with 1 ≤ t ≤ q, or
• Rγm , with 1 ≤ m ≤ r (if C = C(p, q, r)).

Furthermore, if � = 1, then M has the form E(λ), where λ ∈ K \ {0, 1}, up
to isomorphism. In each of these cases we have dimM = hC .

Because the vector hC is the sum of the dimension vectors dimX of
modules X lying on the mouth of the tube T , then the corollary follows
from (XI.3.10). �
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For a canonical algebra C of Euclidean type, we define a bijection
ξC :P1(K)−→P1(K) as follows:

• ξC(λ) = λ, for any λ ∈ P1(K), if C = C(p, q), and
• ξC(∞) = ∞ and ξC(λ) = −λ, for any λ ∈ K, if C = C(p, q, r).

2.15. Proposition. Let C be a canonical algebra of Euclidean type, e =
e0 + eω, and let

A = eCe ∼=
[

K 0
K2 K

]
be the associated Kronecker algebra (see (2.1)), rese : mod C −−−−→ mod A
the restriction functor, X a C-module and λ ∈ P1(K). Then X belongs
to addP(C) (or to add T C

λ , addQ(C) ) if and only if rese(X) belongs to
addP(A) (or to add T A

ξC(λ), addQ(A), respectively). In particular, X lies
in addR(C) if and only if rese(X) lies in addR(A).

Proof. In view of (2.2), it is sufficient to show that X ∈ add T C
λ if and

only if the module rese(X) over the Kronecker algebra A = eCe lies in
add T A

ξC(λ). Let X be a simple regular C-module. Then it follows from our
description of the simple regular C-modules and the description of simple
regular A-modules given in (XI.4.5) that X ∈ T C

λ if and only if rese(X) ∈
T A

ξC(λ) or rese(X) = 0 (and X is a simple C-module). Hence X ∈ add T C
λ if

and only if rese(X) ∈ add T A
ξC(λ).

In general, if X ∈ addR(C) is a module of regular length � ≥ 2, then
X ∈ add T C

λ if and only if there exists an exact sequence

0 −−−−→ E −−−−→ X −−−−→ Y −−−−→ 0,

where E is a simple regular module from T C
λ and Y is a module from add T C

λ

of regular length � − 1. Then our claim follows by induction on the regular
length of X due to the fact the rese is an exact functor and the categories
add T C

λ and add T A
ξC(λ) are closed under extensions and finite direct sums.�

The preceding proposition is used in establishing the separation property
of the tubular family TT C = {T C

λ }λ∈P1(K), by applying some arguments due
to Ringel in [217]. We need the following technical lemma.

2.16. Lemma. Let C be a canonical algebra of Euclidean type, e =
e0 + eω, let

A = eCe ∼=
[

K 0
K2 K

]
be the associated Kronecker algebra see (2.1), rese : mod C −−−−→ mod A
the restriction functor, and let P ∈ addP(C). Then P can be embedded into
a module P ′ ∈ addP(C) such that P ′/P ∈ addR(C) and HomC(P ′, M) =
0, for any C-module M with rese(M) = 0.
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Proof. Let X ⊆ P be minimal such that rese(P/X) = 0. Put Z = P/X.
Then Z ∈ addR(C) and we may embed Z into a module R ∈ addR(C)
such that HomC(R, M) = 0 for any C-module M with rese(M) = 0. For, it
is enough to choose a module R containing Z such that the regular top of R
has only direct summands having non-zero restrictions to A. The canonical
epimorphism ε : P −→ P/X = Z induces an exact sequence

Ext1C(R/Z, P ) −−−−→ Ext1C(R/Z, Z) −−−−→ Ext2C(R/Z, X),

where Ext2C(R/Z, X) = 0, because the module R/Z lies in addR(C) and,
by (XI.3.3) and (1.5)-(1.14), is of projective dimension at most 1. Hence,
there exists a commutative diagram

0 −−−−→ P
μ−−−−→ P ′′ π−−−−→ R/Z −−−−→ 0

ε

⏐⏐
 ⏐⏐
ε′

∥∥∥∥
0 −−−−→ Z

μ′
−−−−→ R

π′
−−−−→ R/Z −−−−→ 0

with exact rows, where μ′ : Z ↪→ R is the natural embedding.
Let M be a C-module with rese(M) = 0. We claim that HomC(P ′′, M) =

0. Let α : P ′′ → M be a morphism. Because the module X is minimal with
respect to rese(P/X) = 0 and Z = P/X, we infer that the homomorphism
αμ factors through ε, say αμ = α′ε, for some α′ : Z → M . Further,
because the above diagram is a pushout diagram, there is a homomorphism
β : R → M such that βε′ = α and βμ′ = α′. But HomC(R, M) = 0 implies
β = 0, and consequently α = 0. Observe also that P ′′ ∈ add (P(C)∨R(C)),
because P ∈ addP(C) and R/Z ∈ addR(C).

Let Y be a maximal submodule of P ′′ lying in the category addR(C).
Then the module

Y/(P ∩ Y ) ∼= (P + Y )/P

embeds into the module P ′′/P ∼= R/Z. Hence, the module P ∩ Y lies in
addR(C), because P ∩Y is the kernel of the epimorphism Y −→ Y/(P ∩Y )
and addR(C) is abelian. On the other hand, the module P ∩ Y lies in
addP(C), because it is a submodule of P ∈ addP(C). Thus P ∩ Y = 0.

Now we observe that the module P ′ = P ′′/Y belongs to addP(C), by
our choice of Y . Moreover, M is a C-module with rese(M) = 0, and then
the equality HomC(P ′′, M) = 0 implies HomC(P ′, M) = 0. Further, the
module P embeds into P ′ and there is an isomorphism P ′/P ∼= P ′′/(P +Y ).
Because P ′′/(P + Y ) is the cokernel of the composite monomorphism

Y = Y/(P ∩ Y ) ∼= (P + Y )/P ↪→ P ′′/P,

and the modules Y and P ′′/P = R/Z lie in addR(C), then the module
P ′/P also lies add R(C). This completes the proof. �
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2.17. Proposition. Let C be a canonical algebra of Euclidean type and
let

TT C = {T C
λ }λ∈P1(K)

be the complete P1(K)-family of tubes in R(C), see (2.7) and (2.11). Let P
be a postprojective C-module, Q a preinjective C-module, and λ ∈ P1(K).
Then for any homomorphism f : P → Q there exists a module Nλ ∈ add T C

λ

such that f factors through Nλ.

Proof. Let e = e0 + eω, let A = eCe ∼=
[

K 0
K2 K

]
be the associated

Kronecker algebra, and let rese : mod C −−−−→ mod A be the restriction
functor, see (2.1) and (I.6.6).

We fix λ ∈ P1(K) and a homomorphism f : P → Q. It follows from
(2.16) that we may embed P into a module P ′ lying in addP(C) such
that P ′/P ∈ addR(C) and HomC(P ′, M) = 0, for any C-module M with
rese(M) = 0. We then get an exact sequence

HomC(P ′, Q) −→ HomC(P, Q) −→ Ext1C(P ′/P, Q)

with Ext1C(P ′/P, Q) ∼= DHomC(Q, τC(P ′/P )) = 0. Hence, the homomor-
phism f : P → Q can be extended to f ′ : P ′ → Q. Therefore, without loss
of generality, we may assume that HomC(P, M) = 0, for any C-module M
with rese(M) = 0.

We recall that the idempotent induced functor Te : mod A −−−−→ mod C
is left adjoint to rese : mod C −−−−→ mod A. Thus, for each C-module X,
we have a functorial isomorphism

HomC(Te(rese(X)), X) �−−−−−−→ HomA(rese(X), rese(X))

of K-vector spaces. Denote by βX : Te(rese(X)) −−−−→ X the homomor-
phism adjoint to the identity homomorphism on rese(X).

We claim that the homomorphism βP : Te(rese(P )) −→ P is a monomor-
phism. Indeed, because rese(βP ) is an isomorphism and rese is an exact
functor then rese(Ker βP ) = 0. Moreover, by (2.1), P ∈ addP(C) implies

rese(Te(rese(P ))) ∼= rese(P ) ∈ addP(A),

and consequently Te(rese(P )) ∈ addP(C). Thus, KerβP lies in addP(C).
But then rese(Ker βP ) = 0 implies Ker βP = 0, and so βP is a monomor-
phism.

Consider the induced exact sequence

0 −−−−→ Te(rese(P ))
βP−−−−→ P

γP−−−−→ Z −−−−→ 0,
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where Z is the cokernel of βP . Clearly, then rese(Z) = 0. Let Z = Zλ ⊕ Z ′

be a decomposition such that Zλ is the maximal direct summand of Z
lying in addT C

λ . Observe now that rese(P ) ∈ addP(A) and rese(Q) ∈
addQ(A), by (2.1). Therefore, by (XI.4.7), the homomorphism rese(f) :
rese(P ) −−−−→ rese(Q) of Kronecker modules admits a factorisation through
a module R ∈ add T A

ξC(λ), so rese(f) = hg, for some homomorphisms g :
rese(P ) −→ R and h : R −→ rese(Q).

Consider the commutative diagram with exact rows
0 −−−−→ Te(rese(P ))

βP−−−−→ P
γP−−−−→ Zλ ⊕ Z ′ −−−−→ 0

Te(g)

⏐⏐
 ⏐⏐
g′

∥∥∥∥
0 −−−−→ Te(R) −−−−→ X −−−−→ Zλ ⊕ Z ′ −−−−→ 0.

Because rese(Te(R)) = R lies in add T A
ξC(λ) then, by (2.15), the module

Te(R) lies in add T C
λ . It follows from our choice of Zλ that Z ′ has no simple

regular factors from T C
λ , and consequently,

Ext1C(Z ′, Te(R)) ∼= DHomC(τ−1
C Te(R), Z ′) = 0.

Therefore, there is a decomposition X = Xλ ⊕ Z ′, where Xλ ∈ add T C
λ .

Because β : Terese −→ id is a functorial morphism, we have the equalities

fβP = βQTe(rese(f)) = βQTe(hg) = βQTe(h)Te(g).

Invoking now the pushout property of the above commutative diagram, we
conclude that there is a homomorphism h′ : X → Q satisfying h′g′ = f .
Because X = Xλ ⊕ Z ′, we can write f = h1g1 + h2g2, where g1 : P → Xλ,
h1 : Xλ → Q, g2 : P → Z ′, h2 : Z ′ → Q. But rese(Z ′) = 0 implies
HomC(P, Z ′) = 0, by the property imposed on P . Therefore, f = h1g1
is a required factorisation of f through the module Xλ ∈ add T C

λ . This
completes the proof. �

XII.3. A separating family of tubes over
a concealed algebra of Euclidean type

In this section we collect the basic properties of the module category over
any concealed algebra of Euclidean type.

We recall that in Section XII.1 we have introduced the quivers

Δ(Ãp,q), with 1 ≤ p ≤ q, Δ(D̃m), with m ≥ 4, Δ(Ẽ6), Δ(Ẽ7), and Δ(Ẽ8),

whose underlying graphs are the Euclidean graphs Ãp+q−1, D̃m, Ẽ6, Ẽ7 and
Ẽ8, respectively. The following proposition shows that these special quivers
are in fact the types of all concealed algebras of Euclidean types.
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3.1. Proposition. Let Q be an acyclic quiver whose underlying graph
Q is Euclidean, and let B be a concealed algebra of type Q. Then B is a
concealed algebra of type Δ, where Δ is a quiver such that:

• Δ ∈ {Δ(Ãp,q), 1 ≤ p ≤ q, Δ(D̃m), m ≥ 4, Δ(Ẽ6), Δ(Ẽ7), Δ(Ẽ8)},

• the underlying graph Δ of Δ equals Q,
• if Q = Ãm and m ≥ 1, then p = min{p′, p′′} and q = max{p′, p′′},

where p′ and p′′ is the number of counterclockwise-oriented arrows
in Q and clockwise-oriented arrows in Q, respectively, and

• the quiver Δ is obtained from Q by a finite sequence of reflections.

Proof. Let A be the path algebra KQ of Q, and let T be a postprojective
tilting A-module such that EndA(T ) = B. Observe that then, for any
positive integer s ≥ 1, the module τ−s

A T is also a postprojective tilting A-
module and there is an isomorphism of algebras EndA(τ−s

A T ) ∼= EndA(T ) =
B. Because Q is a Euclidean graph, then there exists exactly one quiver Δ
in the set {Δ(Ãp,q), 1 ≤ p ≤ q, Δ(D̃m), m ≥ 4, Δ(Ẽ6), Δ(Ẽ7), Δ(Ẽ8)} such
that Δ = Q.

If Q is one of the graphs D̃m, Ẽ6, Ẽ7 or Ẽ8 then, according to (VII.5.2),
the quiver Q can be obtained from Δ by a finite sequence of reflections.

Assume that Q = Ãm for some m ≥ 1. Let p = min{p′, p′′} and q =
max{p′, p′′}, where p′ and p′′ is the number of counterclockwise-oriented
arrows in Q and clockwise-oriented arrows in Q, respectively. Observe that
p + q = m + 1 and 1 ≤ p ≤ q. Because Q is acyclic, then Q can be obtained
from Δ(Ãp,q) by a finite sequence of reflections (see (VIII.1.8)).

It follows that, in both cases, the postprojective component P(A) con-
tains a cofinite full translation subquiver Γ = (−N)Δop which is closed under
successors in P(A). Moreover, the mesh-category K(Γ) of Γ is equivalent
to the mesh-category K(P(KΔ)) of the postprojective component P(KΔ)
of the path algebra KΔ. It follows now from the first part of our proof
that an isomorphism of algebras B ∼= EndA(T ′), for a postprojective tilting
A-module T ′ whose indecomposable direct summands lie in Γ, and, conse-
quently, B ∼= EndKΔ(T ′′), for a postprojective tilting KΔ-module T ′′. �

To formulate the next result, we need some new concepts.

3.2. Definition. Let TT = {Ti}i∈Λ be a family of stable tubes and
(m1, . . . , ms) a sequence of integers with 1 ≤ m1 ≤ . . . ≤ ms. We say
that TT is of tubular type (m1, . . . , ms) if TT admits s tubes Ti1 , . . . , Tis

of ranks m1, . . . , ms, respectively, and the remaining tubes Ti of TT, with
i 
∈ {i1, . . . , is}, are homogeneous.

3.3. Definition. A family CC = {Ci}i∈Λ of components in the Auslander–
Reiten quiver Γ(modA) of an algebra A is said to be separating [215] if
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the indecomposable A-modules outside the family CC fall into two classes PP
and QQ such that the following conditions are satisfied:

(a) The components in CC are pairwise orthogonal and standard.
(b) HomA(QQ,PP) = 0, HomA(CC,PP) = 0 and HomA(QQ, CC) = 0.
(c) For each i ∈ Λ, any homomorphism f : P → Q, with P ∈ addPP

and Q ∈ addQQ, factors through a module from add Ci.
In this case, we say that CC separates PP from QQ.

3.4. Theorem. Let Q be an acyclic quiver whose underlying graph Q is
Euclidean, and let B be a concealed algebra of type Q.

(a) The Auslander–Reiten quiver Γ(mod B) of B consists of the follow-
ing three types of components:

• a postprojective component P(B) containing all the indecomposable
projective modules,

• a preinjective component Q(B) containing all the indecomposable
injective modules, and

• a unique tubular P1(K)-family TT B = {T B
λ }λ∈P1(K) of stable tubes

separating P(B) from Q(B).
(b) The tubular type mB = (m1, . . . , ms) of the P1(K)-family TT B de-

pends only on the Euclidean quiver Q and equals mQ, where
• mQ = (p, q), if Q = Ãm, m ≥ 1, p = min{p′, p′′} and q =

max{p′, p′′}, where p′ and p′′ is the number of counterclockwise-
oriented arrows in Q and clockwise-oriented arrows in Q, respec-
tively,

• mQ = (2, 2, m − 2), if Q = D̃m and m ≥ 4,
• mQ = (2, 3, 3), if Q = Ẽ6,
• mQ = (2, 3, 4), if Q = Ẽ7, and
• mQ = (2, 3, 5), if Q = Ẽ8.

(c) Every component of Γ(mod B) is generalised standard.

Proof. Let Q be an acyclic quiver whose underlying graph Q is Eu-
clidean and let A = KQ be the path algebra of Q. Because B is a concealed
algebra of type Q then, according to (3.1), there exists a quiver Δ in the
set

{Δ(Ãp,q), with 1 ≤ p ≤ q, Δ(D̃m), with m ≥ 4, Δ(Ẽ6), Δ(Ẽ7), Δ(Ẽ8)},

such that Δ = Q, the quiver Q is obtained from Δ by a finite sequence of
reflections and B is a concealed algebra of type Δ.

Let C be the canonical algebra of type Δ. It follows from (3.1), (1.5),
(1.8), (1.11), and (1.14) that there are algebra isomorphisms

B ∼= EndKΔ(T ′) and C ∼= EndKΔ(T ′′),
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for some postprojective tilting KΔ-modules T ′ and T ′′. Because B is a
concealed algebra of type Q, then B ∼= EndA(T ), for some postprojective
tilting A-module T .

Applying now (VIII.4.5), (VIII.4.7), and (XI.5.2), we conclude that there
exist

(i) a full translation subquiver P ′(KΔ) ∼= (−N)Δop of P(KΔ) closed
under successors, and a full translation subquiver Q′(KΔ) = NΔop

of Q(KΔ) closed under predecessors,
(ii) a full translation subquiver P ′(B) ∼= (−N)Δop of P(B) closed under

successors, and a full translation subquiver Q′(B) ∼= NΔop of Q(B)
closed under predecessors,

(iii) a full translation subquiver P ′(C) ∼= (−N)Δop of P(C) closed under
successors, and a full translation subquiver Q′(C) ∼= NΔop of Q(C)
closed under predecessors, and

(iv) a full translation subquiver P ′(A) ∼= (−N)Δop of P(A) closed under
successors, and a full translation subquiver Q′(A) = NΔop of Q(A)
closed under predecessors

such that the functor HomKΔ(T ′,−) induces an equivalence of categories

add (P ′(KΔ) ∪ R(KΔ) ∪ Q′(KΔ))
∼=−−−−−−→ add (P ′(B) ∪ R(B) ∪ Q′(B)),

the functor HomKΔ(T ′′,−) induces an equivalence of categories

add (P ′(KΔ) ∪ R(KΔ) ∪ Q′(KΔ))
∼=−−−−−−→ add (P ′(C) ∪ R(C) ∪ Q′(C)),

and the functor HomA(T, −) induces an equivalence of categories

add (P ′(A) ∪ R(A) ∪ Q′(A))
∼=−−−−−−→ add (P ′(B) ∪ R(B) ∪ Q′(B)).

Let mQ be the tubular type of the P1(K)-family

TT B = {T B
λ }λ∈P1(K)

in (b). It follows from (2.13) that the regular part R(C) of Γ(modC)
consists of a P1(K)-family TT C = {T C

λ }λ∈P1(K) of stable tubes of tubular
type mQ. Therefore, the regular part R(KΔ) of Γ(modKΔ) consists of a
P1(K)-family

TT KΔ = {T KΔ
λ }λ∈P1(K)

of stable tubes of tubular type mQ, and R(B) consists of a P1(K)-family

TT B = {T B
λ }λ∈P1(K)
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of stable tubes T B
λ of tubular type mQ. It then follows that R(A) consists

of a P1(K)-family
TT A = {T A

λ }λ∈P1(K)

of stable tubes of the same tubular type mQ. Moreover, by (XI.3.4), the
tubes T B

λ , λ ∈ P1(K), are pairwise orthogonal and standard. Then, ac-
cording to (X.3.2) and (X.4.5), every component of Γ(modB) is generalised
standard and, hence, the statement (c) follows.

It remains to show that the tubular family TT B = {T B
λ }λ∈P1(K) separates

P(B) from Q(B). For this purpose, we remark that, by (2.17), the tubular
family

TT C = {T C
λ }λ∈P1(K)

separates P(C) from Q(C). Let P ∈ addP(B), Q ∈ addQ(B) and f : P →
Q be a non-zero homomorphism. We may clearly assume that P and Q are
indecomposable. Because P and Q lie in different components of Γ(modB),
there is no finite path of irreducible morphisms from P to Q. Thus, applying
(IV.5.1) we conclude that there exist modules P ′ ∈ addP ′(B), Q′ ∈ Q′(B),
and homomorphisms u : P → P ′, f ′ : P ′ → Q′, and v : Q′ → Q such that
f = vf ′u. Invoking the above equivalences of categories and the fact that
the family TT C = {T C

λ }λ∈P1(K) separates P(C) from Q(C), we deduce that,
for any λ ∈ P1(K), there exists a module Rλ ∈ add T B

λ and homomorphisms
g′

λ : P ′ → Rλ, h′
λ : Rλ → Q′ such that f ′ = h′

λg′
λ. Taking gλ = g′

λu
and hλ = vh′

λ we obtain a factorisation f = hλgλ of f through a module
Rλ ∈ add T B

λ . This shows that the family TT B = {T B
λ }λ∈P1(K) separates

P(B) from Q(B). �

We may visualise the structure of the Auslander–Reiten quiver Γ(modB)
of a concealed algebra B of Euclidean type Q as follows

3.5. Corollary. Let B be a concealed algebra of a Euclidean type Q and
let TT B = {T B

λ }λ∈P1(K) be the family of all stable tubes of Γ(mod B).
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(a) If rB
λ is the rank of the tube T B

λ , for λ ∈ P1(K), then∑
λ∈P1(K)

(rB
λ − 1) = n − 2,

where n is the rank of the Grothendieck group K0(B) of B.
(b) The family T B contains at most 3 non-homogeneous tubes T B

λ , and

• TT B contains exactly 3 non-homogeneous tubes if the underlying Eu-
clidean graph Q of Q is one of the graphs D̃m, with m ≥ 4, Ẽ6, Ẽ7

or Ẽ8,
• TT B contains exactly 2 non-homogeneous tubes if Q = Ãm, m ≥ 3,

p = min{p′, p′′} ≥ 2 and q = max{p′, p′′} ≥ 2,

where p′ and p′′ is the number of counterclockwise-oriented arrows
in Q and clockwise-oriented arrows in Q, respectively,

• TT B contains exactly 1 non-homogeneous tube if Q = Ãm, m ≥ 2,
p = min{p′, p′′} = 1 and q = max{p′, p′′} ≥ 2, and

• TT B consists of homogeneous tubes if and only if Q = Ã1, that is, Q
is the Kronecker quiver ◦ ←−−−−−−←−−−−−−◦.

Proof. Apply (3.4). �

3.6. Corollary. Let B be a concealed algebra of a Euclidean type Q, let
TT B = {T B

λ }λ∈P1(K) be the family of all stable tubes of Γ(mod B), and M

be an indecomposable B-module. Fix λ ∈ P1(K) and denote by rB
λ the rank

of the tube T B
λ .

(a) If M is postprojective, then HomB(M, X) 
= 0, for any indecompos-
able B-module X in the tube T B

λ such that r�(X) ≥ rB
λ .

(b) If M is preinjective, then HomB(X, M) 
= 0, for any indecomposable
B-module X in the tube T B

λ such that r�(X) ≥ rB
λ .

Proof. We only prove the statement (a), because the proof of (b) is
similar.

Assume that M is a postprojective indecomposable B-module and let
f : M −−−−→ E be an injective envelope of M in modB. The injective mod-
ule E is preinjective, because the preinjective component Q(B) of Γ(modB)
contains all the indecomposable injective B-modules, by (3.4)(a). It fol-
lows that the homomorphism f admits a factorisation through a module in
add T B

λ , because the family TT B separates the component P(B) from Q(B),
again by (3.4)(a). Hence, there exists an indecomposable B-module L in
the tube T B

λ such that HomB(M, L) 
= 0. Then, by applying (X.1.9)(b),
we conclude that there exists an indecomposable module E′ lying on the
mouth of the tube T B

λ such that HomB(M, E′) 
= 0.
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Let rλ = rB
λ , and let E1, . . . , Erλ

be pairwise non-isomorphic B-modules
lying on the mouth of the tube T B

λ . Assume that

τE1 ∼= Erλ
, τE2 ∼= E1, . . . , τErλ

∼= Erλ−1.

Without loss of generality, we may assume that E′ = Erλ
.

Because HomB(M, Erλ
) 
= 0 and the module M is not in the tube

T B
λ then, according to (X.1.8)(b), there exists a non-zero homomorphism

hj : M −−−−−−→ Ej [rλ−j+1], for any j ∈ {1, . . . , rλ}. Take now an arbi-
trary indecomposable module X in the tube T B

λ such that r�(X) ≥ rλ. Then
there exist j ∈ {1, . . . , rλ} and a monomorphism gj : Ej [rλ−j+1] −−−−→ X.
It follows that the composite homomorphism gjhj : M −−−−→ X is non-
zero, that is, HomB(M, X) 
= 0. This finishes the proof. �

We finish this section by a theorem that establishes some properties of
the separating family of stable tubes of any concealed algebra of Euclidean
type that are stronger than the properties collected in (3.4). In the proof,
we use the following terminology and notation introduced in Chapter VI.

Let A be an arbitrary algebra and M , N be modules in mod A.

• The module M is said to be generated by N if there exist an
integer d ≥ 1 and an epimorphism Nd −→ M of A-modules, where
Nd = N ⊕ . . . ⊕ N is the direct sum of d copies of N .

• Dually, the module M is cogenerated by N if there exist an integer
d ≥ 1 and a monomorphism M −→ Nd of A-modules.

• The module N is faithful if its right annihilator

AnnN ={a ∈ A; Na = 0}
vanishes.

Obviously, AnnN = {a ∈ A; Na = 0} is a two-sided ideal of A. It is
proved in (VI.2.2) that an A-module N is faithful if and only if the right
module AA is cogenerated by N , or equivalently, if and only if the right
module D(A)A is generated by N .

3.7. Theorem. Let B be a concealed algebra of a Euclidean type Q, let

TT B = {T B
λ }λ∈P1(K)

be the family of all stable tubes of Γ(mod B), and M be a B-module. Fix
an element λ ∈ P1(K).

(a) If M is postprojective, then M is cogenerated by all but a finite
number of indecomposable modules X of the stable tube T B

λ .
(b) If M is preinjective, then M is generated by all but a finite number

of indecomposable modules X of the stable tube T B
λ .
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Proof. We only prove the statement (a), because the proof of (b) is
similar.

Assume that M is a postprojective B-module. Let f : M −→ E(M) be
an injective envelope of M in modB.

We recall from (3.4) that the family TT B separates the postprojective
component P(B) from the preinjective component Q(B) of the Auslander–
Reiten quiver Γ(modB) of B. Because M ∈ addP(B) and E(M) ∈
addQ(B) then, by (3.4), there exists a module

Rλ ∈ add T B
λ

and two homomorphisms of B-modules

M
g−−−−→ Rλ

h−−−−→ E(M)

such that f = hg. Moreover, g is a monomorphism, because f is a monomor-
phism.

Ler r = rB
λ ≥ 1 be the rank of the tube T B

λ and let E1, E2, . . . , Er be
the pairwise non-isomorphic modules lying on the mouth of T B

λ . It follows
from (XI.3.4) that addT B

λ is a uniserial abelian subcategory of modB with
the indecomposable modules of the form Ei[j], where j ≥ 1, i ∈ {1, . . . , r}
and Ei[1] = Ei. By (X.1.3), for each i ∈ {1, . . . , r}, there exist

• an irreducible monomorphism uij : Ei[j − 1] −→ Ei[j] and an irre-
ducible epimorphism pij : Ei[j] −→ Ei[j − 1], for j ≥ 2,

• an almost split sequence

0 −→Ei[1] ui2−−−−→ Ei[2]−−−−→ Ei+1[1]−→ 0,

in modB, and
• an almost split sequence

0 −−−−→ Ei[j−1]

[
pi,j−1

uij

]
−−−−−−→ Ei+1[j−2] ⊕ Ei[j]

[ ui+1,j−1 pij ]−−−−−−−−→ Ei+1[j−1] −−−−→ 0

in modB, for j ≥ 3, where we set Er+1 = E1.
Because the tube T B

λ is standard, any non-zero non-isomorphism between
indecomposable modules in T B

λ is a K-linear combination of the irreducible
morphisms uij and pij . Observe also that, for each i ∈ {1, . . . , r}, there is
an infinite chain of irreducible monomorphisms

(∗i) Ei = Ei[1] ui1−→ Ei[2] ui3−→ Ei[3] −→ · · · −→ Ei[j−1]
uij−→ Ei[j] −→ · · ·



132 Chapter XII. Regular modules over concealed algebras

induced by the ray of the stable tube T B
λ starting at Ei.

Given i ∈ {1, . . . , r}, we consider the family Ei consisting of the modules
Ei[j], with j ≥ 1. Fix a decomposition

Rλ = N1 ⊕ N2 ⊕ . . . ⊕ Nm

of the module Rλ into a direct sum of indecomposable modules N1, . . . , Nm

from the tube T B
λ . Then the homomorphism g has the form

g =

⎡⎣ g1

g2

...
gm

⎤⎦ : M −−−−−−−−→ N1 ⊕ N2 ⊕ . . . ⊕ Nm = Rλ,

where gs ∈ HomB(M, Ns), for s = 1, . . . , m.
Because the module M is postprojective, it has no non-zero direct sum-

mands lying in the tube T B
λ . Then, for any integer k ≥ 1 and any s ∈

{1, . . . , m}, the homomorphism gs : M −→Ns has a factorisation
M

gs−−−−−−−−→ Ns

gsk↘ ↗hsk

Nsk

with a module Nsk in add T B
λ such that the restriction of the homomor-

phism hsk : Nsk −→Ns to any indecomposable direct summand of Nsk is a
K-linear combination of k irreducible morphisms of the form uij and pij .
Because there is a common bound of the regular lengths of the modules
N1, N2, . . . , Nm then, invoking the standardness of the tube T B

λ again, we
infer that, given i ∈ {1, . . . , r} and s ∈ {1, . . . , m}, there exist a module
Zis in add Ei and two homomorphisms vis : M −→Zis and wis : Zis −→Ns

of B-modules such that gs = wisvis. If we set Zi = Zi1 ⊕ . . . ⊕ Zim and

vi =

⎡⎣ vi1

vi2

...
vim

⎤⎦ : M −−−−−−→ Zi, wi =

⎡⎢⎣
wi1 0 ... 0
0 wi2 ... 0
...

. . .
...

0 0 ... wim

⎤⎥⎦ : Zi −−−−−−→ Rλ

then g : M −→Rλ has the factorisation gs = wivi. It follows that vi :
M −→Zi is a monomorphism. Because the indecomposable direct sum-
mands of Zi lie on the ray (∗i) starting from Ei[1] = Ei and the irre-
ducible morphisms uij : Ei[j − 1] −→ Ei[j] in (∗i) are monomorphisms,
then there are integers qi ≥ 1 and ji ≥ 1 such that there is a monomor-
phism ϕij : Zi −→Ei[j]qi , for each j ≥ ji and i ∈ {1, . . . , r}, where r = rB

λ .
This shows that the module M is cogenerated by each of the indecompos-

able modules Ei[j], with j ≥ ji and i ∈ {1, . . . , rB
λ }. It follows that all but

a finite number of the indecomposable modules in the tube T B
λ cogenerate

the module M . The proof is complete. �
The following important corollary is a consequence of (3.7).
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3.8. Corollary. Let B be a concealed algebra of a Euclidean type Q, and
let

TT B = {T B
λ }λ∈P1(K)

be the family of all stable tubes of Γ(mod B). For any fixed λ ∈ P1(K), all
but a finite number of indecomposable modules of the tube T B

λ are faithful.

Proof. Fix a tube T B
λ of the family TT B . It follows from (3.7) that

the postprojective B-module BB is cogenerated by all but a finite number
of the indecomposable modules of the tube T B

λ . It follows that all but a
finite number of the indecomposable modules of the tube T B

λ are faithful,
by (VI.2.2).

XII.4. A controlled property of the Euler form
of a concealed algebra of Euclidean type

We recall from (VII.5.10), (VIII.4.3) and (IX.3.3) that, if B is the path
algebra of a Dynkin quiver, or more generally a representation-finite tilted
algebra, then the map X �→ dimX induces a bijection between the set
of isoclasses of indecomposable B-modules and the set of all positive roots
of the Euler quadratic form qB : K0(B) −→ Z of B. On the other hand,
we have seen in the previous sections that for concealed algebras C of Eu-
clidean types we may have even infinitely many pairwise non-isomorphic
indecomposable modules having the same dimension vector. However, the
module category mod C of C is controlled by the Euler quadratic form
qC : K0(C) −→ Z of C in the following sense.

4.1. Definition. Assume that A is a basic connected algebra of finite
global dimension, qA : K0(A) −−−−→ Z is the Euler quadratic form of A,
and Q = QA the ordinary quiver of A with Q0 = {1, . . . , n}, where n ≥ 1
is the rank of the Grothendieck group K0(A) of A.

(a) A vector x = [x1 . . . xn]t ∈ K0(A) = Zn is defined to be connected
if the full subquiver of Q, whose vertices are all j ∈ Q0 such that
xj 
= 0, is connected.

(b) The category modA is defined to be link controlled by the qua-
dratic form qA : K0(A) −→ Z if the following three conditions are
satisfied.

(b1) For any indecomposable A-module X, we have
qA(dimX) ∈ {0, 1}.

(b2) For any connected positive vector x ∈ K0(A) with qA(x) = 1
there is precisely one indecomposable A-module X, up to
isomorphism, such that dimX = x.



134 Chapter XII. Regular modules over concealed algebras

(b3) For any connected positive vector x∈K0(A), with qA(x)=0,
there is an infinite family {Xλ}λ∈Λ of pairwise non-isomor-
phic indecomposable A-modules Xλ such that dimXλ = x,
for any λ ∈ Λ.

(c) The category mod A is defined to be controlled by the quadratic
form qA : K0(A) −→ Z if the following three conditions are satisfied.

(c1) For any indecomposable A-module X in modA, we have
qA(dimX) ∈ {0, 1}.

(c2) For any positive vector x ∈ K0(A), with qA(x) = 1, there is
precisely one indecomposable A-module X, up to isomor-
phism, such that dimX = x.

(c3) For any positive vector x ∈ K0(A), with qA(x) = 0, there is
an infinite family {Xλ}λ∈Λ of pairwise non-isomorphic inde-
composable A-modules Xλ such that dimXλ = x, for any
λ ∈ Λ.

We note that modA is link controlled by qA if it is controlled by qA in
the sense of Ringel [215, p.79]. Then our definition of a module category
mod A controlled by qA differs from that one introduced in [215]. In (6.2)
of Chapter XVII, we give an example of an algebra B such that B is a
tubular extension of the Kronecker algebra, the module category modB is
link controlled by qB , but modB is not controlled by qB .

We recall from (VI.4.7), (VII.4.2), and (XI.3.7) that, if B is a concealed
algebra of Euclidean type, then the Euler quadratic form qB : K0(B) −→ Z

of B is positive semidefinite of corank 1 and there is a positive generator of
the group rad qB , that is, a unique positive vector hB ∈ K0(B) such that
rad qB = Z · hB . Recall also that, for a regular B-module X, we denote by
r�(X) the regular length of X, in the serial category addR(B).

4.2. Theorem. Let B be a concealed algebra of Euclidean type and let

TT B = {T B
λ }λ∈P1(K)

be the unique tubular P1(K)-family of stable tubes T B
λ separating the post-

projective component P(B) from the preinjective component Q(B). Let hB

be the positive generator of rad qB, where

qB : K0(B) −−−−→ Z

is the Euler quadratic form of B.
(a) If X is an indecomposable B-module lying in a tube T B

λ of rank
rB
λ ≥ 1, where λ ∈ P1(K), then

dimX = m · hB if and only if r�(X) = m · rB
λ .
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(b) The category mod B is link controlled by the quadratic form
qB :K0(C)−→Z.

(c) For any positive vector x ∈ K0(B) with qB(x) = 0, there is a P1(K)-
family {Xλ}λ∈P1(K) of pairwise non-isomorphic indecomposable B-
modules Xλ such that Xλ lies in the tube T B

λ and dimXλ = x, for
any λ ∈ P1(K).

Proof. Let X be an indecomposable B-module. If X is postprojective
or preinjective then X is directing, and, consequently, qB(dimX) = 1, by
(IX.1.5).

Assume that X is regular, say X belongs to a tube T B
λ of rank rB

λ . We
conclude from (XI.3.6) that

qB(dimX) ∈ {0, 1}, and qB(dimX) = 0

if and only if r�(X) is divisible by rB
λ . We claim now that the equality

r�(X) = rB
λ implies dimX = hB .

We know from (3.1) that B ∼= EndA(T ′), for a postprojective tilting
module T ′ over the path algebra A = KΔ of a quiver

Δ∈{Δ(Ãp,q), with 1 ≤ p ≤ q, Δ(D̃m), withm ≥ 4, Δ(Ẽ6), Δ(Ẽλ), Δ(Ẽ8)}.

Let C ∼= EndA(T ′′) be the associated canonical algebra of type Δ, where T ′′

is a postprojective tilting A-module. Observe that the category addR(A) is
contained in each of the torsion class T (T ′) and T (T ′′), that are determined
by the postprojective tilting A-modules T ′ and T ′′.

Then, it follows from (VI.4.3) and (VI.4.5) that there are group isomor-
phisms f : K0(A) −−−−→ K0(B) and g : K0(A) −−−−→ K0(C) such that

f(dimM) = dimHomA(T ′, M),

g(dimM) = dimHomA(T ′′, M) and

qB(f(dimM)) = qA(dimM) = qC(g(dimM)),

for any module M from addR(A). Let

TT C = {T C
λ }λ∈P1(K)

be the tubular family described in (2.7), for C = C(p, q), and in (2.11), for
C = C(p, q, r), where (p, q, r) is any of the triples (2, 2, m − 2), with m ≥ 4,
(2, 3, 3), (2, 3, 4), or (2, 3, 5). We recall from (2.13) that the regular part
R(C) of Γ(modC) consists of the tubes T C

λ from TT C .
By (3.4), there exists a tubular family

TT A = {T A
λ }λ∈P1(K)



136 Chapter XII. Regular modules over concealed algebras

of stable tubes such that R(A) consists of the tubes T A
λ from TT A. Similarly,

there exists a tubular family

TT B = {T B
λ }λ∈P1(K)

of stable tubes such that R(B) consists of the tubes T B
λ from TT B . It follows

from (VII.4.5) that, the tubular families TT B and TT C are the images of
the tubular family TT A under the functors HomA(T ′,−) and HomA(T ′′,−),
respectively.

We recall from (1.18) and (2.14) that

rad qC = Z · hC

and, for each C-module Z of the regular length rB
λ in the tubes T C

λ , we
have dimZ = hC .

It follows that the vector h′ = g−1(hC) generates the group rad qA and
the vector

h′′ = fg−1(hC) = f(h′)

generates the group rad qB . Moreover, h′ is the dimension vector of all A-
modules Y of regular length rB

λ in the tubes T A
λ and h′′ is the dimension

vector of all B-modules X of regular length rB
λ in the tubes T B

λ . It follows
that h′ is a positive generator of the group rad qA = Z · hQ (see (VII.4.2))
and h′′ is a positive generator of the group rad qB = Z · hB . Hence we
conclude that

h′′ = hB , h′ = hQ, and dimX = hB ,

for every B-module X of the regular length rB
λ in a tube T B

λ . Furthermore,
it follows from (XI.3.10) that, for each B-module X in T B

λ , we have r�(X) =
m · rB

λ if and only if dimX = m · hB . This proves the statement (a).
To prove (b), it remains to show that the conditions (b) and (c) of (4.1)

are satisfied.
Let x ∈ K0(B) be a positive vector such that qB(x) = 1. Clearly

then x = dimX for some B-module X. Choose such a module X with
dimKEndB(X) minimal. Let

X = X1 ⊕ . . . ⊕ Xt

be a decomposition of X into a direct sum of indecomposable B-modules.
If t = 1, then x = dimX = dimX1, and there is nothing to show.
Assume that t ≥ 2. It follows from (VIII.2.8) and our minimality as-

sumption that Ext1B(Xi, Xj) = 0, for all i 
= j, see also (XIV.2.3) for more
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details. Because B is tilted, then gl.dimB ≤ 2 and we have the following
equalities

1 = qB(x)

= qB(dimX)

= χB(X, X)

= dimKEndB(X) − dimKExt1B(X, X) + dimKExt2B(X, X)

=
∑
i �=j

[
dimKHomB(Xi, Xj) + dimKExt2B(Xi, Xj)

]
+

t∑
i=1

[
dimKEndB(Xi) − dimKExt1B(Xi, Xi) + dimKExt2B(Xi, Xi)

]
=
∑
i �=j

[
dimKHomB(Xi, Xj) + dimKExt2B(Xi, Xj)

]
+

t∑
i=1

χB(Xi, Xi)

=
∑
i �=j

[
dimKHomB(Xi, Xj) + dimKExt2B(Xi, Xj)

]
+

t∑
i=1

qB(dimXi).

Now we show that there exists i such that 1 ≤ i ≤ t and qB(dimXi) = 1.
Suppose to the contrary that qB(dimXi) = 0, for any i ∈ {1, . . . , t}. Then
X1, . . . , Xt are indecomposable regular modules, say Xi belongs to T B

λi
,

where i ∈ {1, . . . , t}. Moreover, qB(dimXi) = 0 implies that the regular
length r�(Xi) of Xi is greater or equal than the rank of T B

λi
. Hence, if

λi = λj , for some i 
= j, then HomB(Xi, Xj) 
= 0 and HomB(Xi, Xj) 
= 0.
It follows that ∑

i �=j

dimKHomB(Xi, Xj) ≥ 2,

and we get a contradiction. On the other hand, if the modules X1, . . . , Xt

lie in pairwise different tubes, then∑
i �=j

dimKHomB(Xi, Xj) = 0.

Moreover, because pd Z ≤ 1 and idZ ≤ 1, for any indecomposable regular
B-module Z, see (VIII.4.5) and (XI.3.3)(e), then∑

i �=j

dimKExt2B(Xi, Xj) = 0,

and again we get a contradiction. This shows that there exists i ∈ {1, . . . , t}
such that qB(dimXi) = 1.

Without lost of generality, we may assume that i = 1. Consequently, we
have

• qB(dimXi) = 0, for i ∈ {2, . . . , t}, and
•
∑
i �=j

[
dimKHomB(Xi, Xj) + dimKExt2B(Xi, Xj)

]
= 0.
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In particular, again, if 2 ≤ i ≤ t, then Xi ∈ T B
λi

, for some λi ∈ P1(K), and
the regular length r�(Xi) of Xi is greater than or equal to the rank of T B

λi
.

Invoking now (3.6), we conclude that the module X1 also belongs to a
tube T B

λ1
, for some λ1 ∈ P1(K) \ {λ2, . . . , λr}. We know also from the first

part of our proof, (XI.3.6), and (XI.3.7) that, for each i ∈ {2, . . . , t}, we
have dimXi = mi · hB , where mi · rλi

= r�(Xi) is a positive integer. Then

x = dimX =
∑

1≤i≤t

dimXi = dimX1 + m · hB ,

where m = m2+. . .+mt. Let r = rB
λ1

be the rank of the tube T B
λ1

containing
the module X1. Consider now the ray

E = E[1] −→ E[2] −→ · · · −→ E[l] −→ E[l + 1] −→ · · ·

in the tube T B
λ1

, with E lying on the mouth of Tλ1 , containing the module
X1, say X1 = E[l], for some l ≥ 1.

We set M = E[l + mr]. Because dimE[sr] = s · hB , for any s ≥ 1, then

dimM = dimE[l+mr]

= dimE[l] + dimE[mr]
= dimX1 + m · hB

= x.

It follows that M is a required indecomposable B-module such that
dimM = x.

It remains to prove that, if X is an indecomposable B-module such that
qB(dimX) = 1, then X is uniquely determined (up to isomorphism) by
dimX. If X is postprojective or preinjective, then X is directing and
(IX.3.1) applies; but if X is regular, then (XI.3.12) applies. This completes
the proof of (b).

(c) Let x ∈ K0(B) be a positive vector such that qB(x) = 0. Then
x ∈ rad qB = Z · hB , that is, x = m · hB , for some integer m ≥ 1.

Given λ ∈ P1(K), choose an indecomposable module Xλ in the tube T B
λ

of regular length m · rB
λ . Then it follows from (a) that

dimXλ = m · hB .

Obviously, Xλ 
∼= Xμ, for λ 
= μ, because the tubes T B
λ and T B

μ are different.
This finishes the proof of (c) and completes the proof of the theorem. �
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XII.5. Exercises

1. Let (p, q, r) be a triple of positive integers such that r ≥ q ≥ p ≥ 2 and
let C(p, q, r) = KΔ(p, q, r)/I(p, q, r) be the algebra defined in (1.2) Show
that

(a) pdS(j) ≤ 1, for any j 
= ω;
(b) gl.dimC(p, q, r) = 2.
Hint: Apply the arguments used in the proof of (1.4).

2. Let C = C(p, q, r) be one of the canonical K-algebras C(2, 2, m−2),
with m ≥ 4, C(2, 3, 3), C(2, 3, 4), C(2, 3, 5) of Euclidean type.

(a) Compute the Coxeter matrix of the algebra C and the Coxeter trans-
formation ΦC : K0(C) −−−−→ K0(C) of C.

(b) Show that ΦC(hC) = hC , where hC ∈ K0(C) is the canonical radi-
cal vector with the identity coordinate over each vertex of the quiver
Δ(p, q, r) of C.

3. Let C = C(p, q), where q ≥ p ≥ 1.
(a) Under the notation of (2.8), prove that, for each i ∈ {1, . . . , p},

there exists an isomorphism τCE
(∞)
i+1

∼= E
(∞)
i of right C-modules.

(b) Show that the regular C-modules E
(∞)
p , E

(0)
q and E(λ), with λ ∈

K \ {0}, are simple regular. Hint: Follow the proof of (2.8).

4. Let C = C(p, q, r), where (p, q, r) is any of the triples (2, 2, m − 2),
with m ≥ 4, (2, 3, 3), (2, 3, 4), or (2, 3, 5). Under the notation of (2.12),
prove that there exist isomorphisms of right C-modules:

(a) τCE
(∞)
2

∼= E
(∞)
1 and τCE

(∞)
1

∼= E
(∞)
2 ,

(b) τCE
(1)
i+1

∼= E
(1)
i , for each i ∈ {1, . . . , p},

(c) τCE
(0)
j+1

∼= E
(0)
j , for each j ∈ {1, . . . , q},

(d) τCE
(1)
t+1

∼= E
(1)
t , for each t ∈ {1, . . . , r}, and

(e) τCE(λ) ∼= E(λ), for each λ ∈ K \ {0, 1}.

Show that each of the modules E
(∞)
1 , E

(∞)
2 , E

(1)
i , with i ∈ {1, . . . , p}, E

(0)
j ,

with j ∈ {1, . . . , q}, and E(λ), with λ ∈ K \ {0, 1}, is simple regular.
Hint: Follow the proof of (2.12).

5. Let C = C(p, q), where q ≥ p ≥ 1. Describe the dimension vectors of
the indecomposable regular C-modules.

Hint: Apply (XI.3.10) and (2.8).

6. Let C = C(p, q, r), where (p, q, r) is any of the triples (2, 2, m − 2),
with m ≥ 4, (2, 3, 3), (2, 3, 4), or (2, 3, 5). Describe the dimension vectors of
the indecomposable regular C-modules.
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Hint: Apply (XI.3.10) and (2.12).

7. Let B be the algebra given by the quiver
◦γ↙ ◦

◦ ↘α ξ↙ ↘ρ

σ

⏐⏐
 ◦−→◦←−◦ ◦
◦ ↙β η↘ ↙ν

δ↘ ◦
◦

bound by two commutativity relations αβ = γσδ and ξη = ρν.

(a) Show that B is a concealed algebra of the Euclidean type D̃9.
(b) Describe the dimension vectors dimM ∈ Z10 of the indecomposable

regular B-modules M .
Hint: Apply the criterion (XI.5.1).

8. Let B be the algebra given by the quiver

◦ α←−−−−◦ ν−−−−→◦
β

⏐⏐⏐⏐
 γ

⏐⏐⏐⏐
 ξ

⏐⏐⏐⏐

◦ ←−−−−

σ
◦ −−−−→

η
◦⏐⏐⏐⏐


◦

bound by two commutativity relations αβ = γσ and νγ = ξη.

(a) Show that B is a concealed algebra of the Euclidean type Ẽ6.
(b) Describe the dimension vectors dimM ∈ Z7 of the indecomposable

regular B-modules M .

9. Let B be the algebra given by the quiver

◦ α←−−−−◦ δ−−−−→◦
β

⏐⏐⏐⏐
 σ

⏐⏐⏐⏐

⏐⏐⏐⏐
ε

◦ ←−−−−
γ

◦ −−−−→
ρ

◦
ν

�⏐⏐⏐⏐
�⏐⏐⏐⏐η

◦ −−−−→
ξ

◦

bound by two commutativity relations αβ = σγ, σδ = δε, and νρξη.

(a) Show that B is a concealed algebra of the Euclidean type Ẽ7.
(b) Describe the dimension vectors dimM ∈ Z8 of the indecomposable

regular B-modules M .
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10. Let B be the algebra given by the quiver

◦←−−−−◦ α←−−−−◦
β

⏐⏐⏐⏐

⏐⏐⏐⏐
γ

◦ ←−−−−
η

◦ −−−−→
ν

◦
ξ

�⏐⏐⏐⏐
�⏐⏐⏐⏐σ

◦ −−−−→
ρ

◦�⏐⏐⏐⏐
◦

bound by the relations ξη = 0, αβ = γη, and ξν = ρσ.

(a) Show that B is a concealed algebra of the Euclidean type Ẽ8.
(b) Describe the dimension vectors dimM ∈ Z9 of the indecomposable

regular B-modules M .

11. Let B be a concealed algebra of the Euclidean type and T a stable
tube in the Auslander–Reiten quiver Γ(modB) of B. Prove that all but
finitely many indecomposable B-modules in T are faithful.

Hint: Apply (VI.2.2) and (3.4).

12. Let A =
[

K 0
K2 K

]
be the Kronecker algebra and let

TT A = {T A
λ }λ∈P1(K)

be the P1(K)-family of pairwise orthogonal standard stable tubes T B
λ de-

scribed in (XI.4). Show that all modules lying on the mouth of the rank
one tubes of TT A are not faithful.

13. Let B be the algebra given by the quiver

bound by the three relations γα = 0, ρβ = 0, and σα = σβ.
(a) Show that Γ(modB) admits a preinjective component Q containing

all the indecomposable injective modules.
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(b) Show that Γ(modB) admits a postprojective component P contain-
ing exactly two indecomposable projective modules.

(c) Show that B is a tilted algebra of the Euclidean type D̃4, but it is
not a concealed algebra of Euclidean type.
Hint: Apply the criteria (VIII.5.6) and (XI.5.1).

14. Let B be the algebra given by the quiver

◦
α1↙ ↖α2

◦ ←−
β1

◦←−
β2

◦←−
β3

◦
γ1↖ ↙γ3◦←−−−−−−

γ2
◦

σ

⏐⏐
 ⏐⏐
ρ

◦ ◦

bound by the relations α2α1 + β3β2β1 + γ3γ2γ1, γ2σ = 0, and γ3ρ = 0.
(a) Show that Γ(modB) admits a postprojective component P contain-

ing all the indecomposable projective modules.
(b) Show that Γ(modB) admits a preinjective component Q containing

all the indecomposable injective modules except two of them.
(c) Show that B is a tilted algebra of the Euclidean type Ẽ8, but it is

not a concealed algebra of Euclidean type.
Hint: Apply the criteria (VIII.5.6) and (XI.5.1).



Chapter XIII

Indecomposable modules and
tubes over hereditary algebras

of Euclidean type

The aim of this chapter is to present a classification of indecompos-
able A-modules and a detailed description of the Auslander–Reiten quiver
Γ(mod A) of any hereditary path algebra

A = KQ

of a finite acyclic quiver Q whose underlying graph Q is Euclidean. It
follows from the structure theorem (XII.3.4) that the quiver Γ(modA) has
the disjoint union form

Γ(mod A) = P(A) ∪ R(A) ∪ Q(A),

and can be visualised as follows

where P(A) is the unique postprojective component containing all the inde-
composable projective A-modules, Q(A) is the unique preinjective compo-
nent containing all the indecomposable injective A-modules, and the regular
part R(A) is a P1(K)-family

TT A = {T A
λ }λ∈P1(K)

of stable tubes separating P(A) from Q(A). At most 3 of the tubes in TT A

are of rank ≥ 2, the remaining ones are of rank 1.

143
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The procedure presented in the proof of (IX.4.5) provides us with an
efficient tool for a description of the components P(A), Q(A) and their
indecomposable modules. Furthermore, it was shown in Section X.2 that
the regular A-modules in a tube T A

λ can be constructed by means of the
simple regular modules in T A

λ . It follows that a classification of tubes and
their indecomposable modules reduces to the classification of simple regular
A-modules. Moreover, we know from (2.4)(a) below that, by applying the
reflection functors, the problem reduces to the case when Q is a Euclidean
graph Δ equipped with a particular admissible orientation of its edges.
Therefore, we restrict our considerations to a quiver Δ which is one of the
canonically oriented Euclidean quivers

Δ(Ãp,q), with 1 ≤ p ≤ q, Δ(D̃m), with m ≥ 4, Δ(Ẽ6), Δ(Ẽ7), Δ(Ẽ8)

presented in Table 1.1 below, compare with Section XII.1.
In the first two sections, for each such a quiver Δ = (Δ0, Δ1), we compute

the Coxeter matrix
ΦKΔ ∈ Mn(Z)

of the path algebra KΔ and the defect

∂KΔ : K0(KΔ) −−−−→ Z

of KΔ, where K0(KΔ) ∼= Zn is the Grothendieck of the algebra KΔ and
n = |Δ0|.

We also present a complete list of pairwise non-isomorphic simple regular
KΔ-modules and, by applying the tilting theory and the results of the
previous chapters, we describe all tubes T A

λ , where λ ∈ P1(K), in the regular
part R(KΔ) of Γ(mod KΔ). We show that the tubular type

mΔ = (m1, . . . , ms)

of the family TT A = {T A
λ }λ∈P1(K) equals (p, q), (2, 2, m−2), (2, 3, 3), (2, 3, 4),

and (2, 3, 5), if Δ is the quiver Δ(Ãp,q), with 1 ≤ p ≤ q, Δ(D̃m), with m ≥ 4,
Δ(Ẽ6), Δ(Ẽ7), and Δ(Ẽ8), respectively.

In the third section we consider in details the case, when Q is the quiver
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of the Euclidean type D̃4. In this case, we give a complete description of
the indecomposable modules over the path algebra KQ and we construct
all the standard stable tubes in the P1(K)-family

TT KQ = {T KQ
λ }λ∈P1(K).

We show that three of the tubes in TT KQ are of rank 2, and the remaining
ones are of rank 1.

In other words, we give a solution of the problem of classifying the in-
decomposable K-linear representations of the four arrows quiver Q shown
above, known as a four subspace problem, and solved by Gelfand and
Ponomariev in [97].

XIII.1. Canonically oriented Euclidean quivers,
their Coxeter matrices and the defect

Throughout this section, K is an algebraically closed field, Δ is any of
the canonically oriented Euclidean quivers Δ(Ãp,q), with q ≥ p ≥ 1, Δ(D̃m),
with m ≥ 4, Δ(Ẽ6), Δ(Ẽ7), and Δ(Ẽ8) presented in Table 1.1 below, and

A = KΔ

is the path algebra of the quiver Δ. We also agree, as in previous chapters,
that

P1(K) = K ∪ {∞}

is a projective line over K.
Our main aim of this section is to present, for each Δ, a complete list of

simple regular A-modules, and, as a consequence of our results in Chapter
XII, a description of the tubular P1(K)-family

TT A = {T A
λ }λ∈P1(K)

of all regular components of the Auslander–Reiten quiver Γ(modA) of A.
We start by presenting in (1.1) below a list of particularly oriented Eu-

clidean quivers Δ(Ãp,q), Δ(D̃m), Δ(Ẽ6), Δ(Ẽ7), and Δ(Ẽ8), called
canonically oriented Euclidean quivers. They have appeared already
in Chapter XII as a tool in our study of canonical algebras of Euclidean
type and their regular components.
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1.1. Table. Canonically oriented Euclidean quivers

Δ(Ãp,q) :

1 ←− 2 ←− · · · ←− p − 1
↙ ↖

0 p+q−1, 1 ≤ p ≤ q.

↖ ↙
p ←− p+1 ←− · · · ←− p+q−2

Δ(D̃m) :

1 m
↖ ↙

3 ←− 4 ←− · · · ←− m − 1 , m ≥ 4.

↙ ↖
2 m + 1

Δ(Ẽ6) :

5⏐

4⏐


3 −→ 2 −→ 1 ←− 6 ←− 7.

Δ(Ẽ7) :
5⏐


4 −→ 3 −→ 2 −→ 1 ←− 6 ←− 7 ←− 8.

Δ(Ẽ8) :
4⏐


3 −→ 2 −→ 1 ←− 5 ←− 6 ←− 7 ←− 8 ←− 9.



XIII.1. Canonically oriented Euclidean quivers 147

Now we prove two important technical lemmata.

1.2. Lemma. Let Δ be a canonically oriented Euclidean quiver, n =
|Δ0|, A = KΔ and let ΦA ∈ Mn(Z) be the Coxeter matrix of A.

(a) If Δ = Δ(Ãp,q) and 1 ≤ p ≤ q, then n = p + q and

ΦA =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 1 0 0 ... 0 0 1 0 ... 0 0
−1 0 1 0 ... 0 0 1 0 ... 0 0

−1 0 0 1
... 0 0 1 0 ... 0 0...

...
... ... ... ...

...
...

...
...

...
−1 0 0 0

... 1 0 1 0 ... 0 0

−1 0 0 0
... 0 1 1 0 ... 0 0

−1 0 0 0 ... 0 0 1 0 ... 0 1

−1 1 0 0 ... 0 0 0 1
... 0 0...

...
...

...
...

...
...
... ... ...

...
−1 1 0 0 ... 0 0 0 0

... 1 0

−1 1 0 0 ... 0 0 0 0
... 0 1

−2 1 0 0 ... 0 0 1 0 ... 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Mp+q(Z).

(b) If Δ = Δ(D̃m) and m ≥ 4, then n = m + 1 and

ΦA =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 0 1 0 0 ... 0 0 0 0
0−1 1 0 0 ... 0 0 0 0

−1−1 1 1 0 ... 0 0 0 0

−1−1 1 0 1
... 0 0 0 0...

...
...
...
... ... ... ...

...
...

−1−1 1 0 0
... 1 0 0 0

−1−1 1 0 0 ... 0 1 0 0
−1−1 1 0 0 ... 0 0 1 1
−1−1 1 0 0 ... 0 0 0 1
−1−1 1 0 0 ... 0 0 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Mm+1(Z).

(c) If Δ = Δ(Ẽ6), then n = 7 and

ΦA =

⎡⎢⎢⎢⎢⎣
−1 1 0 1 0 1 0
−1 0 1 1 0 1 0
−1 0 0 1 0 1 0
−1 1 0 0 1 1 0
−1 1 0 0 0 1 0
−1 1 0 1 0 0 1
−1 1 0 1 0 0 0

⎤⎥⎥⎥⎥⎦ ∈ M7(Z).

(d) If Δ = Δ(Ẽ7), then n = 8 and

ΦA =

⎡⎢⎢⎢⎢⎢⎣
−1 1 0 0 1 1 0 0
−1 0 1 0 1 1 0 0
−1 0 0 1 1 1 0 0
−1 0 0 0 1 1 0 0
−1 1 0 0 0 1 0 0
−1 1 0 0 1 0 1 0
−1 1 0 0 1 0 0 1
−1 1 0 0 1 0 0 0

⎤⎥⎥⎥⎥⎥⎦ ∈ M8(Z).
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(e) If Δ = Δ(Ẽ8), then n = 9 and

ΦA =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−1 1 0 1 1 0 0 0 0
−1 0 1 1 1 0 0 0 0
−1 0 0 1 1 0 0 0 0
−1 1 0 0 1 0 0 0 0
−1 1 0 1 0 1 0 0 0
−1 1 0 1 0 0 1 0 0
−1 1 0 1 0 0 0 1 0
−1 1 0 1 0 0 0 0 1
−1 1 0 1 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
∈ M9(Z).

Proof. We recall from (III.3.14) that

ΦA = −Ct
AC−1

A ∈ Mn(Z),

where n = |Δ0| and CA is the Cartan matrix of the path algebra A = KΔ.
(a) Assume that Δ = Δ(Ãp,q) and 1 ≤ p ≤ q. Then the Cartan matrix

CA of A = KΔ and its inverse are the square (p + q) × (p + q) matrices

CA =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 ... 1 1 1 ... 1 2
0 1 1 ... 1 0 0 ... 0 1
0 0 1 ... 1 0 0 ... 0 1...

...
. . . . . .

...
...

...
...

...
...0 0 0 ... 1 0 0 ... 0 1

0 0 0 ... 0 1 1 ... 1 1
0 0 0 ... 0 0 1 ... 1 1...

. . . . . . . . . . . . . . . . . . . . .
...

...
0 0 0 ... 0 0 0 ... 1 1
0 0 0 ... 0 0 0 ... 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Mp+q(Z),

C−1
A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −1 0 0 ... 0 0 −1 0 ... 0 0
0 1 −1 0 ... 0 0 0 0 ... 0 0

0 0 1 −1
. . . 0 0 0 0 ... 0 0...

...
. . . . . . . . . . . .

...
...

...
...

...
0 0 0 0

. . . −1 0 0 0 ... 0 0

0 0 0 0
. . . 1 −1 0 0 ... 0 0

0 0 0 0 ... 0 1 0 0 ... 0−1

0 0 0 0 ... 0 0 1 −1
. . . 0 0...

...
...

...
...

...
. . . . . . . . . . . .

...
0 0 0 0 ... 0 0 0 0

. . . −1 0

0 0 0 0 ... 0 0 0 0
. . . 1−1

0 0 0 0 ... 0 0 0 0 ... 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Mp+q(Z).

Consequently, the Coxeter matrix ΦA ∈ Mp+q(Z) is of the form presented
in (a).

(b) Assume that Δ = Δ(D̃m) and m ≥ 4. Then the Cartan matrix CA
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of A = KΔ and its inverse are the square (m+1) × (m+1) matrices

CA =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 1 1 1 ... 1 1 1 1
0 1 1 1 1 ... 1 1 1 1
0 0 1 1 1 ... 1 1 1 1
0 0 0 1 1 ... 1 1 1 1
0 0 0 0 1 ... 1 1 1 1...

...
...

...
. . . . . .

...
...

...
...

0 0 0 0 0
. . . 1 1 1 1

0 0 0 0 0 ... 0 1 1 1
0 0 0 0 0 ... 0 0 1 0
0 0 0 0 0 ... 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
and C−1

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 −1 0 0 ... 0 0 0 0
0 1 −1 0 0 ... 0 0 0 0
0 0 1 −1 0 ... 0 0 0 0

0 0 0 1 −1
. . . 0 0 0 0...

. . . . . . . . . . . . . . . . . . . . . . . .
...

0 0 0 0 0
. . .−1 0 0 0

0 0 0 0 0
. . . 1 −1 −1 0

0 0 0 0 0 ... 0 1 −1−1
0 0 0 0 0 ... 0 0 1 0
0 0 0 0 0 ... 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Thus, the Coxeter matrix ΦA ∈ Mm+1(Z) has the form required in (b).
(c) Assume that Δ = Δ(Ẽ6). Then the Cartan matrix CA of A = KΔ

and its inverse C−1
A are the square 7 × 7 matrices

CA =

⎡⎢⎢⎢⎢⎣
1 1 1 1 1 1 1
0 1 1 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 1 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 1
0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎦ ∈ M7(Z) and C−1
A =

⎡⎢⎢⎢⎢⎣
1−1 0 −1 0 −1 0
0 1 −1 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 −1 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 −1
0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎦ ∈ M7(Z),

respectively. Consequently, the Coxeter matrix ΦA ∈ M7(Z) has the forms
required in (c).

(d) Assume that Δ = Δ(Ẽ7). Then the Cartan matrix CA of A = KΔ
and its inverse C−1

A are the square 8 × 8 matrices

CA =

⎡⎢⎢⎢⎢⎢⎢⎣

1 1 1 1 1 1 1 1
0 1 1 1 0 0 0 0
0 0 1 1 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 1 1
0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦ ∈ M8(Z) and C−1
A =

⎡⎢⎢⎢⎢⎢⎢⎣

1−1 0 0 −1−1 0 0
0 1 −1 0 0 0 0 0
0 0 1 −1 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 −1 0
0 0 0 0 0 0 1 −1
0 0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦ ∈ M8(Z).

Thus, the Coxeter matrix ΦA ∈ M8(Z) has the form required in (d).
(e) Assume that Δ = Δ(Ẽ8). Then the Cartan matrix CA of A = KΔ

and its inverse C−1
A are the square 9 × 9 matrices

CA =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1 1 1 1 1 1
0 1 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 1 1 1 1
0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 1 1 1
0 0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
and C−1

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1−1 0 −1−1 0 0 0 0
0 1 −1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 −1 0 0 0
0 0 0 0 0 1 −1 0 0
0 0 0 0 0 0 1 −1 0
0 0 0 0 0 0 0 1 −1
0 0 0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
∈ M9(Z).

Then, the Coxeter matrix ΦA ∈ M9(Z) has the form required in (e), and
the proof is complete. �
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1.3. Lemma. Let Δ be a canonically oriented Euclidean quiver,
A = KΔ be the path algebra of Δ and let rad qA be the radical of the Euler
form qA : Zn −−−−→ Z of A, where n = |Δ0|.

(a) The cyclic group rad qA admits a unique positive generator hΔ of the
form

1. . . 1
1 1
1. . . 1

, 1 1
2 . . . 2

1 1
,

1
2

1 2 3 2 1
, 2

1 2 3 4 3 2 1 and 3
2 4 6 5 4 3 2 1

if Δ is the quiver Δ(Ãp,q), Δ(D̃m), Δ(Ẽ6), Δ(Ẽ7) and Δ(Ẽ8), respectively.
(b) The defect number dΔ of Δ and the defect ∂A : Zn −−−−→ Z of A,

with n = |Δ0|, are given by the formulae

• dΔ = lcm(p, q), and ∂A(x) = p+q
gcd(p,q) · (xp+q−1 − x0),

if Δ = Δ(Ãp,q) and 1 ≤ p ≤ q,
• dΔ = m − 2 and ∂A(x) = xm+1 + xm − x2 − x1,

if Δ = Δ(D̃m) and m ≥ 4 is even,
• dΔ = 2(m − 2) and ∂A(x) = 2(xm+1 + xm − x2 − x1),

if Δ = Δ(D̃m) and m ≥ 5 is odd,
• dΔ = 6 and ∂A(x) = −3x1 + x2 + x3 + x4 + x5 + x6 + x7,

if Δ = Δ(Ẽ6),
• dΔ = 12 and ∂A(x) = −4x1 + x2 + x3 + x4 + 2x5 + x6 + x7 + x8,

if Δ = Δ(Ẽ7),
• dΔ = 30 and ∂A(x) = −6x1+2x2+2x3+3x4+x5+x6+x7+x8+x9,

if Δ = Δ(Ẽ8).

Proof. Assume that A = KΔ, where Δ is one of the quivers Δ(Ãp,q),
Δ(D̃m), Δ(Ẽ6), Δ(Ẽ7), and Δ(Ẽ8).

(a) Because the quiver Δ is acyclic then, by (VII.4.1), the Euler quadratic
form qA of A = KΔ equals the quadratic form qΔ and depends only on the
underlying graph Δ of Δ. Then (a) is a consequence of (VII.4.2) applied to
Q = Δ.

(b) We recall from (XI.1.4) that the defect of A = KΔ is the group
homomorphism ∂A : Zn −→ Z such that

ΦdΔ
A (x) = x + ∂A(x) · hΔ,

for all x ∈ Zn, where ΦA : Zn −−−−→ Zn is the Coxeter transformation
of A, n = |Δ0|, and the defect number dΔ = dA is a positive integer
depending on Δ and minimal with respect to these properties. Now, for
each canonically oriented quiver Δ, we determine the defect number dΔ
and the defect ∂A : Zn −−−−→ Z, for A = KΔ.
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1◦ Assume that Δ = Δ(Ãp,q) and 1 ≤ p ≤ q. Because the Coxeter matrix
ΦA ∈ Mp+q(Z) of A = KΔ is of the form shown in (1.2)(a) and

hΔ =
1. . . 1

1 1,
1. . . 1

then a direct calculation shows that, for dΔ = lcm(p, q) and p� q = p+q
gcd(p,q) ,

we have

ΦdΔ
A =

⎡⎢⎢⎢⎢⎣
−p�q+1 0 0 ... 0 0 p�q

−p�q 1 0 ... 0 0 p�q

−p�q 0 1 0 0 p�q...
...
. . . . . . . . .

...
...

−p�q 0 0 1 0 p�q

−p�q 0 0 ... 0 1 p�q

−p�q 0 0 ... 0 0 p�q+1

⎤⎥⎥⎥⎥⎦ ∈ Mp+q(Z).

Moreover, for each vector x = [x0 x1 . . . xp+q−1]t ∈ Zp+q, we have

ΦdΔ
A (x) = x +

p + q

gcd(p, q)
(xp+q−1 − x0) · hΔ,

and dΔ = lcm(p, q) is the minimal positive integer with this property.
This shows that ∂A(x) = p+q

gcd(p,q) (xp+q−1 − x0), and (b) follows in case

Δ = Δ(Ãp,q).
2◦ Assume that Δ = Δ(D̃m) and m ≥ 4. We set

dΔ =
{

2(m − 2), if m is odd, and
m − 2, if m is even.

Because the Coxeter matrix ΦA ∈ Mm+1(Z) of A = KΔ is of the form
shown in (1.2)(b) and hΔ = 1 1

2 . . . 2
1 1

, then

ΦdΔ
A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 −2 0 0 0 ... 0 0 2 2
−2 −1 0 0 0 ... 0 0 2 2
−4 −4 1 0 0 ... 0 0 4 4

−4 −4 0 1 0
. . . 0 0 4 4

−4 −4 0 0 1
. . . 0 0 4 4...

...
...
. . . . . . . . . . . . . . .

...
...

−4 −4 0 0 0
. . . 1 0 4 4

−4 −4 0 0 0
. . . 0 1 4 4

−2 −2 0 0 0 ... 0 0 3 2
−2 −2 0 0 0 ... 0 0 2 3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Mm+1(Z),

if m is odd, and

ΦdΔ
A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −1 0 0 0 ... 0 0 1 1
−1 0 0 0 0 ... 0 0 1 1
−2 −2 1 0 0 ... 0 0 2 2

−2 −2 0 1 0
. . . 0 0 2 2

−2 −2 0 0 1
. . . 0 0 2 2...

...
...
. . . . . . . . . . . . . . .

...
...

−2 −2 0 0 0
. . . 1 0 2 2

−2 −2 0 0 0
. . . 0 1 2 2

−1 −1 0 0 0 ... 0 0 2 1
−1 −1 0 0 0 ... 0 0 1 2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Mm+1(Z),
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if m is even. A direct calculation shows that, for each x ∈ Zm+1, we have

ΦdΔ
A (x) =

{
x + 2(xm+1 + xm − x2 − x1) · hΔ, if m is odd,
x + (xm+1 + xm − x2 − x1) · hΔ, if m is even,

and that dΔ is the minimal positive integer with this property. Hence, we
get

∂A(x) =
{

2(xm+1 + xm − x2 − x1), if m is odd, and
∂A(x) = xm+1 + xm − x2 − x1, if m is even.

3◦ Assume that Δ = Δ(Ẽ6). Because the Coxeter matrix ΦA ∈ M7(Z) of
A = KΔ is of the form shown in (1.2)(c) and hΔ = 1

2
1 2 3 2 1

then, for dΔ = 6,
we get

Φd
A =

⎡⎢⎢⎢⎢⎣
−8 3 3 3 3 3 3
−6 3 2 2 2 2 2
−3 1 2 1 1 1 1
−6 2 2 3 2 2 2
−3 1 1 1 2 1 1
−6 2 2 2 2 3 2
−3 1 1 1 1 1 2

⎤⎥⎥⎥⎥⎦ ∈ M7(Z).

A simple calculation shows that, for each x ∈ Z7, we have

Φ6
A(x) = x + (−3x1 + x2 + x3 + x4 + x5 + x6 + x7) · hΔ,

and dΔ = 6 is the minimal positive integer with this property. This shows
that

∂A(x) = −3x1 + x2 + x3 + x4 + x5 + x6 + x7, and
dΔ = 6.

4◦ Assume that Δ = Δ(Ẽ7). Because the Coxeter matrix ΦA ∈ M8(Z)
of A = KΔ is of the form shown in (1.2)(d) and hΔ = 2

1 2 3 4 3 2 1 then, for
dΔ = 12, we get

ΦdΔ
A =

⎡⎢⎢⎢⎢⎢⎣
−15 4 4 4 8 4 4 4
−12 4 3 3 6 3 3 3
−8 2 3 2 4 2 2 2
−4 1 1 2 2 1 1 1
−8 2 2 2 5 2 2 2
−12 3 3 3 6 4 3 3
−8 2 2 2 4 2 3 2
−4 1 1 1 2 1 1 2

⎤⎥⎥⎥⎥⎥⎦ ∈ M8(Z).

A straightforward calculation shows that, for each vector x ∈ Z8, we have

Φ12
A (x) = x + (−4x1 + x2 + x3 + x4 + 2x5 + x6 + x7 + x8) · hΔ,
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and dΔ = 12 is the minimal positive integer with this property. This shows
that

∂A(x) = −4x1 + x2 + x3 + x4 + 2x5 + x6 + x7 + x8, and
dΔ = 12.

5◦ Finally, we assume that Δ = Δ(Ẽ8). Because the Coxeter matrix
ΦA ∈ M9(Z) of A = KΔ is of the form shown in (1.2)(e) and hΔ =

3
2 4 6 5 4 3 2 1 then, for dΔ = 30, we get

ΦdΔ
A =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−35 12 12 18 6 6 6 6 6
−24 9 8 12 4 4 4 4 4
−12 4 5 6 2 2 2 2 2
−18 6 6 10 3 3 3 3 3
−30 10 10 15 6 5 5 5 5
−24 8 8 12 4 5 4 4 4
−18 6 6 9 3 3 4 3 3
−12 4 4 6 2 2 2 3 2
−6 2 2 3 1 1 1 1 2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
∈ M9(Z).

A straightforward calculation shows that, for each vector x ∈ Z9, we have

ΦdΔ
A (x) = x + (−6x1 + 2x2 + 2x3 + 3x4 + x5 + x6 + x7 + x8 + x9) · hΔ,

and dΔ = 30 is the minimal positive integer with this property. This shows
that

∂A(x) = −6x1 + 2x2 + 2x3 + 3x4 + x5 + x6 + x7 + x8 + x9, and
dΔ = 30.

and completes the proof. �

XIII.2. Tubes and simple regular modules over
hereditary algebras of Euclidean type

Our main aim in this section is a description of the tubes T Δ
λ and their

indecomposable KΔ-modules, and, in particular, a description of the simple
regular KΔ-modules, where Δ is one of the canonically oriented Euclidean
quivers Δ(Ãp,q), Δ(D̃m), Δ(Ẽ6), Δ(Ẽ7), and Δ(Ẽ8) of Table 1.1.

We start with the following structure theorem presenting a description of
the Auslander–Reiten quiver Γ(modA) of any hereditary algebra A = KQ
of Euclidean type.
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2.1. Theorem. Let Q be an acyclic quiver whose underlying graph Q is
Euclidean, and let A = KQ be the path algebra of Q.

(a) There exists a canonically oriented Euclidean quiver Δ such that Q
is obtained from Δ by a finite sequence of reflections and A is a
tilted algebra of type Δ.

(b) The Auslander–Reiten quiver Γ(mod A) of A consists of the follow-
ing three types of components:

• a postprojective component P(A) containing all indecomposable pro-
jective modules,

• a preinjective component Q(A) containing all indecomposable injec-
tive modules, and

• a unique P1(K)-family

TT Q = {T Q
λ }λ∈P1(K)

of stable tubes, in the regular part R(A) of Γ(mod A), separating
P(A) from Q(A).

(c) Let mQ = (m1, . . . , ms) be the tubular type of the P1(K)-family TT Q.
Then

• mQ = (p, q), if Q = Ãm, m ≥ 1, p = min{p′, p′′}, and q =
max{p′, p′′}, where p′ and p′′ are the numbers of counterclockwise-
oriented arrows in Q and clockwise-oriented arrows in Q, respec-
tively,

• mQ = (2, 2, m − 2), if Q = D̃m and m ≥ 4,
• mQ = (2, 3, 3), if Q = Ẽ6,
• mQ = (2, 3, 4), if Q = Ẽ7, and
• mQ = (2, 3, 5), if Q = Ẽ8.

Proof. Because the hereditary algebra A = KQ is obviously concealed
of Euclidean type Q then the part (b) of the theorem is a direct consequence
of (XII.3.4) with B and KQ interchanged. The statement (a) follows from
(VII.5.2) and (VIII.1.8). �

It follows from (2.1) that the regular part R(A) of Γ(modA) is just the
P1(K)-family TT Q = {T Q

λ }λ∈P1(K) of stable tubes.
By (2.1) and (XII.3.5), applied to the hereditary algebra A = KQ, we

get the following useful facts.

2.2. Corollary. Let Q be an acyclic quiver whose underlying graph Q
is Euclidean, and let A = KQ be the path algebra of Q.

(a) The unique P1(K)-family TT Q = {T Q
λ }λ∈P1(K) of stable tubes of (2.1)

contains at most 3 non-homogeneous tubes T Q
λ .
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(b) The family TT Q contains exactly 3 non-homogeneous tubes, if the
Euclidean graph Q of Q is one of the graphs D̃m, with m ≥ 4, Ẽ6,
Ẽ7, or Ẽ8.

(c) The family TT Q contains exactly 2 non-homogeneous tubes, if Q =
Ãm, m ≥ 3, p = min{p′, p′′} ≥ 2, and q = max{p′, p′′} ≥ 2, where
p′ and p′′ are the numbers of counterclockwise-oriented arrows in Q
and clockwise-oriented arrows in Q, respectively.

(d) The family TT Q contains exactly 1 non-homogeneous tube, if Q =
Ãm, m ≥ 2, p = min{p′, p′′} = 1, and q = max{p′, p′′} ≥ 2, and

(e) TT Q consists of homogeneous tubes if and only if Q is the Kronecker
quiver ◦ ←−−−−−−−−←−−−−−−−−◦. �

We remark that we have described above only the shape of the quiver
Γ(mod A) and of the tubes in R(A). However, this is still far from a com-
plete description of the indecomposable A-modules and the homomorphisms
between them.

However, it follows from (2.1) that any indecomposable regular A-module
lies in a stable tube T Q

λ . Hence, in view of our results of Chapter X, to get
a description of the indecomposable regular A-modules lying in the tube
T Q

λ it is sufficient to describe the simple regular modules in T Q
λ . Indeed,

an arbitrary indecomposable regular A-module in a tube T Q
λ can be con-

structed from the simple regular ones by the procedure explained in Section
X.2 (below the formulation of Theorem X.2.2).

In view of (2.1)(a), any Euclidean quiver Q is obtained from a canon-
ically oriented Euclidean quiver Δ by a finite sequence of reflections and
the indecomposable KQ-modules can be obtained from the indecomposable
KΔ-modules by applying the reflection functors defined in Section VII.5.

Therefore, up to applying the reflection functors, the description of the
tubes T Q

λ and their indecomposable KQ-modules reduces to a description
of the tubes T Δ

λ and, in particular, to a description of the simple regular
KΔ-modules, where Δ is one of the canonically oriented Euclidean quivers
Δ(Ãp,q), Δ(D̃m), Δ(Ẽ6), Δ(Ẽ7), and Δ(Ẽ8) of Table 1.1.

For each such a quiver Δ, we present in (2.4), (2.5), (2.6), (2.7), (2.12),
(2.13), (2.16), (2.17), (2.20), and (2.21) below a list of simple regular KΔ-
modules and a P1(K)-family

TT Δ = {T Δ
λ }λ∈P1(K) (2.3)

of stable tubes in R(KΔ). We then show that every simple regular KΔ-
module is isomorphic to one of the modules in the list and every stable tube
in R(KΔ) has the form T Δ

λ for some λ ∈ P1(K).
We do it in Theorems (2.5), (2.9), (2.15), (2.19), and (2.23) below by a

case by case inspection of the canonically oriented Euclidean quivers pre-
sented in Table 1.1.
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We start from the case when Δ is the quiver Δ(Ãp,q), where 1 ≤ p ≤ q.
In this case the algebra KΔ is the canonical algebra C = C(p, q). Then the
description of the tubes T Δ

λ in R(KΔ) = R(C) and a complete list of the
simple regular KΔ-modules, in each of the tubes T Δ

λ , follow from (XII.2.8)
and (XII.2.13). Now, for the convenience of the reader, we recall the list.

2.4. Table. Simple regular representations of Δ(Ãp,q)

Assume that p and q are integers such that q ≥ p ≥ 1. Let Δ = Δ(Ãp,q)
be the canonically oriented Euclidean quiver

Δ(Ãp,q) :

1 ←− 2 ←− · · · ←− p − 1
↙ ↖

0 p + q − 1
↖ ↙

p ←− p + 1 ←− · · · ←− p + q − 2

presented in Table 1.1. Let A = KΔ.
Consider the following family of indecomposable regular A-modules,

viewed as K-linear representations of Δ. It is shown in (XII.2.8) that they
are simple regular.

(a) Simple regular representations in the tube T Δ(Ãp,q)
∞

E
(∞)
i = S(i), with 1 ≤ i ≤ p − 1, E

(∞)
p :

0 ←− 0 ←− · · · ←− 0↙ ↖
K K,

1↖ ↙1
K←−

1
K←−

1
· · · ←−

1
K

(b) Simple regular representations in the tube T Δ(Ãp,q)
0

E
(0)
j =S(p+j−1), with 1 ≤ j ≤ q − 1, E

(0)
q :

K
1←−K

1←− · · · 1←−K
1↙ ↖1

K K,
↖ ↙

0 ←− 0 ←− · · · ←− 0
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(c) Simple regular representations in the tube T Δ(Ãp,q)
λ ,

withλ∈K\{0}

E(λ) :

K
1←−K

1←− · · · 1←−K
λ↙ ↖1

K K.
1↖ ↙1

K←−
1

K←−
1

· · · ←−
1

K

We now recall from (XII.2.6) and (XII.2.8) the main properties of the
modules listed in (2.4).

2.5. Theorem. Assume that A = KΔ, where Δ is the canonically ori-
ented Euclidean quiver Δ(Ãp,q), with q ≥ p ≥ 1, shown in Table 2.4.

(a) Every simple regular A-module is isomorphic to one of the modules
of (2.4).

(b) Every component in the regular part R(A) of Γ(mod A) is one of the
following stable tubes:

• the tube T Δ(Ãp,q)
∞ of rank p containing the A-modules E

(∞)
1 , . . . , E

(∞)
p ,

• the tube T Δ(Ãp,q)
0 of rank q containing the A-modules E

(0)
1 , . . . , E

(0)
q ,

and
• the tube T Δ(Ãp,q)

λ of rank 1 containing the A-module E(λ), for
λ ∈ K \ {0}, where E

(∞)
j , E

(0)
i , and E(λ) are the simple regular

A-modules of (2.4).
(c) The Auslander–Reiten quiver Γ(mod A) of A consists of a postpro-

jective component P(A), a preinjective component Q(A) and the

P1(K)-family TT Δ(Ãp,q) = {T Δ(Ãp,q)
λ }λ∈P1(K) of stable tubes separat-

ing P(A) from Q(A).

2.6. Table. Simple regular representations of Δ(D̃m)

Assume that m ≥ 4 and Δ = Δ(D̃m) is the canonically oriented Eu-
clidean quiver

Δ(D̃m) :

1 m
↖ ↙

3 ←− 4 ←− · · · ←− m − 1 , m ≥ 4,

↙ ↖
2 m + 1.

presented in Table 1.1. Let A = KΔ.
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Consider the following family of indecomposable regular A-modules,
viewed as K-linear representations of Δ. We show below that they are
simple regular.

(a) Simple regular representations in the tube T Δ(D̃m)
∞

F
(∞)
1 :

K 0
↖1 ↙

K
1←−K

1←−· · · 1←−K

↙ ↖1

0 K

F
(∞)
2 :

0 K
↖ ↙

K
1←−K

1←−· · · 1←−K
1↙ ↖

K 0

(b) Simple regular representations in the tube T Δ(D̃m)
0

F
(0)
1 :

0 0
↖ ↙

K
1←−K

1←−· · · 1←−K
1↙ ↖

1

K K

F
(0)
2 :

K K

↖1 1↙
K

1←−K
1←−· · · 1←−K

↙ ↖
0 0

(c) Simple regular representations in the tube T Δ(D̃m)
1

F
(1)
1 :

0 0
↖ ↙

K←−0←−0←−· · ·←−0
↙ ↖

0 0

F
(1)
2 :

0 0
↖ ↙

0←−K←−0←−· · ·←−0
↙ ↖

0 0
...

...
...

......
...

...
......

...
...

...

F
(1)
m−3 :

0 0
↖ ↙

0←−0←−· · ·←−0 ←−K
↙ ↖

0 0

F
(1)
m−2 :

K K

↖1 ↙1

K
1←−K

1←−K
1←−· · · 1←−K

1↙ ↖1

K K

(d) Simple regular representations in the tube T Δ(D̃m)
λ

F (λ) :

K K

↖[1 1] ↙
[

1
0

]
K2

[
1 0
0 1

]
←−−−− K2 ←− · · · ←− K2

[
1 0
0 1

]
←− K2 λ ∈ K \ {0, 1}.

↙[λ 1] [
0
1

]↖
K K
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2.7. Definition. Assume that A = KΔ, where Δ is the canonically
oriented Euclidean quiver Δ(D̃m), with m ≥ 4, shown in (2.6). We define
the P1(K)-family (2.3)

TT Δ(D̃m) = {T Δ(D̃m)
λ }λ∈P1(K)

of connected components T Δ(D̃m)
λ of the Auslander–Reiten quiver Γ(modA)

of A as follows:

• T Δ(D̃m)
∞ is the component containing the A-module F

(∞)
1 ,

• T Δ(D̃m)
0 is the component containing the A-module F

(0)
1 ,

• T Δ(D̃m)
1 is the component containing the A-module F

(1)
1 , and

• for each λ ∈ K \ {0, 1}, T Δ(D̃m)
λ is the component containing the

A-module F (λ), where F
(∞)
1 , F

(0)
1 , F

(1)
1 , and F (λ) are the modules

listed in Table 2.6.

It follows from (2.9) below that the components T Δ(D̃m)
λ of the P1(K)-

family TT Δ(D̃m) are stable tubes in R(A).
We now collect the main properties of the modules listed in (2.6).

2.8. Lemma. Let m ≥ 4 and Δ be the canonically oriented Euclidean
quiver Δ(D̃m) shown in Table 2.6. Let A = KΔ be the path algebra of Δ.
The A-modules

F
(∞)
1 , F

(∞)
2 , F

(0)
1 , F

(0)
2 , F

(1)
1 , F

(1)
2 , . . . , F

(1)
m−3, F

(1)
m−2, and F (λ),

with λ ∈ K \ {0, 1}, presented in Table 2.6 are pairwise orthogonal bricks,
and each of them is simple regular.

Proof. It is obvious that the A-modules
F

(∞)
1 , F

(∞)
2 , F

(0)
1 , F

(0)
2 , F

(1)
1 , F

(1)
2 , . . . , F

(1)
m−3, F

(1)
m−2

are bricks. Now we show that, for each λ ∈ K \ {0, 1}, there is an isomor-
phism EndA F (λ) ∼= K. Let f = (f1, f2 . . . , fm+1) : F (λ) −−−−→ F (λ) be an
endomorphism of the A-module F (λ), viewed as a K-linear representation of
Δ = Δ(Dm), and assume that the K-linear map f3 : K2 −→ K2 is defined
by the matrix

f3 =
[

a b
c d

]
in the standard basis of K2, where a, b, c, d ∈ K. It follows that f3 = f4 =
. . . = fm−1 and therefore

f3 ·
[

0
1

]
=
[

0
1

]
· fm+1 and f3 ·

[
1
0

]
=
[

1
0

]
· fm.
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Hence we get b = 0 and c = 0. Similarly the equality
[

1
1

]
· f3 = f1 ·

[
1
1

]
yields a = d and, consequently, f3 =

[
a 0
0 a

]
. It follows that the map

EndA F (λ) −→K, assigning to the endomorphism f : F (λ) −→ F (λ) of F (λ)

the scalar a on the diagonal of the matrix f3, is a K-algebra isomorphism.
It follows that the modules of Table 2.6 are bricks. Now we show that

they are pairwise orthogonal, that is, that

• HomA(F (s)
i , F

(t)
j ) = 0, HomA(F (λ)

j , F
(t)
j ) = 0, and

• HomA(F (t)
j , F (λ)) = 0, for all i 
= j, s, t ∈ {0, 1,∞}, and

λ ∈ P1(K) \ {0, 1,∞}.

We only prove that HomA(F (λ), F
(1)
m−2) = 0 and HomA(F (1)

m−2, F
(λ)) = 0,

because the remaining equalities follow easily in a similar way.
Let f = (f1, . . . , fm+1) : F (λ) −−−−−−→ F

(1)
m−2 be a morphism of repre-

sentations of the quiver Δ = Δ(D̃m). The equalities

fm−1 ·
[

0
1

]
= fm+1 and fm−1 ·

[
1
0

]
= fm

yield f3 = . . . = fm−1 =
[

fm

fm+1

]
. On the other hand, the equalities

f3 = f1[1 1] and f3 = f2[λ 1] yield fm = fm+1 = f1 = f2 = f2λ. Because
λ 
= 1, then we get f2 = 0 and, consequently, f = 0.

Let g = (g1, . . . , gm+1) : F
(1)
m−2 −−−−−−→ F (λ) be a morphism of represen-

tations of the quiver Δ. The equalities
[

1
0

]
· gm = gm−1 =

[
0
1

]
· gm+1 yield

gm = 0, gm+1 = 0, and g3 = . . . = gm−1 = 0. It follows that g1 = 0, g2 = 0
and, consequently, g = 0.

We recall from (1.3)(b) that the defect ∂A : Zm+1 −→ Z of A is given by
the formula

• ∂A(x) = xm+1 + xm − x2 − x1, if m is even, and
• ∂A(x) = 2(xm+1 + xm − x2 − x1), if m is odd.

Hence easily follows that ∂A(dimF ) = 0, for any module F of Table 2.6.
It follows from (XI.2.8) that the modules of Table 2.6 are regular.

Now we show that they are simple regular. For this purpose, we note
that the modules F

(1)
1 , F

(1)
2 , . . . , F

(1)
m−3 are simple. Suppose that F is one

of the modules

F
(∞)
1 , F

(∞)
2 , F

(0)
1 , F

(0)
2 , F

(1)
m−2, and F (λ), with λ ∈ K \ {0, 1},

and let X be an indecomposable regular submodule of F . Because X is a
subrepresentation of F then X1 = F1 and X2 = F2. The regularity of X
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yields ∂A(dimX) = 0 and we get

dim KF2 + dim KF1 = dim KX2 + dim KX1

= dim KXm+1 + dim KXm

≤ dim KFm+1 + dim KFm

= dim KF2 + dim KF1.

It follows that Xm+1 = Fm+1, Xm = Fm. This implies the equality X = F
and the fact that F is simple regular. Indeed, this is obvious when F 
= F (λ).
In the case F = F (λ), we have

X3 = . . . = Xm−1 = K[1, 0] + K[0, 1] = K2 = F3,

because X is a subrepresentation of F . It follows that X = F and, conse-
quently, the module F = F (λ) is simple regular. This completes the proof. �

Next, we collect the main properties of the family TT Δ(D̃m) of components
defined in (2.7).

2.9. Theorem. Let m ≥ 4 and Δ be the canonically oriented Euclidean
quiver Δ(D̃m) shown in Table 1.1. Let A = KΔ be the path algebra of Δ
and

F
(∞)
1 , F

(∞)
2 , F

(0)
1 , F

(0)
2 , F

(1)
1 , F

(1)
2 , . . . , F

(1)
m−3, F

(1)
m−2, F (λ),

with λ ∈ K \ {0, 1}, be the A-modules presented in Table 2.6. The family

TT Δ(D̃m) = {T Δ(D̃m)
λ }λ∈P1(K)

defined in (2.7) has the following properties.

(a) The component T Δ(D̃m)
∞ is a stable tube of rank 2 containing the

modules F
(∞)
1 and F

(∞)
2 , and there are isomorphisms τAF

(∞)
2

∼=
F

(∞)
1 and τAF

(∞)
1

∼= F
(∞)
2 .

(b) The component T Δ(D̃m)
0 is a stable tube of rank 2 containing the

modules F
(0)
1 and F

(0)
2 , and there are isomorphisms τAF

(0)
2

∼= F
(0)
1 ,

τAF
(0)
1

∼= F
(0)
2 .

(c) The component T Δ(D̃m)
1 is a stable tube of rank m−2 containing the

modules F
(1)
1 , . . . , F

(1)
m−2 and, for each s ∈ {1, . . . , m − 2}, there is

an isomorphism τAF
(1)
s+1

∼= F
(1)
s , where we set F

(1)
m−1 = F

(1)
1 .

(d) For each λ ∈ K \ {0, 1}, the component T Δ(D̃m)
λ is a stable tube

of rank 1 containing the module F (λ), and there is an isomorphism
τAF (λ) ∼= F (λ).
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(e) The Auslander–Reiten quiver Γ(mod A) of A consists of a postpro-
jective component P(A), a preinjective component Q(A) and the

P1(K)-family TT Δ(D̃m) = {T Δ(D̃m)
λ }λ∈P1(K) of stable tubes separating

P(A) from Q(A).

Proof. Let Δ = Δ(D̃m), where m ≥ 4, and let A = KΔ. We consider
the canonical algebra C = C(2, 2, m−2) of type Δ(D̃m) defined in (XII.1.3),
and the family of C-modules:

E
(∞)
1 , E

(∞)
2 , E

(0)
1 , E

(0)
2 , E

(1)
1 , . . . , E

(1)
m−2, and E(λ), with λ ∈ K \ {0, 1},

defined in Table XII.2.9. It follows from (XII.2.12) that they are simple
regular.

By (XII.1.4), the postprojective component P(C) of Γ(modC) contains
the section

T1 Tm

↘ ↗
T3 −→ T4 −→ · · · −→ Tm−1

↗ ↘
T2 Tm+1,

where
T1 = P (a1), T2 = P (b1),
T3 = τ−1

C P (0), T4 = τ−1
C P (c1), . . . , Tm−1 = τ−1

C P (cm−3),
Tm = P (ω), and Tm+1 = τ−1

C P (cm−2).
Here we use the notation of (XII.1.2). Moreover,

T = T1 ⊕ . . . ⊕ Tm ⊕ Tm+1

is a postprojective tilting C-module and there is a K-algebra isomorphism

A ∼= EndTC .

Then, according to (VIII.4.5) and (XI.3.3), the K-linear functor
HomC(T, −) : modC −→ mod A restricts to the equivalence

HomC(T, −) : addR(C)
∼=−−−−−−→ addR(A) (2.10)

of abelian and serial categories addR(C) and addR(A) of regular modules
such that the following diagram is commutative

addR(C)
τC−−−−−−−−→←−−−−−−−−
τ−1

C

addR(C)

HomC(T,−)

⏐⏐⏐⏐
∼= ∼=

⏐⏐⏐⏐
HomC(T,−)

addR(A)
τA−−−−−−−−→←−−−−−−−−
τ−1

A

addR(A),

(2.11)
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where the horizontal functors are mutually inverse equivalences of cate-
gories induced by the Auslander–Reiten translates in modA and in modC,
respectively.

It follows that the functor HomC(T, −) : addR(C)
∼=−−−−→ addR(A) car-

ries irreducible morphisms to irreducible ones, and the image HomC(T, T C
λ )

of any stable tube T C
λ in R(C) of rank rλ ≥ 1 is a stable tube in R(A)

of the same rank rλ. Moreover, any stable tube in R(A) is of the form
HomC(T, T C

λ ).

We claim that, for each λ ∈ P1(K), the tubes HomC(T, T C
λ ) and T Δ(D̃m)

λ

coincide. For this purpose, it suffices to show that there are isomorphisms

HomC(T, E
(s)
j ) ∼= F

(s)
j and HomC(T, E(λ)) ∼= F (λ),

for all j, s ∈ {0, 1,∞} and λ ∈ P1(K) \ {0, 1,∞}.
To prove this, we recall that A ∼= EndTC and, as in the proof of (XII.1.5),

the left hand part of the postprojective component P(C) of Γ(modC) con-
taining all the indecomposable projective C-modules P (0), . . . , P (ω) looks
as follows

P (a1)=
1

1 0 0
00. . . 00

− − − − −− 0
1 1 0
10. . . 00

− − − − −−

↗ ↘ ↗ ↘ ↗
0

1 0 0
00. . . 00

→ 0
1 1 0
00. . . 00

→ 1
2 1 0
10. . . 00

→ 1
1 0 0
10. . . 00

→ 1
2 1 0
210. . . 00

→

↘ ‖
P (b1) ↗ ↘ ↗ ↘

P (c1)=
0

1 0 0
10. . . 00

− − − − −− 1
2 1 0
110. . . 00

− − − − −− . . .

↘ ↗ ↘ ↘
P (c2)=

0
1 0 0
110. . . 00

− − − − −− . . . − − − − − 1
2 1 0
21. . . 11

−−

↘ ↘ ↗ ↘
. . . − − − − −− 1

2 1 0
11. . . 11

→ 1
2 1 1
11. . . 11

→

↘ ↗ ↘ ↗
P (cm−3)=

0
1 0 0
11. . . 11

− − − − −− 1
1 1 0
00. . . 00

−−

where
P (0) =

0
1 0 0
00. . . 00

, P (ω) =
1

2 1 1
11. . . 11

,

and the indecomposable modules are represented by their dimension vectors.
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It follows from (VI.3.10) that eiA ∼= HomC(T, Ti) and, for each regular
C-module X and, for each i ∈ {1, . . . , m + 1}, we have

HomC(T, X)i = HomC(T, X)ei

∼= HomA(eiA, HomC(T, X))
∼= HomA(HomC(T, Ti), HomC(T, X))
∼= HomC(Ti, X),

and therefore (dimHomC(T, X))i = dimKHomC(Ti, X). Note also that we
have

• HomC(T1, X) = HomC(P (a1), X) ∼= Xa1 ,
• HomC(T2, X) = HomC(P (a2), X) ∼= Xa2 ,
• HomC(Tm, X)=HomC(P (ω), X) ∼= Xω, and
• HomC(Tj , X)=HomC(τ−1

C P (cj−3), X), for j ∈{3, 4, . . . , m−1, m+1},
where we set c0 = 0. By consulting the beginning part of the component
P(C) shown above we see that the ω-th coordinate of the dimension vector
of each of the C-modules T1, . . . Tm−1, Tm+1 equals zero. Let

Q :

a1
α1↙

0
β1←− b1

γ1
↖

c1
be the full subquiver of Δ(2, 2, m − 2), of the Dynkin type D4, defined by
the points 0, a1, b1, c1, in the notation of (XII.1.2). Note that there is an
isomorphism KQ ∼= eQCeQ of algebras and the equivalence of categories
mod KQ ∼= repK(Q), where eQ is the idempotent

eQ = e0 + ea1 + eb1 + ec1

of the algebra C. Consider the restriction functor

reseQ
: mod C −−−−−−→ mod KQ ∼= repK(Q),

see (I.6.6). It follows from the shape of the C-modules T1, . . . Tm−1, Tm+1,
shown in P(C) above, and the modules

E
(∞)
1 , E

(∞)
2 , E

(0)
1 , E

(0)
2 , E

(1)
1 , . . . , E

(1)
m−2, F (λ), with λ ∈ K \ {0, 1},

presented in (XII.2.9), that the restriction functor reseQ
defines a functorial

isomorphism

HomC(Tj , E) ∼= HomKQ(reseQ
Tj , reseQ

E),

for j = 1, . . . , m − 1, m + 1 and for any module E in the family

E
(∞)
1 , E

(∞)
2 , E

(0)
1 , E

(0)
2 , E

(1)
1 , . . . , E

(1)
m−2, and E(λ), with λ ∈ K \ {0, 1}.



XIII.2. Tubes and simple regular modules 165

By applying the above formulae to the C-module E = E(λ), with
λ ∈ K \ {0, 1}, we get

• HomC(T1, E
(λ)) ∼= F

(λ)
1 = K,

• HomC(T2, E
(λ)) ∼= F

(λ)
2 = K,

• HomC(Tj , E
(λ)) ∼= HomKQ(reseQ

Tj , reseQ
F (λ)) ∼= K2,

for j = 3, 4, . . . , m − 1,
• HomC(Tm, E(λ)) ∼= HomKQ(reseQ

Tm, reseQ
E(λ)) ∼= K,

• HomC(Tm+1, E
(λ)) ∼= F

(λ)
m+1 = K.

In particular, we get dimHomC(T, E(λ)) =
1 1
2 2 . . . 2 2

1 1
. Moreover, it follows

also that the chain of the irreducible monomorphisms

T3 ↪→ T4 ↪→ . . . ↪→ Tm−1

induces the chain of the identity homomorphisms

HomKQ(reseQ
T3, reseQ

F (λ)) 1←−∼= . . .
1←−∼= HomKQ(reseQ

Tm−1, reseQ
F (λ)).

Finally, by applying the above formulae, one shows that there is an A-
module isomorphism HomC(T, E(λ)) ∼= F (λ), and hence

HomC(T, T C
λ ) = T (D̃m)

λ ,

for any λ ∈ K \ {0, 1}. Because, by (XII.2.12), the C-module E(λ) is sim-
ple regular, then the A-module HomC(T, E(λ)) ∼= F (λ) is simple regular.
Furthermore, in view of the isomorphism τCE(λ) ∼= E(λ) in (XII.2.12)
and the commutativity of the diagram (2.11), we get the isomorphism
τAF (λ) ∼= F (λ). This finishes the proof of (d).

Similarly, by applying the above formulae to any module E in the family
E

(∞)
1 , E

(∞)
2 , E

(0)
1 , E

(0)
2 , E

(1)
1 , . . . , E

(1)
m−2, we get

(a)dimHomC(T, E
(∞)
1 ) =

1 0
1 1 . . . 1

0 1
, dimHomC(T, E

(∞)
2 ) =

0 1
1 1 . . . 1

1 0
,

(b)dimHomC(T, E
(0)
1 ) =

0 0
1 1 . . . 1

1 1
, dimHomC(T, E

(0)
2 ) =

1 1
1 1 . . . 1

0 0
,

(c)dimHomC(T, E
(1)
1 ) =

0 0
1 0 . . . 0

0 0
, dimHomC(T, E

(1)
2 ) =

0 0
0 10 . . . 0

0 0
,

...
...

dimHomC(T, E
(1)
m−3) =

0 0
0 0 . . . 0 1

0 0
, dimHomC(T, E

(1)
m−2) =

1 1
1 1 . . . 1

1 1

In particular, dimHomC(T, E
(s)
j ) = dimF

(s)
j , for all j and s ∈ {0, 1,∞}.
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Because, by (XII.2.12), E is a simple regular C-module, then obviously
the A-module HomC(T, E) is simple regular.

We recall from (XI.3.3) and (XII.4.2) that the simple regular A-modules
lying in the non-homogeneous tubes of R(A) are uniquely determined by
their dimension vectors. Because, by (2.8), the modules presented in Table
2.6 are simple regular, then there is an isomorphism

HomC(T, E
(s)
j ) ∼= F

(s)
j ,

for all j, and s ∈ {0, 1,∞}.
Therefore, by applying (XII.2.12) and the commutative diagram (2.11),

we obtain the statements (a)–(c), and we conclude that the tubes

T (D̃m)
∞ =HomC(T, T C

∞ ), T (D̃m)
0 =HomC(T, T C

0 ), T (D̃m)
1 =HomC(T, T C

1 )

exhaust all the non-homogeneous tubes of Γ(modA). Consequently, the

tubes T (D̃m)
λ = HomC(T, T C

λ ), with λ ∈ K \ {0, 1}, exhaust all the homoge-
neous tubes of the regular part R(A) of Γ(modA). Now the statement (e)
follows from (2.1). This completes the proof. �

2.12. Table. Simple regular representations of Δ(Ẽ6)

Assume that Δ = Δ(Ẽ6) is the canonically oriented Euclidean quiver

Δ(Ẽ6) :

5⏐

4⏐


3 −→ 2 −→ 1 ←− 6 ←− 7.

presented in Table 1.1, and let A = KΔ. Consider the following family of
indecomposable regular A-modules, viewed as K-linear representations of
Δ. We show below that they are simple regular.

(a) Simple regular representations in the tube T Δ(Ẽ6)
∞

F
(∞)
1 :

0⏐

K⏐
1

0−→K−→
1

K←−
1

K←−0

F
(∞)
2 :

K⏐
1

K⏐⏐
[ 1
1

]
K −→

1
K−−−−→[ 1

0

] K2←−−−−[ 0
1

] K←−
1

K
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(b) Simple regular representations in the tube T Δ(Ẽ6)
0

F
(0)
1 :

0⏐

0⏐


K
1−→K

1−→K
1←−K←− 0

F
(0)
2 :

0⏐

K⏐
1

0−→ 0−→K
1←−K

1←−K

F
(0)
3 :

K⏐
1

K⏐
1

0−→K
1−→K←− 0←− 0

(c) Simple regular representations in the tube T Δ(Ẽ6)
1

F
(1)
1 :

0⏐

0⏐


0−→K
1−→K

1←−K
1←−K

F
(1)
2 :

0⏐

K⏐
1

K
1−→K

1−→K←− 0←− 0

F
(1)
3 :

K⏐
1

K⏐
1

0−→ 0−→K
1←−K←− 0

(d) Simple regular representations in the tube T Δ(Ẽ6)
λ ,

with λ∈K\{0, 1}

F (λ) :

K⏐⏐
[
1
0

]
K2⏐⏐
[

λ 1
1 1
1 0

]

K−−−−−−→[
1
0

] K2−−−−−−→[ 1 0
0 1
0 0

] K3←−−−−−−[
0 0
1 0
0 1

] K2 ←−−−−−−[
0
1

] K
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2.13. Definition. Assume that A = KΔ, where Δ is the canonically
oriented Euclidean quiver Δ(Ẽ6) shown in Table 1.1. We define the P1(K)-
family (see (2.3))

TT Δ(Ẽ6) = {T Δ(Ẽ6)
λ }λ∈P1(K)

of connected components T Δ(Ẽ6)
λ of the Auslander–Reiten quiver Γ(modA)

of A as follows:

• T Δ(Ẽ6)
∞ is the component containing the A-module F

(∞)
1 ,

• T Δ(Ẽ6)
0 is the component containing the A-module F

(0)
1 ,

• T Δ(Ẽ6)
1 is the component containing the A-module F

(1)
1 , and

• for each λ ∈ K \ {0, 1}, T Δ(Ẽ6)
λ is the component containing the

A-module F (λ),

where F
(∞)
1 , F

(0)
1 , F

(1)
1 , and F (λ) are the modules shown in Table 2.12.

It follows from (2.15) below that the components T Δ(Ẽ6)
λ of the P1(K)-

family TT Δ(Ẽ6) are stable tubes in R(A).
We now collect the main properties of the modules listed in (2.12).

2.14. Lemma. Let Δ be the the canonically oriented Euclidean quiver
Δ(Ẽ6) shown in Table 1.1. Let A = KΔ be the path algebra of Δ. The
A-modules

F
(∞)
1 , F

(∞)
2 , F

(0)
1 , F

(0)
2 , F

(0)
3 , F

(1)
1 , F

(1)
2 , F

(1)
3 , and F (λ), with λ ∈ K\{0, 1},

presented in Table 2.12 are pairwise orthogonal bricks, and each of them is
simple regular.

Proof. It is obvious that the A-modules F
(∞)
1 , F

(0)
1 , F

(0)
2 , F

(0)
3 , F

(1)
1 ,

F
(1)
2 , F

(1)
3 are bricks. Now we show that there are algebra isomorphisms

EndA F
(∞)
2

∼= K, and EndA F (λ) ∼= K, for each λ ∈ K \ {0, 1}.
Let f = (f1, . . . , f7) : F

(∞)
2 −−−−−−→ F

(∞)
2 be an endomorphism of the

A-module F
(∞)
2 , viewed as a K-linear representation of Δ = Δ(Ẽ6), and

assume that the K-linear map f1 : K2 −→ K2 is defined by the matrix
f1 =

[
a b

c d

]
in the standard basis of K2, where a, b, c, d ∈ K. It follows that[

0
1

]
· f6 = f1 ·

[
0
1

]
and f1 ·

[
1
0

]
=
[

1
0

]
· f2.

Hence we get b = 0 and c = 0. Similarly, the equality
[

1
1

]
· f4 = f1 ·

[
1
1

]
yields a = d. Hence we get

f1 =
[

a 0
0 a

]
,
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and obviously the map EndF
(∞)
2 −→K that assigns to the endomorphism

f : F
(∞)
2 −→ F

(∞)
2 of F

(∞)
2 the scalar a on the diagonal of the matrix f1,

is a K-algebra isomorphism.
Let g = (g1, . . . , g7) : F (λ) −−−−−−→ F (λ) be an endomorphism of the

A-module F (λ), viewed as a K-linear representation of Δ = Δ(Ẽ6), and
assume that the K-linear map g1 : K3 −→ K3 is defined by the matrix

g1 =
[

a11 a12 a13

a21 a22 a23

a31 a32 a33

]
in the standard basis of K3, where aij ∈ K. It follows that[

1
0
0

]
· g3 = g1 ·

[
1
0
0

]
and g1 ·

[
0
0
1

]
=
[

0
0
1

]
· g7.

Hence we get a21 = 0, a31 = 0, a13 = 0, and a23 = 0.

Similarly, the equality
[

0 0
1 0
0 1

]
· g6 = g1 ·

[
0 0
1 0
0 1

]
yields a12 = 0, and finally,

from the equalities[
λ 1
1 1
1 0

]
· g4 = g1 ·

[
λ 1
1 1
1 0

]
and

[
1 0
0 1
0 0

]
· g2 = g1 ·

[
1 0
0 1
0 0

]
we conclude that a32 = 0 and a33 = a22 = a11. Consequently, g1 has the
diagonal form

g1 =
[

a11 0 0
0 a11 0
0 0 a11

]
,

and obviously the map EndA F (λ) −→K, assigning to the endomorphism
g of F (λ) the scalar a11 on the diagonal of the matrix g1, is a K-algebra
isomorphism.

It follows that the modules of Table 2.12 are bricks. Now we show that
they are pairwise orthogonal. It is easy to check that HomA(F (s)

i , F
(t)
j ) =

0, for all i 
= j and s, t ∈ {0, 1,∞}. Then, it remains to show that
HomA(F (λ), F

(t)
j ) = 0 and HomA(F (t)

j , F (λ)) = 0, for all t ∈ {0, 1,∞},
all j, and λ ∈ P1(K) \ {0, 1,∞}.

We only prove that HomA(F (1)
3 , F (λ)) = 0 and HomA(F (λ), F

(1)
3 ) = 0,

because the remaining equalities follow in a similar way.
Let f = (f1, . . . , f7) : F

(1)
3 −−−−−−→ F (λ) be a morphism of representa-

tions of the quiver Δ = Δ(Ẽ6). It follows that

f1 · 1 =
[

λ 1
1 1
1 0

]
·
[

1
0

]
· f5 =

[
λ

1
1

]
· f5 and f1 · 1 =

[
0 0
1 0
0 1

]
· f6 =

[
0
a1

a2

]
,
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where f6 =
[ a1

a2

]
: K −−−−−−→ K2. Hence f5λ = 0, and, because λ 
= 0,

then f5 = 0. It follows that f1 = 0 and f6 = 0. Moreover, f4 =
[

1
0

]
· f1 = 0

and, hence, f = 0.
Let g = (g1, . . . , g7) : F (λ) −−−−−−→ F

(1)
3 be a morphism of representa-

tions of the quiver Δ and let g1 = [a1 a2 a3] : K3 −−−−→ K. The equalities

0 = g1

[
1 0
0 1
0 0

]
= [a1 a2 a3] ·

[
1 0
0 1
0 0

]
= [a1 a2]

yield a1 = a2 = 0. On the other hand, the equality

0 = g1 ·
[

0 0
1 0
0 1

]
·
[

0
1

]
yields a3 = 0. Hence, g1 = 0 and, consequently, g = 0.

We recall from (1.3)(b) that the defect ∂A : Z7 −−−−→ Z of A is given by
the formula ∂A(x) = −3x1 + x2 + x3 + x4 + x5 + x6 + x7. It follows that
∂A(dimF ) = 0 for any module F of Table 2.12. Hence, by (XI.2.8), the
indecomposable modules of Table 2.12 are regular.

Now we show that they are simple regular. For this purpose, we suppose
that F is one of the modules
F

(∞)
1 , F

(∞)
2 , F

(0)
1 , F

(0)
2 , F

(0)
3 , F

(1)
1 , F

(1)
2 , F

(1)
3 , and F (λ), with λ ∈ K\{0, 1},

listed in (2.12), and let X be an indecomposable regular submodule of F .
By (XI.2.8), we have ∂A(dimF ) = 0, and a case by case inspection shows
that X = F (apply the arguments given in the proof of (2.8)). This is easily
seen if F 
= F (λ). For F = F (λ) it is not immediate. However, it follows
from the proof of the following theorem that F (λ) ∼= HomC(T, E(λ)) and,
hence, F (λ) is simple regular. This completes the proof. �

Next, we collect the main properties of the family TT Δ(Ẽ6) of components
defined in (2.13).

2.15. Theorem. Let Δ be the Euclidean quiver Δ(Ẽ6). Let A = KΔ be
the path algebra of Δ. Let

F
(∞)
1 , F

(∞)
2 , F

(0)
1 , F

(0)
2 , F

(0)
3 , F

(1)
1 , F

(1)
2 , F

(1)
3 , and F (λ), with λ ∈ K\{0, 1},

be the A-modules presented in Table 2.12. The family

TT Δ(Ẽ6) = {T Δ(Ẽ6)
λ }λ∈P1(K)

defined in (2.13) has the following properties.

(a) The component T Δ(Ẽ6)
∞ is a stable tube of rank 2 containing the mod-

ules F
(∞)
1 and F

(∞)
2 , and there exist isomorphisms
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τAF
(∞)
2

∼= F
(∞)
1 and τAF

(∞)
1

∼= F
(∞)
2 .

(b) The component T Δ(Ẽ6)
0 is a stable tube of rank 3 containing the mod-

ules F
(0)
1 , F

(0)
2 , F

(0)
3 , and there are isomorphisms

τAF
(0)
3

∼= F
(0)
2 , τAF

(0)
2

∼= F
(0)
1 , τAF

(0)
1

∼= F
(0)
3 .

(c) The component T Δ(Ẽ6)
1 is a stable tube of rank 3 containing the mod-

ules F
(1)
1 , F

(1)
2 and F

(1)
3 , and there are isomorphisms

τAF
(1)
3

∼= F
(1)
2 , τAF

(1)
2

∼= F
(1)
1 , τAF

(1)
1

∼= F
(1)
3 .

(d) For each λ ∈ K \ {0, 1}, the component T Δ(Ẽ6)
λ is a stable tube of

rank 1 containing the module F (λ), and there is an isomorphism
τAF (λ) ∼= F (λ).

(e) The Auslander–Reiten quiver Γ(mod A) of A consists of a postpro-
jective component P(A), a preinjective component Q(A) and the

P1(K)-family TT Δ(Ẽ6) = {T Δ(Ẽ6)
λ }λ∈P1(K) of stable tubes separating

the component P(A) from Q(A).

Proof. Let Δ = Δ(Ẽ6) and let A = KΔ. We consider the canonical
algebra C = C(2, 3, 3) of type Δ(Ẽ6) defined in (XII.1.3), and the family of
C-modules

E
(∞)
1 , E

(∞)
2 , E

(0)
1 , E

(0)
2 , E

(0)
3 , E

(1)
1 , E

(1)
2 , E

(1)
3 , and E(λ), with λ ∈ K\{0, 1},

defined in Table XII.2.9. It follows from (XII.2.12) that they are simple
regular.

By (XII.1.10), the postprojective component P(C) of Γ(modC) contains
the section

T5�⏐
T4�⏐

T3 ←− T2 ←− T1 −→ T6 −→ T7,

where
T1 = τ−2P (0), T2 = τ−2P (b1), T3 = τ−2P (b2),
T4 = τ−2P (a1), T5 = P (ω), T6 = τ−2P (c1), T7 = τ−2P (c2).

Here we use the notation of (XII.1.2). Moreover,

T = T1 ⊕ T2 ⊕ T3 ⊕ T4 ⊕ T5 ⊕ T6 ⊕ T7

is a postprojective tilting C-module and there is a K-algebra isomorphism

A ∼= EndTC .
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Then, by (VIII.4.5), the functor HomC(T, −) : modC −→ mod A restricts
to the equivalence

HomC(T, −) : addR(C)
∼=−−−−−−→ addR(A)

of abelian and serial categories addR(C) and addR(A) of regular modules
such that the diagram (2.11) is commutative.

It follows that the functor HomC(T, −) : addR(C)
∼=−→ addR(A) carries

irreducible morphisms to irreducible ones, and the image HomC(T, T C
λ ) of

any stable tube T C
λ in R(C) of rank rλ ≥ 1 is a stable tube in R(A)

of the same rank rλ. Moreover, any stable tube in R(A) is of the form
HomC(T, T C

λ ).

We claim that, for each λ ∈ P1(K), the tubes HomC(T, T C
λ ) and T Δ(Ẽ6)

λ

coincide. For this purpose, it suffices to show that there are isomorphisms

HomC(T, E
(s)
j ) ∼= F

(s)
j and HomC(T, E(λ)) ∼= F (λ),

for all j, s ∈ {0, 1,∞}, and all λ ∈ P1(K) \ {0, 1, ∞}.
To prove this, we recall that A ∼= EndTC and, as in the proof of (XII.1.8),

the left hand part of the postprojective component P(C) of Γ(modC) con-
taining all the indecomposable projective C-modules P (0), . . . , P (ω) looks
as follows

P (b2)=
0

1 1 1 0
0 0

− − − − −−
1

1 0 0 0
1 0

− − − − −−
0

1 1 0 0
1 1

− − −−

↗ ↘ ↗ ↘ ↗ ↘
P (b1)=

0
1 1 0 0

0 0
− − − − −−

1
2 1 1 0

1 0
− − − − −−

1
2 1 0 0

2 1

1
2 1 1 1

1 1
=P (ω)

↗ ↘ ↗ ↘ ↗ ↘↗ ↘↗
P (0)=

0
1 0 0 0

0 0
→

1
1 0 0 0

0 0
→

1
2 1 0 0

1 0
→

0
1 1 0 0

1 0
→

1
3 2 1 0

2 1
→

1
2 1 1 0

1 1
→

2
3 2 1 0

2 1
→

↘ ↗ ↘ ↗ ↘ ↗ ↘
P (c1)=

0
1 0 0 0

1 0
− − − − −−

1
2 1 0 0

1 1
− − − − −−

1
2 2 1 0

1 0
− − − − −−

↘ ↗ ↘ ↗ ↘ ↗
P (c2)=

0
1 0 0 0

1 1
− − − − −−

1
1 1 0 0

0 0
− − − − −−

0
1 1 1 0

1 0
− − −−

where

P (a1) =
1

1 0 0 0
0 0

and the indecomposable modules are represented by their dimension vectors.
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It follows from (VI.3.10) that eiA ∼= HomC(T, Ti) and, for each regular
C-module X and for each i ∈ {1, . . . , 7}, we have

HomC(T, X)i = HomC(T, X)ei

∼= HomA(eiA, HomC(T, X))
∼= HomA(HomC(T, Ti), HomC(T, X))
∼= HomC(Ti, X),

and therefore (dimHomC(T, X))i = dimKHomC(Ti, X). Note also that we
have

HomC(T5, X) = HomC(P (ω), X) ∼= Xω.

By consulting the beginning part of the component P(C) shown above we
see that the ω-th coordinate of the dimension vector of each of the C-
modules T1, T2, T3, T4, T6, T7 equals zero. Let

Q :

a1
α1↙

0
β1←− b1

β2←− b2

γ1
↖

c1
γ2←− c2

be the full subquiver of Δ(2, 3, 3), of the Dynkin type E6, defined by the
points 0, a1, b1, b2, c1, c2, in the notation of (XII.1.2).

Note that there is an isomorphism KQ ∼= eQCeQ of algebras and the
equivalence of categories mod KQ ∼= repK(Q), where eQ is the idempotent

eQ = e0 + ea1 + eb1 + eb2 + ec1 + ec2

of the algebra C. It follows that the restriction functor
reseQ

: mod C −−−−−−→ mod KQ ∼= repK(Q),
see (I.6.6), defines a functorial isomorphism

HomC(Tj , E) ∼= HomKQ(reseQ
Tj , reseQ

E),
for Tj 
= T5 = P (ω) and for any module E in the family

E
(∞)
1 , E

(∞)
2 , E

(0)
1 , E

(0)
2 , E

(0)
3 , E

(1)
1 , E

(1)
2 , E

(1)
3 , and E(λ), with λ ∈ K\{0, 1}.

Because reseQ
E(λ) = I(0) is the injective envelope of the simple represen-

tation S(0) in repK(Q) then, for each j 
= 5, there exist isomorphisms

HomC(Tj , E
(λ)) ∼= HomKQ(reseQ

Tj , reseQ
E(λ)) ∼= D(Tj)0,

that are functorial at Tj . By applying the above formulae to the module
E = F (λ), with λ ∈ K \ {0, 1}, we get
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HomC(T1, E
(λ)) ∼= D(T1)0 = K3,

HomC(T2, E
(λ)) ∼= D(T2)0 = K2,

HomC(T3, E
(λ)) ∼= D(T3)0 = K,

HomC(T4, E
(λ)) ∼= D(T4)0 = K2,

HomC(T6, E
(λ)) ∼= D(T6)0 = K2,

HomC(T7, E
(λ)) ∼= D(T7)0 = K, and

HomC(T5, E
(λ)) ∼= E

(λ)
ω = K.

In particular, we get dimHomC(T, E(λ)) =
1
2

1 2 3 2 1
. Moreover, by applying

the above formulae, one shows that there is an A-module isomorphism

HomC(T, E(λ)) ∼= F (λ),

and hence HomC(T, T C
λ ) = T Δ(Ẽ6)

λ , for any λ ∈ K \ {0, 1}. Because,
by (XII.2.12), the C-module E(λ) is simple regular, then the A-module
HomC(T, E(λ)) ∼= F (λ) is simple regular. Furthermore, in view of the iso-
morphism τCE(λ) ∼= E(λ) in (XII.2.12) and the commutativity of the dia-
gram (2.11), we get the isomorphism τAF (λ) ∼= F (λ). This finishes the proof
of (d).

Similarly, by applying the above formulae to any module E in the family

E
(∞)
1 , E

(∞)
2 , E

(0)
1 , E

(0)
2 , E

(0)
3 E

(1)
1 , E

(1)
2 , E

(1)
3 ,

we get

dimHomC(T, E
(∞)
1 ) =

0
1

0 1 1 1 0
, dimHomC(T, E

(∞)
2 ) =

1
1

1 1 2 1 1
,

dimHomC(T, E
(0)
1 ) =

0
0

1 1 1 1 0
, dimHomC(T, E

(0)
2 ) =

0
1

0 0 1 1 1
,

dimHomC(T, E
(0)
3 ) =

1
1

0 1 1 0 0
, dimHomC(T, E

(1)
1 ) =

0
0

0 1 1 1 1
,

dimHomC(T, E
(1)
2 ) =

0
1

1 1 1 0 0
, dimHomC(T, E

(1)
3 ) =

1
1

0 0 1 1 0
.

In particular, dimHomC(T, E
(s)
j ) = dimF

(s)
j , for all j and s ∈ {0, 1,∞}.

Because, by (XII.2.12), E is a simple regular C-module, then obviously
the A-module HomC(T, E) is simple regular.

We recall from (XI.3.3) and (XII.4.2) that the simple regular A-modules
lying in the non-homogeneous tubes of R(A) are uniquely determined
by their dimension vectors. Because, by (2.14), the modules presented
in Table 2.12 are simple regular, then there is an isomorphism
HomC(T, E

(s)
j ) ∼= F

(s)
j , for all j, and s ∈ {0, 1,∞}.
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Therefore, by applying (XII.2.12) and the commutative diagram (2.11),
we prove the statements (a)–(c), and we conclude that the tubes

T Δ(Ẽ6)
∞ =HomC(T, T C

∞ ), T Δ(Ẽ6)
0 =HomC(T, T C

0 ), T Δ(Ẽ6)
1 =HomC(T, T C

1 )

exhaust all the non-homogeneous tubes of the regular part R(A) of

Γ(mod A). Consequently, the tubes T Δ(Ẽ6)
λ = HomC(T, T C

λ ), with
λ ∈ K \ {0, 1}, exhaust all the homogeneous tubes of Γ(modA). Now
the statement (e) follows from (2.1). This completes the proof. �

2.16. Table. Simple regular representations of Δ(Ẽ7)

Assume that Δ = Δ(Ẽ7) is the canonically oriented Euclidean quiver

Δ(Ẽ7) :
5⏐


4 −→ 3 −→ 2 −→ 1 ←− 6 ←− 7 ←− 8

shown in Table 1.1, and let A = KΔ. Consider the following family of
indecomposable regular A-modules, viewed as K-linear representations of
Δ(Ẽ7). We show below that they are simple regular.

(a) Simple regular representations in the tube T Δ(Ẽ7)
∞

F
(∞)
1 :

K⏐⏐
[ 1
1

]
0−→K−→

1
K−→[ 1

0

]K2←−[ 0
1

]K←−
1

K←−
1

K

F
(∞)
2 :

K⏐⏐
[ 1
1

]
K−→

1
K−→

1
K−→[ 1

0

]K2←−[ 0
1

]K←−
1

K←− 0

(b) Simple regular representations in the tube T Δ(Ẽ7)
0

F
(0)
1 :

K⏐⏐
1

0−→0−→K
1−→K

1←−0←−0←−0
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F
(0)
2 :

0⏐⏐

0−→K

1−→K
1−→K

1←−K
1←−K←−0

F
(0)
3 :

K⏐⏐
[ 1
1

]
K−→

1
K−→

1
K−→[ 1

0

]K2←−[ 0
1

]K←−
1

K←−
1

K

(c) Simple regular representations in the tube T Δ(Ẽ7)
1

F
(1)
1 :

K⏐⏐
1

0−→0−→0−→K
1←−K

1←−K←−0

F
(1)
2 :

0⏐⏐

0−→0−→K

1−→K
1←−K

1←−K
1←−K

F
(1)
3 :

K⏐⏐
1

0−→K
1−→K

1−→K←−0←−0←−0

F
(1)
4 :

0⏐⏐
1

K
1−→K

1−→K
1−→K

1←−K←−0←−0

(d) Simple regular representations in the tube T Δ(Ẽ7)
λ ,

withλ∈K\{0, 1}

F (λ) :

K2⏐⏐
[ 1 λ
1 0
1 1
0 1

]
K−−−−→[

1
0

] K2−−−−→[ 1 0
0 1
0 0

] K3−−−−→[ 1 0 0
0 1 0
0 0 1
0 0 0

]K4←−−−−[ 0 0 0
1 0 0
0 1 0
0 0 1

]K3←−−−−[ 0 0
1 0
0 1

] K2←−−−−[
0
1

] K.
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2.17. Definition. Assume that A = KΔ, where Δ is the canonically
oriented Euclidean quiver Δ(Ẽ7) shown in Table 1.1. We define the P1(K)-
family (see (2.3))

TT Δ(Ẽ7) = {T Δ(Ẽ7)
λ }λ∈P1(K)

of connected components T Δ(Ẽ7)
λ of the Auslander–Reiten quiver Γ(modA)

of A as follows:

• T Δ(Ẽ7)
∞ is the component containing the A-module F

(∞)
1 ,

• T Δ(Ẽ7)
0 is the component containing the A-module F

(0)
1 ,

• T Δ(Ẽ7)
1 is the component containing the A-module F

(1)
1 , and

• for each λ ∈ K \ {0, 1}, T Δ(Ẽ7)
λ is the component containing the

A-module F (λ), where F
(∞)
1 , F

(0)
1 , F

(1)
1 , and F (λ) are the modules

shown in Table 2.16.

It follows from (2.19) below that the components T Δ(Ẽ7)
λ of the P1(K)-

family TT Δ(Ẽ7) are stable tubes in R(A).
We now collect the main properties of the modules listed in (2.16).

2.18. Lemma. Let Δ be the the canonically oriented Euclidean quiver
Δ(Ẽ7) shown in Table 1.1. Let A = KΔ be the path algebra of Δ. The
A-modules

F
(∞)
1 , F

(∞)
2 , F

(0)
1 , F

(0)
2 , F

(0)
3 , F

(1)
1 , F

(1)
2 , F

(1)
3 , F

(1)
4 , and F (λ),

with λ ∈ K \ {0, 1}, presented in Table 2.16 are pairwise orthogonal bricks,
and each of them is simple regular.

Proof. It is obvious that the A-modules F
(0)
1 , F

(0)
2 , F

(1)
1 , F

(1)
2 , F

(1)
3 , and

F
(1)
4 are bricks. Now we show that there are algebra isomorphisms

EndA F
(∞)
1

∼= K, EndF
(∞)
2

∼= K, EndF
(0)
3

∼= K, and EndF (λ) ∼= K,

for each λ ∈ K \ {0, 1}.
Let F be one of the modules F

(∞)
1 , F

(∞)
2 , and F

(0)
3 , and let

f = (f1, . . . , f8) : F −−−−−−→ F

be an endomorphism of the A-module F , viewed as a K-linear represen-
tation of Δ = Δ(Ẽ7). Assume that the K-linear map f1 : K2 −→ K2 is
defined by the matrix

f1 =
[

a b

c d

]
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in the standard basis of K2, where a, b, c, d ∈ K. It follows that[
0
1

]
· f6 = f1 ·

[
0
1

]
and f1 ·

[
1
0

]
=
[

1
0

]
· f2.

Hence we get b = 0 and c = 0. Similarly, the equality[
1
1

]
· f5 = f1 ·

[
1
1

]
yields a = d. Hence we get

f1 =
[

a 0
0 a

]
,

and obviously the map EndA F −→K, assigning to the endomorphism
f : F → F of F the scalar a on the diagonal of the matrix f1, is a K-
algebra isomorphism.

Let
g = (g1, . . . , g8) : F (λ) −−−−−−→ F (λ)

be an endomorphism of the A-module F (λ), viewed as a K-linear represen-
tation of Δ = Δ(Ẽ7), and assume that the K-linear map g1 : K4 −→ K4 is
defined by the matrix

g1 =

[ a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

]
in the standard basis of K4, where aij ∈ K. It follows that[ 1

0
0
0

]
· g4 = g1 ·

[ 1
0
0
0

]
and g1 ·

[ 0
0
0
1

]
=

[ 0
0
0
1

]
· g8.

Hence we get a21 = 0, a31 = 0, a41 = 0, a14 = 0, a24 = 0, and a34 = 0.
Similarly, the equalities[ 0 0

0 0
1 0
0 1

]
· g7 = g1 ·

[ 0 0
0 0
1 0
0 1

]
and

[ 1 0
0 1
0 0
0 0

]
· g3 = g1 ·

[ 1 0
0 1
0 0
0 0

]

yield a13 = 0, a23 = 0, a32 = 0, and a42 = 0. The equalities[ 1 0 0
0 1 0
0 0 1
0 0 0

]
· g2 = g1 ·

[ 1 0 0
0 1 0
0 0 1
0 0 0

]
and

[ 0 0 0
1 0 0
0 1 0
0 0 1

]
· g6 = g1 ·

[ 0 0 0
1 0 0
0 1 0
0 0 1

]

yield a34 = 0 and a12 = 0. Finally, from the equality[ 1 λ

1 0
1 1
0 1

]
· g5 = g1 ·

[ 1 λ

1 0
1 1
0 1

]
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we conclude that a44 = a33 = a22 = a11. Consequently, g1 has the diagonal
form

g1 =

[ a11 0 0 0
0 a11 0 0
0 0 a11 0
0 0 0 a11

]
,

and obviously the map EndA F (λ) −−−−→ K, assigning to the endomorphism
g : F (λ) −→ F (λ) of F (λ) the scalar a11 on the diagonal of the matrix g1, is
a K-algebra isomorphism.

It follows that the modules of Table 2.16 are bricks. Now we show that
they are pairwise orthogonal. It is easy to check that HomA(F (s)

i , F
(t)
j ) = 0,

for all i 
= j and s, t ∈ {0, 1,∞}. Then, it remains to show that

HomA(F (λ), F
(t)
j ) = 0 and HomA(F (t)

j , F (λ)) = 0,

for all t ∈ {0, 1,∞}, all j, and λ ∈ P1(K) \ {0, 1,∞}.
We only prove that HomA(F (1)

3 , F (λ)) = 0 and HomA(F (λ), F
(1)
3 ) = 0,

because the remaining equalities follow in a similar way.
Let

f = (f1, . . . , f8) : F
(1)
3 −−−−−−→ F (λ)

be a morphism of representations of the quiver Δ = Δ(Ẽ7) and let

f1 =

[ f11

f21

f31

f41

]
: K −−−−→ K4 and f5 =

[
f51

f52

]
: K −−−−→ K2.

It follows that

f1 · 1 =

[ 1 0
0 1
0 0
0 0

]
· f3 and f1 · 1 =

[ 1 λ

1 0
1 1
0 1

]
· f5 =

[ f51+λf52

f51

f51+f52

f52

]
.

Hence we get f31 = f41 = 0 and, consequently, f51 = f52 = 0. It follows
that f5 = f1 = 0 and, hence, f = 0.

Let
g = (g1, . . . , g8) : F (λ) −−−−−−→ F

(1)
3

be a morphism of representations of the quiver Δ(Ẽ7) and let

g1 = [g11 g12 g13 g14] : K4 −−−−−−→ K.

The equalities

0 = 0 · g6 = g1 ·
[ 0 0 0

1 0 0
0 1 0
0 0 1

]
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yield g12 = g13 = g14 = 0. On the other hand, the equalities

0 = 0 · g4 = g1 ·
[ 1

0
0
0

]

yield g11 = 0. Hence, g1 = 0 and, consequently, g = 0.
We recall from (1.3)(b) that the defect ∂A : Z8 −−−−→ Z of A is given by

the formula

∂A(x) = −4x1 + x2 + x3 + x4 + 2x5 + x6 + x7 + x8.

It follows that ∂A(dimF ) = 0, for any module F of Table 2.16. Hence, by
(XI.2.8), the indecomposable modules of Table 2.16 are regular.

Now we show that they are simple regular. For this purpose, we suppose
that F is one of the modules

F
(∞)
1 , F

(∞)
2 , F

(0)
1 , F

(0)
2 , F

(0)
3 , F

(1)
1 , F

(1)
2 , F

(1)
3 , F

(1)
4 , or F (λ),

with λ ∈ K \{0, 1}, listed in (2.16) and let X be an indecomposable regular
submodule of F . By (XI.2.8), we have ∂A(dimF ) = 0, and a case by case
inspection shows that X = F (apply the arguments given in the proof of
(2.8)). This is easily seen if F 
= F (λ). For the module F = F (λ) it is not
immediate. However, it follows from the proof of the following theorem that
F (λ) ∼= HomC(T, E(λ)) and, hence, F (λ) is simple regular. This completes
the proof. �

Next, we collect the main properties of the family TT Δ(Ẽ7) of components
defined in (2.17).

2.19. Theorem. Let Δ be the canonically Euclidean quiver Δ(Ẽ7) of
Table 1.1. Let A = KΔ be the path algebra of Δ and let

F
(∞)
1 , F

(∞)
2 , F

(0)
1 , F

(0)
2 , F

(0)
3 , F

(1)
1 , F

(1)
2 , F

(1)
3 , F

(1)
4 , and F (λ),

with λ ∈ K \ {0, 1}, be the A-modules presented in Table 2.16. The family

TT Δ(Ẽ7) = {T Δ(Ẽ7)
λ }λ∈P1(K)

defined in (2.18) has the following properties.

(a) The component T Δ(Ẽ7)
∞ is a stable tube of rank 2 containing the mod-

ules F
(∞)
1 and F

(∞)
2 , and there are isomorphisms

τAF
(∞)
2

∼= F
(∞)
1 and τAF

(∞)
1

∼= F
(∞)
2 .

(b) The component T Δ(Ẽ7)
0 is a stable tube of rank 3 containing the mod-

ules F
(0)
1 , F

(0)
2 , and F

(0)
3 , and there are isomorphisms
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τAF
(0)
3

∼= F
(0)
2 , τAF

(0)
2

∼= F
(0)
1 , τAF

(0)
1

∼= F
(0)
3 .

(c) The component T Δ(Ẽ7)
1 is a stable tube of rank 4 containing the mod-

ules F
(1)
1 , F

(1)
2 , F

(1)
3 , and F

(1)
4 , and there are isomorphisms

τAF
(1)
4

∼= F
(1)
3 , τAF

(1)
3

∼= F
(1)
2 , τAF

(1)
2

∼= F
(1)
1 , τAF

(1)
1

∼= F
(1)
4 .

(d) For each λ ∈ K \ {0, 1}, the component T Δ(Ẽ7)
λ is a stable tube of

rank 1 containing the module F (λ), and there is an isomorphism
τAF (λ) ∼= F (λ).

(e) The Auslander–Reiten quiver Γ(mod A) of A consists of a postpro-
jective component P(A), a preinjective component Q(A) and the

P1(K)-family TT Δ(Ẽ7) = {T Δ(Ẽ7)
λ }λ∈P1(K) of stable tubes separating

the component P(A) from Q(A).

Proof. Let Δ = Δ(Ẽ7) and let A = KΔ. We consider the canonical
algebra C = C(2, 3, 4) of type Δ(Ẽ7) defined in (XII.1.3), and the family of
C-modules

E
(∞)
1 , E

(∞)
2 , E

(0)
1 , E

(0)
2 , E

(0)
3 , E

(1)
1 , E

(1)
2 , E

(1)
3 , E

(1)
4 , and E(λ),

with λ ∈ K \{0, 1}, defined in Table XII.2.9. It follows from (XII.2.12) that
they are simple regular.

By (XII.1.13), the postprojective component P(C) of Γ(modC) contains
the section

T5�⏐⏐
T4 ←− T3 ←− T2 ←− T1 −→ T6 −→ T7−→T8,

where

T1 = τ−3P (0), T2 = τ−3P (b1), T3 = τ−3P (b2), T4 = P (ω),
T5 = τ−3P (a1), T6 = τ−3P (c1), T7 = τ−3P (c2), T8 = τ−3P (c3).

Here we use the notation of (XII.1.2). Moreover,

T = T1 ⊕ T2 ⊕ T3 ⊕ T4 ⊕ T5 ⊕ T6 ⊕ T7 ⊕ T8

is a postprojective tilting C-module and there is a K-algebra isomorphism

A ∼= EndTC .

Then, by (VIII.4.5), the functor HomC(T, −) : modC −→ mod A restricts
to the equivalence

HomC(T, −) : addR(C)
∼=−−−−−−→ addR(A)
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of abelian and serial categories addR(C) and addR(A) of regular modules
such that the diagram (2.11) is commutative

It follows that the functor HomC(T, −) : addR(C)
∼=−→ addR(A) carries

irreducible morphisms to irreducible ones, and the image HomC(T, T C
λ ) of

any stable tube T C
λ in R(C) of rank rλ ≥ 1 is a stable tube in R(A)

of the same rank rλ. Moreover, any stable tube in R(A) is of the form
HomC(T, T C

λ ).

We claim that, for each λ ∈ P1(K), the tubes HomC(T, T C
λ ) and T Δ(Ẽ7)

λ

coincide. For this purpose, it suffices to show that

HomC(T, E
(s)
j ) ∼= F

(s)
j and HomC(T, E(λ)) ∼= F (λ),

for all s ∈ {0, 1,∞}, j, and λ ∈ P1(K) \ {0, 1, ∞}.
To prove this, we recall that A∼=EndTC and, as in the proof of (XII.1.11),

the left hand part of the postprojective component P(C) of Γ(modC) con-
taining all the indecomposable projective C-modules P (0), . . . , P (ω) looks
as follows

P (ω)=
1

2 1 1 1
1 1 1

↗ ↘
P (b2)=

0
1 1 1 0
0 0 0

− − −−
1

1 0 0 0
1 0 0

− − −−
0

1 1 0 0
1 1 0

− − −
1

2 1 1 0
1 1 1

− − −

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
P (b1)=

0
1 1 0 0
0 0 0

− − −−
1

2 1 1 0
1 0 0

− − −−
1

2 1 0 0
2 1 0

− − −−
1

3 2 1 0
2 2 1

− − − . . .

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
0

1 0 0 0
0 0 0

→
1

1 0 0 0
0 0 0

→
1

2 1 0 0
1 0 0

→
0

1 1 0 0
1 0 0

→
1

3 2 1 0
2 1 0

→
1

2 1 1 0
1 1 0

→
2

4 2 1 0
3 2 1

→
1

2 1 0 0
2 1 1

· · ·

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
P (c1)=

0
1 0 0 0
1 0 0

− − −−
1

2 1 0 0
1 1 0

− − −−
1

3 2 1 0
2 1 1

− − −−
2

3 2 1 0
2 1 0

− − − . . .

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
P (c2)=

0
1 0 0 0
1 1 0

− − −−
1

2 1 0 0
1 1 1

− − −−
1

2 2 1 0
1 0 0

− − −−
1

2 1 1 0
2 1 0

− − −

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
P (c3)=

0
1 0 0 0
1 1 1

− − −−
1

1 1 0 0
0 0 0

− − −−
0

1 1 1 0
1 0 0

− − −
1

1 0 0 0
1 1 0

where
P (0) =

0
1 0 0 0
0 0 0

, and P (a1) =
1

1 0 0 0
0 0 0

,

and the indecomposable modules are represented by their dimension vectors.
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It follows from (VI.3.10) that eiA ∼= HomC(T, Ti) and, for each regular
C-module X and for each i ∈ {1, . . . , 8}, we have

HomC(T, X)i = HomC(T, X)ei

∼= HomA(eiA, HomC(T, X))
∼= HomA(HomC(T, Ti), HomC(T, X))
∼= HomC(Ti, X),

and therefore (dimHomC(T, X))i = dimKHomC(Ti, X). Note also that we
have

HomC(T4, X) = HomC(P (ω), X) ∼= Xω.

By consulting the beginning part of the component P(C) shown above we
see that the ω-th coordinate of the dimension vector of each of the C-
modules T1, T2, T3, T5, T6, T7, T8 equals zero. Let

Q :

a1
α1↙

0
β1←− b1

β2←− b2

γ1
↖

c1
γ2←− c2

γ3←− c3

be the full subquiver of Δ(2, 3, 4), of the Dynkin type E7, defined by the
points 0, a1, b1, b2, c1, c2, c3, in the notation of (XII.1.2). Note that there is
an isomorphism KQ ∼= eQCeQ of algebras and the equivalence of categories
mod KQ ∼= repK(Q), where eQ is the idempotent

eQ = e0 + ea1 + eb1 + eb2 + ec1 + ec2 + ec3

of the algebra C. It follows that the restriction functor

reseQ
: mod C −−−−−−→ mod KQ ∼= repK(Q),

see (I.6.6), defines an isomorphism

HomC(Tj , E) ∼= HomKQ(reseQ
Tj , reseQ

E),

for Tj 
= T4 = P (ω) and for any module E in the family

E
(∞)
1 , E

(∞)
2 , E

(0)
1 , E

(0)
2 , E

(0)
3 , E

(1)
1 , E

(1)
2 , E

(1)
3 , E

(1)
4 , and E(λ),

with λ ∈ K \ {0, 1}. Because reseQ
E(λ) = I(0) is the injective envelope of

the simple representation S(0) in modKQ ∼= repK(Q) then, for each j 
= 4,
there is an isomorphism

HomC(Tj , E
(λ)) ∼= HomKQ(reseQ

Tj , reseQ
E(λ)) ∼= D(Tj)0,
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which is functorial at Tj .
By applying the above formulae to the module E = F (λ), with

λ ∈ K \ {0, 1}, we get

HomC(T1, E
(λ)) ∼= D(T1)0 = K4,

HomC(T2, E
(λ)) ∼= D(T2)0 = K3,

HomC(T3, E
(λ)) ∼= D(T3)0 = K2,

HomC(T5, E
(λ)) ∼= D(T5)0 = K2,

HomC(T6, E
(λ)) ∼= D(T6)0 = K3,

HomC(T7, E
(λ)) ∼= D(T7)0 = K2,

HomC(T8, E
(λ)) ∼= D(T8)0 = K, and

HomC(T4, E
(λ)) ∼= E

(λ)
ω = K.

In particular, we get

dimHomC(T, E(λ)) = 2
1 2 3 4 3 2 1.

Moreover, by applying the above formulae, one shows that there is a module
isomorphism HomC(T, E(λ)) ∼= F (λ), and hence

HomC(T, T C
λ ) = T Δ(Ẽ7)

λ ,

for any λ ∈ K \ {0, 1}. Because, by (XII.2.12), the C-module E(λ) is sim-
ple regular, then the A-module HomC(T, E(λ)) ∼= F (λ) is simple regular.
Furthermore, in view of the isomorphism τCE(λ) ∼= E(λ) in (XII.2.12)
and the commutativity of the diagram (2.11), we get the isomorphism
τAF (λ) ∼= F (λ). This finishes the proof of (d).

Similarly, by applying the above formulae to any module E in the family
E

(∞)
1 , E

(∞)
2 , E

(0)
1 , E

(0)
2 , E

(0)
3 , E

(1)
1 , E

(1)
2 , E

(1)
3 , and E

(1)
4 we get

dimHomC(T, E
(∞)
1 ) = 1

0 1 1 2 1 1 1, dimHomC(T, E
(∞)
2 ) = 1

1 1 1 2 1 1 0,

dimHomC(T, E
(0)
1 ) = 1

0 0 1 1 1 0 0, dimHomC(T, E
(0)
2 ) = 0

0 1 1 1 1 1 0,

dimHomC(T, E
(0)
3 ) = 1

1 1 1 2 1 1 1, dimHomC(T, E
(1)
1 ) = 1

0 0 0 1 1 1 0,

dimHomC(T, E
(1)
2 ) = 0

0 0 1 1 1 1 1, dimHomC(T, E
(1)
3 ) = 1

0 1 1 1 0 0 0,

dimHomC(T, E
(1)
4 ) = 0

1 1 1 1 1 0 0.

In particular, dimHomC(T, E
(s)
j ) = dimF

(s)
j , for all j and all s ∈ {0, 1,∞}.

Because, by (XII.2.12), E is a simple regular C-module, then obviously
the A-module HomC(T, E) is simple regular.
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We recall from (XI.3.3) and (XII.4.2) that the simple regular A-modules
lying in the non-homogeneous tubes of R(A) are uniquely determined by
their dimension vectors. Because, by (2.18), the modules presented in Table
2.17 are simple regular, then there is an isomorphism

HomC(T, E
(s)
j ) ∼= F

(s)
j ,

for all j and s ∈ {0, 1,∞}.
Therefore, by applying (XII.2.12) and the commutative diagram (2.11),

we prove the statements (a)–(c), and we conclude that the tubes

T Δ(Ẽ7)
∞ =HomC(T, T C

∞ ), T Δ(Ẽ7)
0 =HomC(T, T C

0 ), T Δ(Ẽ7)
1 =HomC(T, T C

1 )
exhaust all the non-homogeneous tubes of the regular part R(A) of the
Auslander–Reiten quiver Γ(modA). Consequently, the tubes

T Δ(Ẽ7)
λ = HomC(T, T C

λ ), with λ ∈ K \ {0, 1},

exhaust all the homogeneous tubes of Γ(modA). Now the statement (e)
follows from (2.1). This completes the proof. �

2.20. Table. Simple regular representations of Δ(Ẽ8)

Assume that Δ = Δ(Ẽ8) is the canonically oriented Euclidean quiver

Δ(Ẽ8) :
4⏐


3 −→ 2 −→ 1 ←− 5 ←− 6 ←− 7 ←− 8 ←− 9.

shown in Table 1.1, and let A = KΔ. Consider the following family of
indecomposable regular A-modules, viewed as K-linear representations of
Δ(Ẽ8). We show below that they are simple regular.

(a) Simple regular representations in the tube T Δ(Ẽ8)
∞

F
(∞)
1 :

K2⏐⏐
⎡⎣ 1 0
1 1
0 1

⎤⎦
K−→[

0
1

] K2 −→⎡⎣ 0 0
1 0
0 1

⎤⎦
K3 ←−⎡⎣ 1 0

0 1
0 0

⎤⎦
K2 ←−[

1 0
0 1

] K2 ←−[
1
0

] K ←−
1

K ←− 0

F
(∞)
2 :

K⏐⏐
⎡⎣ 1
1
1

⎤⎦
K −→[

0
1

] K2 −→⎡⎣ 0 0
1 0
0 1

⎤⎦
K3 ←−⎡⎣ 1 0 0

0 1 0
0 0 1

⎤⎦
K3 ←−⎡⎣ 1 0

0 1
0 0

⎤⎦
K2 ←−[

1 0
0 1

] K2 ←−[
1
0

] K ←−
1

K
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(b) Simple regular representations in the tube T Δ(Ẽ8)
0

F
(0)
1 :

K⏐⏐
[
1
1

]
K −−−−→[

0
1

] K2 −−−−→[
1 0
0 1

] K2 ←−[
1
0

] K ←−
1

K ←−
1

K ←− 0 ←− 0

F
(0)
2 :

K⏐⏐
[
1
1

]
K −→

1
K −−−−→[

0
1

] K2 ←−−−−[
1 0
0 1

] K2←−[
1
0

] K ←−
1

K ←−
1

K ←− 0

F
(0)
3 :

K⏐⏐
[
1
1

]
0 −→ K −−−−→[

0
1

] K2 ←−−−−[
1 0
0 1

] K2 ←−[
1 0
0 1

] K2←−[
1
0

] K ←−
1

K ←−
1

K

(c) Simple regular representations in the tube T Δ(Ẽ8)
1

F
(1)
1 :

K⏐⏐
1

0 −→ K
1−→ K

1←− K ←− 0 ←− 0 ←− 0 ←− 0

F
(1)
2 :

0⏐⏐

K

1−→ K
1−→ K

1←− K
1←− K ←− 0 ←− 0 ←− 0

F
(1)
3 :

K⏐⏐
1

0 −→ 0 −→ K
1←− K

1←− K
1←− K ←− 0 ←− 0

F
(1)
4 :

0⏐⏐

0 −→ K

1−→ K
1←− K

1←− K
1←− K

1←− K ←− 0

F
(1)
5 :

K⏐⏐
[
1
1

]
K

1−→ K

[
0
1

]
−−−−→ K2

[
1
0

]
←−−−− K

1←− K
1←− K

1←− K
1←− K
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(d) Simple regular representations in the tube T Δ(Ẽ8)
λ ,

withλ∈K\{0, 1}

F (λ) :

K3

|
|
⎡⎣ λ 1 0

0 0 1
1 1 0
1 0 1
1 1 0
0 1 0

⎤⎦⏐⏐

K2 −→[ 0 0

0 0
1 0
0 1

]K4−−−−−−→⎡⎢⎢⎣
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤⎥⎥⎦
K6←−−−−−−−⎡⎢⎢⎣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

⎤⎥⎥⎦
K5←−−−−−−⎡⎢⎣ 1 0 0 0

0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

⎤⎥⎦
K4 ←−−−−[ 1 0 0

0 1 0
0 0 1
0 0 0

]K3 ←−[
1 0
0 1
0 0

]K2←−[
1
0

]K

2.21. Definition. Assume that A = KΔ, where Δ is the canonically
oriented Euclidean quiver Δ(Ẽ8) shown in (2.20). We define the P1(K)-
family (see (2.3))

TT Δ(Ẽ8) = {T Δ(Ẽ8)
λ }λ∈P1(K)

of connected components T Δ(Ẽ8)
λ of the Auslander–Reiten quiver Γ(modA)

of A as follows:

• T Δ(Ẽ8)
∞ is the component containing the A-module F

(∞)
1 ,

• T Δ(Ẽ8)
0 is the component containing the A-module F

(0)
1 ,

• T Δ(Ẽ8)
1 is the component containing the A-module F

(1)
1 , and

• for each λ ∈ K \ {0, 1}, T Δ(Ẽ8)
λ is the component containing the

A-module F (λ), where F
(∞)
1 , F

(0)
1 , F

(1)
1 , and F (λ) are the modules

shown in Table 2.20.

It follows from (2.23) below that the components T Δ(Ẽ8)
λ of the P1(K)-

family TT Δ(Ẽ8) are stable tubes in R(A).
We now collect the main properties of the modules listed in (2.20).

2.22. Lemma. Let Δ be the the canonically oriented Euclidean quiver
Δ(Ẽ8) shown in Table 1.1. Let A = KΔ be the path algebra of Δ. The
A-modules

F
(∞)
1 , F

(∞)
2 , F

(0)
1 , F

(0)
2 , F

(0)
3 , F

(1)
1 , F

(1)
2 , F

(1)
3 , F

(1)
4 , F

(1)
5 , F (λ),

with λ ∈ K \ {0, 1}, presented in Table 2.20 are pairwise orthogonal bricks,
and each of them is simple regular.
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Proof. It is obvious that the A-modules F
(1)
1 , F

(1)
2 , F

(1)
3 , F

(1)
4 are bricks.

Now we show that there is a K-algebra isomorphism EndF
(1)
5

∼= K. Let

f = (f1, . . . , f9) : F
(1)
5 −−−−→ F

(1)
5

be an endomorphism of the A-module F
(1)
5 , viewed as a K-linear represen-

tation of Δ = Δ(Ẽ8), and assume that the K-linear map f1 : K2 −→ K2 is
defined by the matrix

f1 =
[

a b

c d

]
in the standard basis of K2, where a, b, c, d ∈ K. It follows that[

0
1

]
· f2 = f1 ·

[
0
1

]
and f1 ·

[
1
0

]
=
[

1
0

]
· f5.

Hence we get b = 0 and c = 0. Similarly, the equality[
1
1

]
· f4 = f1 ·

[
1
1

]
yields a = d. Hence we get

f1 =
[

a 0
0 a

]
,

and obviously the K-linear map EndA F
(1)
5 −→K, assigning to the endo-

morphism f of F
(1)
5 the scalar a, is a K-algebra isomorphism.

By applying the above arguments we also show that there are K-algebra
isomorphisms EndF

(0)
1

∼= K, EndF
(0)
2

∼= K, EndF
(0)
3

∼= K.
Let F be one of the modules F

(∞)
1 and F

(∞)
2 . Let

g = (g1, . . . , g9) : F −−−−→ F

be an endomorphism of the A-module F , viewed as a K-linear representa-
tion of Δ = Δ(Ẽ8), and assume that the K-linear map g1 : K3 −→ K3 is
defined by the matrix

g1 =
[

a11 a12 a13

a21 a22 a23

a31 a32 a33

]
in the standard basis of K3, where aij ∈ K. It follows, as in the proof of
(2.18), that a12 = 0, a13 = 0, a23 = 0, a21 = 0, a31 = 0, a32 = 0, and
a33 = a22 = a11. Consequently, g1 has the diagonal form
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g1 =
[

a11 0 0
0 a11 0
0 0 a11

]
,

and obviously the K-linear map EndA F −→K, assigning to the endomor-
phism g : F → F of F the scalar a11 on the diagonal of the matrix g1, is a
K-algebra isomorphism.

Finally, by applying the arguments used in the proof of (2.18), we also
show that there is a K-algebra isomorphism EndA F (λ) ∼= K, for each λ ∈
K \{0, 1}. This shows that the modules of Table 2.20 are bricks. The proof
that they are pairwise orthogonal is similar to those in (2.8), (2.14), and
(2.18);we leave it to the reader.

We recall from (1.3)(b) that the defect ∂A : Z9 −−−−→ Z of A is given by
the formula

∂A(x) = −6x1 + 2x2 + 2x3 + 3x4 + x5 + x6 + x7 + x8 + x9.

It follows that ∂A(dimF ) = 0 for any module F of Table 2.20. Hence, by
(XI.2.8), the indecomposable modules of Table 2.20 are regular.

To show that they are simple regular, we suppose that F is one of the
modules

F
(∞)
1 , F

(∞)
2 , F

(0)
1 , F

(0)
2 , F

(0)
3 , F

(1)
1 , F

(1)
2 , F

(1)
3 , F

(1)
4 , F

(1)
5 , F (λ),

with λ ∈ K \{0, 1}, listed in (2.20) and let X be an indecomposable regular
submodule of F . By (XI.2.8), we have ∂A(dimF ) = 0, and a case by case
inspection shows that X = F (apply the arguments given in the proof of
(2.8)). This is easily seen if F is neither F (λ), nor any of the modules F

(∞)
1

and F
(∞)
2 .

The proof is not immediate in case F is one of the modules F
(∞)
1 , F

(∞)
2 ,

and F (λ). However, it follows from the proof of the following theorem that
there are isomorphisms of A-modules

F
(∞)
1

∼= HomC(T, E
(∞)
1 ),

F
(∞)
2

∼= HomC(T, E
(∞)
2 ),

F (λ) ∼= HomC(T, E(λ))

and, hence, the modules F
(∞)
1 , F

(∞)
2 , and F (λ) are simple regular, because

the C-modules E
(∞)
1 , E

(∞)
2 , and E(λ) are simple regular, by (XII.2.13). This

completes the proof. �

Next, we collect the main properties of the family TT Δ(Ẽ8) of components
defined in (2.21).
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2.23. Theorem. Let Δ be the canonically oriented Euclidean quiver
Δ(Ẽ8) shown in Table 1.1, A = KΔ be the path algebra of Δ, and let

F
(∞)
1 , F

(∞)
2 , F

(0)
1 , F

(0)
2 , F

(0)
3 , F

(1)
1 , F

(1)
2 , F

(1)
3 , F

(1)
4 , F

(1)
5 , F (λ),

with λ ∈ K \ {0, 1}, be the A-modules presented in Table 2.20. The family

TT Δ(Ẽ8) = {T Δ(Ẽ8)
λ }λ∈P1(K)

defined in (2.21) has the following properties.

(a) The component T Δ(Ẽ8)
∞ is a stable tube of rank 2 containing the mod-

ules F
(∞)
1 and F

(∞)
2 , and there are isomorphisms

τAF
(∞)
2

∼= F
(∞)
1 and τAF

(∞)
1

∼= F
(∞)
2 .

(b) The component T Δ(Ẽ8)
0 is a stable tube of rank 3 containing the mod-

ules F
(0)
1 , F

(0)
2 , and F

(0)
3 , and there are isomorphisms

τAF
(0)
3

∼= F
(0)
2 , τAF

(0)
2

∼= F
(0)
1 , τAF

(0)
1

∼= F
(0)
3 .

(c) The component T Δ(Ẽ8)
1 is a stable tube of rank 5 containing the mod-

ules F
(1)
1 , F

(1)
2 , F

(1)
3 , F

(1)
4 , and F

(1)
5 , and there are isomorphisms

τAF
(1)
5

∼=F
(1)
4 , τAF

(1)
4

∼=F
(1)
3 , τAF

(1)
3

∼=F
(1)
2 , τAF

(1)
2

∼=F
(1)
1 , τAF

(1)
1

∼=F
(1)
5 .

(d) For each λ ∈ K \ {0, 1}, the component T Δ(Ẽ8)
λ is a stable tube of

rank 1 containing the module F (λ), and there is an isomorphism
τAF (λ) ∼= F (λ).

(e) The Auslander–Reiten quiver Γ(mod A) of A consists of a postpro-
jective component P(A), a preinjective component Q(A) and the

P1(K)-family TT Δ(Ẽ8) = {T Δ(Ẽ8)
λ }λ∈P1(K) of stable tubes separating

the component P(A) from Q(A).

Proof. Let Δ = Δ(Ẽ8) and let A = KΔ. We consider the canonical
algebra C = C(2, 3, 5) of type Δ(Ẽ8) defined in (XII.1.3), and the family of
C-modules

E
(∞)
1 , E

(∞)
2 , E

(0)
1 , E

(0)
2 , E

(0)
3 , E

(1)
1 , E

(1)
2 , E

(1)
3 , E

(1)
4 , E

(1)
5 , E(λ),

with λ ∈ K \{0, 1}, defined in Table XII.2.9. It follows from (XII.2.12) that
they are simple regular.

By (XII.1.16), the postprojective component P(C) of the Auslander–
Reiten quiver Γ(modC) of C contains the section

T4�⏐
T3 ←− T2 ←− T1 −→ T5 −→ T6 −→ T7 −→ T8 −→ T9,
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where

T1 = τ−5P (0), T2 = τ−5P (b1), T3 = τ−5P (b2), T4 = τ−5P (a1),

T5 = τ−5P (c1), T6 = τ−5P (c2), T7 = τ−5P (c3), T8 = τ−5P (c4),

T9 = P (ω).

Here we use the notation of (XII.1.2). Moreover,

T = T1 ⊕ T2 ⊕ T3 ⊕ T4 ⊕ T5 ⊕ T6 ⊕ T7 ⊕ T8 ⊕ T9

is a postprojective tilting C-module and there is a K-algebra isomorphism

A ∼= EndTC .

Then, by (VIII.4.5), the functor HomC(T, −) : modC −−−−→ mod A re-
stricts to the equivalence

HomC(T, −) : addR(C)
∼=−−−−−−→ addR(A)

of abelian and serial categories addR(C) and addR(A) of regular modules
such that the diagram (2.11) is commutative.

It follows that the functor HomC(T, −) : addR(C)
∼=−−−−→ addR(A) car-

ries irreducible morphisms to irreducible ones, and the image HomC(T, T C
λ )

of any stable tube T C
λ in R(C) of rank rλ ≥ 1 is a stable tube in R(A)

of the same rank rλ. Moreover, any stable tube in R(A) is of the form
HomC(T, T C

λ ).

We claim that, for each λ ∈ P1(K), the tubes HomC(T, T C
λ ) and T Δ(Ẽ8)

λ

coincide. For this purpose, it suffices to show that there are isomorphisms

HomC(T, E
(s)
j ) ∼= F

(s)
j and HomC(T, E(λ)) ∼= F (λ),

for all s ∈ {0, 1,∞}, all j, and λ ∈ P1(K) \ {0, 1, ∞}.
To prove this, we recall that A∼=EndTC and, as in the proof of (XII.1.14),

the left hand part of the postprojective component P(C) of Γ(modC) con-
taining all the indecomposable projective C-modules P (0), . . . , P (ω) looks
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as follows

P (0)=
0

1 0 0 0
0 0 0 0

↙ ↓ ↘
P (c1)=

0
1 0 0 0
1 0 0 0

1
1 0 0 0
0 0 0 0

0
1 1 0 0
0 0 0 0

=P (b1)

↙ ↘ ↓ ↙ ↘
P (c2)=

0
1 0 0 0
1 1 0 0

1
2 1 0 0
1 0 0 0

P (b2)=
0

1 1 1 0
0 0 0 0

↙ ↘ ↙ ↓ ↘ ↙
P (c3)=

0
1 0 0 0
1 1 1 0

1
2 1 0 0
1 1 0 0

0
1 1 0 0
1 0 0 0

1
2 1 1 0
1 0 0 0

↙ ↘ ↙ ↘ ↓ ↙ ↘
0

1 0 0 0
1 1 1 1

=P (c4)
1

2 1 0 0
1 1 1 0

1
3 2 1 0
2 1 0 0

1
1 0 0 0
1 0 0 0

↘ ↙ ↘ ↙ ↓ ↘ ↙
1

2 1 0 0
1 1 1 1

1
3 2 1 0
2 1 1 0

1
2 1 1 0
1 1 0 0

1
2 1 0 0
2 1 0 0

↙ ↘ ↙ ↘ ↓ ↙ ↘
1

1 1 0 0
0 0 0 0

1
3 2 1 0
2 1 1 1

2
4 2 1 0
3 2 1 0

0
1 1 0 0
1 1 0 0

↘ ↙ ↘ ↙ ↓ ↘ ↙
1

2 2 1 0
1 0 0 0

2
4 2 1 0
3 2 1 1

1
2 1 0 0
2 1 1 0

1
3 2 1 0
2 2 1 0

↙ ↘ ↙ ↘ ↓ ↙ ↘
0

1 1 1 0
1 0 0 0

2
3 2 1 0
2 1 0 0

2
5 3 1 0
4 3 2 1

1
2 1 1 0
1 1 1 0

↘ ↙ ↘ ↙ ↓ ↘ ↙
1

2 1 1 0
2 1 0 0

2
4 3 1 0
3 2 1 0

1
3 2 1 0
2 2 1 1

2
4 2 1 0
3 2 2 1

↙ ↘ ↙ ↘ ↓ ↙ ↘
1

1 0 0 0
1 1 0 0

1
3 2 1 0
3 2 1 0

3
6 4 2 0
4 3 2 1

1
2 1 0 0
2 1 1 1

↘ ↙ ↘ ↙ ↓ ↘ ↙
1

2 1 0 0
2 2 1 0

2
5 3 2 0
4 3 2 1

2
3 2 1 0
2 1 1 0

2
4 3 1 0
3 2 1 1

↙ ↘ ↙ ↘ ↓ ↙ ↘
0

1 1 0 0
1 1 1 0

2
4 2 1 0
3 3 2 1

...
1

2 2 1 0
1 1 0 0

↘ ↙ ↘ ↙
1

3 2 1 0
2 2 2 1

. . . . . .

↙ ↘
1

2 1 1 0
1 1 1 1

. . .

↙
1

2 1 1 1
1 1 1 1

=P (ω)
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where
P (a1) =

1
1 0 0 0
0 0 0 0

,

and the indecomposable modules are represented by their dimension vectors.
It follows from (VI.3.10) that eiA ∼= HomC(T, Ti) and, for each regular

C-module X and for each i ∈ {1, . . . , 9}, there isomorphisms of A-modules

HomC(T, X)i = HomC(T, X)ei

∼= HomA(eiA, HomC(T, X))
∼= HomA(HomC(T, Ti), HomC(T, X))
∼= HomC(Ti, X),

and therefore dimHomC(T, X)i = dimKHomC(Ti, X). Note also that we
have

HomC(T9, X) = HomC(P (ω), X) ∼= Xω.

By consulting the beginning part of the component P(C) shown above we
see that the ω-th coordinate of the dimension vector of each of the C-
modules T1, T2, T3, T4, T5, T6, T7, T8 equals zero. Let

Q :

a1
α1↙

0
β1←− b1

β2←− b2

γ1
↖

c1
γ2←− c2

γ3←− c3
γ4←− c4

be the full subquiver of Δ(2, 3, 5), of the Dynkin type E8, defined by the
points 0, a1, b1, b2, c1, c2, c3, c4 (we use the notation of (XII.1.2)).

Note that there is an isomorphism KQ ∼= eQCeQ of algebras and the
equivalence of categories mod KQ ∼= repK(Q), where eQ is the idempotent

eQ = e0 + ea1 + eb1 + eb2 + ec1 + ec2 + ec3 + ec4

of the algebra C. It follows that the restriction functor

reseQ
: mod C −−−−−−→ mod KQ ∼= repK(Q)

from the bound quiver Δ(2, 3, 5) to its subquiver Q (see (I.6.6)) defines a
functorial isomorphism

HomC(Tj , E) ∼= HomKQ(reseQ
Tj , reseQ

E),

for Tj 
= T9 = P (ω) and for any module E in the family
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E
(∞)
1 , E

(∞)
2 , E

(0)
1 , E

(0)
2 , E

(0)
3 , E

(1)
1 , E

(1)
2 , E

(1)
3 , E

(1)
4 , E

(1)
5 , E(λ),

with λ ∈ K \ {0, 1}. Because reseQ
E(λ) = I(0) is the injective envelope

of the simple representation S(0) in modKQ ∼= repK(Q) then, for each
j ∈ {1, . . . , 8}, there are isomorphisms

HomC(Tj , E
(λ)) ∼= HomKQ(reseQ

Tj , reseQ
E(λ)) ∼= D(Tj)0,

that are functorial at Tj .
By applying the above formulae to the module E = F (λ), with

λ ∈ K \ {0, 1}, we get the isomorphisms

HomC(T1, E
(λ)) ∼= D(T1)0 = K6,

HomC(T2, E
(λ)) ∼= D(T2)0 = K4,

HomC(T3, E
(λ)) ∼= D(T3)0 = K2,

HomC(T4, E
(λ)) ∼= D(T4)0 = K3,

HomC(T5, E
(λ)) ∼= D(T5)0 = K5,

HomC(T6, E
(λ)) ∼= D(T6)0 = K4,

HomC(T7, E
(λ)) ∼= D(T7)0 = K3,

HomC(T8, E
(λ)) ∼= D(T8)0 = K2, and

HomC(T9, E
(λ)) ∼= E

(λ)
ω = K.

In particular, we get

dimHomC(T, E(λ)) = 3
2 4 6 5 4 3 2 1.

Moreover, by applying the above formulae, one shows that there is an A-
module isomorphism HomC(T, E(λ)) ∼= F (λ), and hence

HomC(T, T C
λ ) = T Δ(Ẽ8)

λ ,

for any λ ∈ K \ {0, 1}.
Because, by (XII.2.12), the C-module E(λ) is simple regular, then the

A-module HomC(T, E(λ)) ∼= F (λ) is simple regular. Furthermore, in view
of the isomorphism

τCE(λ) ∼= E(λ)

in (XII.2.12) and the commutativity of the diagram (2.11), we get the iso-
morphism

τAF (λ) ∼= F (λ).

This finishes the proof of (d).



XIII.2. Tubes and simple regular modules 195

Similarly, by applying the above formulae to any module E in the family

E
(∞)
1 , E

(∞)
2 , E

(0)
1 , E

(0)
2 , E

(0)
3 , E

(1)
1 , E

(1)
2 , E

(1)
3 , E

(1)
4 , E

(1)
5

we get

dimHomC(T, E
(∞)
1 ) = 2

1 2 3 2 2 1 1 0, dimHomC(T, E
(∞)
2 ) = 1

1 2 3 3 2 2 1 1,

dimHomC(T, E
(0)
1 ) = 1

1 2 2 1 1 1 0 0, dimHomC(T, E
(0)
2 ) = 1

1 1 2 2 1 1 1 0,

dimHomC(T, E
(0)
3 ) = 1

0 1 2 2 2 1 1 1, dimHomC(T, E
(1)
1 ) = 1

0 1 1 1 0 0 0 0,

dimHomC(T, E
(1)
2 ) = 0

1 1 1 1 1 0 0 0, dimHomC(T, E
(1)
3 ) = 1

0 0 1 1 1 1 0 0,

dimHomC(T, E
(1)
4 ) = 0

0 1 1 1 1 1 1 0, dimHomC(T, E
(1)
5 ) = 1

1 1 2 1 1 1 1 1.

In particular, dimHomC(T, E
(s)
j ) = dimF

(s)
j , for all j, and s ∈ {0, 1,∞}.

Because, by (XII.2.12), E is a simple regular C-module, then obviously
the A-module HomC(T, E) is simple regular.

We recall from (XI.3.3) and (XII.4.2) that the simple regular A-modules
lying in the non-homogeneous tubes of R(A) are uniquely determined by
their dimension vectors. Because, by (2.22), the modules presented in Table
2.20 are simple regular, then there is an isomorphism

HomC(T, E
(s)
j ) ∼= F

(s)
j ,

for all j, and s ∈ {0, 1,∞}.
Therefore, by applying (XII.2.12) and the commutatity of the diagram

(2.11), we prove the statements (a)–(c), and we conclude that the tubes

T Δ(Ẽ8)
∞ = HomC(T, T C

∞ ), T Δ(Ẽ8)
0 = HomC(T, T C

0 ), T Δ(Ẽ8)
1 =HomC(T, T C

1 )

exhaust all the non-homogeneous tubes of the regular part R(A) the Auslan-
der–Reiten quiver Γ(modA) of A. Consequently, the tubes

T Δ(Ẽ8)
λ = HomC(T, T C

λ ),

with λ ∈ K \ {0, 1}, exhaust all the homogeneous tubes of Γ(modA). Now
the statement (e) follows from (2.1). This completes the proof. �

Now we summarise the main result of this section.



196 Chapter XIII. Tubes over hereditary algebras

2.24. Theorem. Assume that Δ is one of the canonically oriented Eu-
clidean quivers

Δ(Ãp,q), with q ≥ p ≥ 1, Δ(D̃m), with m ≥ 4, Δ(Ẽ6), Δ(Ẽ7), and Δ(Ẽ8),

listed in Table 1.1.
(a) Every simple regular KΔ-module is isomorphic to one of the modules

presented in Tables 2.4, 2.6, 2.12, 2.16, and 2.20, if Δ is the quiver Δ(Ãp,q),
Δ(D̃m), Δ(Ẽ6), Δ(Ẽ7), and Δ(Ẽ8), respectively.

(b) The regular part R(KΔ) of the Auslander–Reiten quiver Γ(mod KΔ)
of KΔ is a P1(K)-family

TT Δ = {T Δ
λ }λ∈P1(K)

of stable tubes, where

• T Δ
∞ is the stable tube containing the simple regular KΔ-module E

(∞)
1 ,

• T Δ
0 is the stable tube containing the simple regular KΔ-module E

(0)
1 ,

• T Δ
1 is the stable tube containing the simple regular KΔ-module E

(1)
1 ,

if Δ 
= Δ(p, q),
• for each λ ∈ K \ {0, 1}, T Δ

λ is the homogeneous tube containing the
simple regular KΔ-module E(λ), if Δ 
= Δ(p, q) , and

• for each λ ∈ K \ {0}, T Δ
λ is the homogeneous tube containing the

simple regular KΔ-module E(λ), if Δ = Δ(p, q).

Here E
(∞)
j , E

(0)
i , E

(1)
s , E(λ) are the simple regular KΔ-modules listed in

Tables 2.4, 2.6, 2.12, 2.16, 2.20, if Δ is the quiver Δ(Ãp,q), Δ(D̃m), Δ(Ẽ6),
Δ(Ẽ7), Δ(Ẽ8), respectively.

(c) The category mod KΔ is controlled by the quadratic form
qΔ : Z|Δ0| −−−−→ Z of the quiver Δ.

(d) For any positive vector x ∈ K0(KΔ) = Z|Δ0|, with qΔ(x) = 0, there
is a P1(K)-family {Xλ}λ∈P1(K) of pairwise non-isomorphic indecomposable
KΔ-modules Xλ such that Xλ lies in the tube T Δ

λ and dimXλ = x, for
any λ ∈ P1(K).

Proof. The statements (a) and (b) immediately follow by applying (2.5),
(2.9), (2.15), (2.19), and (2.23). The statements (c) and (d) are a conse-
quence of (a), (b), and (XII.4.2) applied to the hereditary algebra KΔ,
which is obviously concealed of Euclidean type. �
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XIII.3. Four subspace problem

The aim of this section is to describe all indecomposable modules over
the path algebra

A = KQ

of the following quiver (of the Euclidean type D̃4), known as a four sub-
space quiver

In other words, we consider the problem of classifying the indecomposable
K-linear representations

of Q, up to isomorphism. Observe that if V is indecomposable and one
of the K-linear maps ϕα, ϕβ , ϕγ or ϕσ is not a monomorphism, then V
is isomorphic to one of the simple representations S(1), S(2), S(3), S(4).
Therefore, up to the known four simple representations, our problem is to
classify four subspaces

of vector spaces V0, up to K-linear automorphisms of V0 preserving the four
subspaces.

The problem is known as the four subspace problem and is solved in
[97] by Gelfand and Ponomarev in case K is an algebraically closed field.

Because any indecomposable K-linear representation of Q is postprojec-
tive, preinjective or regular, a solution of the four subspace problem follows
from (2.8), (2.11), (3.15), and (3.16) below.

Note that the path algebra A = KQ of the four subspace quiver Q is
hereditary and is isomorphic to the matrix subalgebra
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A = KQ ∼=

⎡⎢⎣
K 0 0 0 0
K K 0 0 0
K 0 K 0 0
K 0 0 K 0
K 0 0 0 K

⎤⎥⎦ ⊆ M5(K) (3.1)

of the full matrix algebra M5(K) of 5 × 5 square matrices with coefficients
in the field K.

Throughout, we assume that A = KQ has the lower triangular matrix
form (3.1), and that K is an algebraically closed field.

The following fact is a consequence of (III.2.4) and (III.2.6).

3.2. Lemma. Let Q be the four subspace quiver. Then the path algebra
A = KQ of Q has the form (3.1) and

(a) the indecomposable projective A-modules are of the form

(b) the indecomposable injective A-modules are of the form

�

By the results in (III.3), the group homomorphism

dim : K0(A) �−−−−−−→Z5,

that associates to the representation V of Q the dimension vector

dimV = [ dimKV0, dimKV1, dimKV2, dimKV3, dimKV4 ]t =

⎡⎢⎣
dimKV0

dimKV1

dimKV2

dimKV3

dimKV4

⎤⎥⎦ ,
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is an isomorphism of the Grothendieck group K0(A) of A with the free
abelian group Z5.

The Cartan matrix CA ∈ M5(Z) of A, its inverse C−1
A ∈ M5(Z), the

Coxeter matrix ΦA = −Ct
AC−1

A ∈ M5(Z) of A and its inverse Φ−1
A ∈ M5(Z)

are of the forms

CA =

⎡⎢⎣
1 1 1 1 1
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

⎤⎥⎦, C−1
A =

⎡⎣ 1−1−1−1−1
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

⎤⎦,
ΦA =

[−1 1 1 1 1
−1 0 1 1 1
−1 1 0 1 1
−1 1 1 0 1
−1 1 1 1 0

]
, Φ−1

A =

[ 3 −1 −1 −1 −1
1 −1 0 0 0
1 0 −1 0 0
1 0 0 −1 0
1 0 0 0 −1

]
.

We recall that the Euler quadratic form qA : Z5 −−−−→Z of A = KQ is
defined by the formula

(3.3)qA(x) = qQ(x) = xt(C−1
A )tx

= x2
0 + x2

1 + x2
2 + x2

3 + x2
4 − x0x1 − x0x2 − x0x3 − x0x4,

for any vector

x = [x0, x1, x2, x3, x4]t =

⎡⎢⎣
x0

x4

x3

x2

x1

⎤⎥⎦ =
x1 x2 x3 x4

x0
∈ K0(A) = Z5.

Now we determine the defect ∂A : Z5 −→ Z of the hereditary algebra A =
KQ and the radical rad qA = {y ∈ Z5; qA(y) = 0} of qA.

3.4. Lemma. Let A = KQ be the path algebra (3.1) of the four subspace
quiver Q.

(i) The radical rad qA of the Euler quadratic form qA : Z5 −−−−→Z of
A is the infinite cyclic subgroup rad qA = Z · hA of Z5, where

hA = [2, 1, 1, 1, 1]t = 1 1 1 1
2 .

(ii) The defect ∂A : Z5 −−−−→ Z of A is given by the formula

∂A(x) = −2x0 + x1 + x2 + x3 + x4,

for all x = [x0, x1, x2, x3, x4]t ∈ K0(A) = Z5.
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Proof. (i) It is easy to check that the quadratic form qA has the canon-
ical form

qA(x) = (x1 − 1
2
x0)2 + (x2 − 1

2
x0)2 + (x3 − 1

2
x0)2 + (x4 − 1

2
x0)2.

It follows that qA(x) ≥ 0, for all vectors x ∈ Z5. Moreover, qA(x) = 0 if and
only if x0 = 2x1 = 2x2 = 2x3 = 2x4, that is, if and only if x1 = x2 = x3 = x4
and x = x1 · hA. Hence (i) follows.

(ii) We have shown already that the Coxeter matrix ΦA ∈ M5(Z) of A
has the form

ΦA =

⎡⎢⎣
−1 1 1 1 1
−1 0 1 1 1
−1 1 0 1 1
−1 1 1 0 1
−1 1 1 1 0

⎤⎥⎦ .

An easy matrix calculation shows that, for each vector x=[x0, x1, x2, x3, x4]t

in K0(A) = Z5, we have

Φ2
A · x =

⎡⎢⎢⎢⎣
−3 2 2 2 2
−2 2 1 1 1
−2 1 2 1 1
−2 1 1 2 1
−2 1 1 1 2

⎤⎥⎥⎥⎦·

⎡⎢⎢⎢⎣
x0
x1
x2
x3
x4

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣
−3x0 + 2x1 + 2x2 + 2x3 + 2x4

−2x0 + 2x1 + x2 + x3 + x4
−2x0 + x1 + 2x2 + x3 + x4
−2x0 + x1 + x2 + 2x3 + x4
−2x0 + x1 + x2 + x3 + 2x4

⎤⎥⎥⎥⎦

=

⎡⎢⎣
x0

x1

x2

x3

x4

⎤⎥⎦+ (−2x0 + x1 + x2 + x3 + x4) ·

⎡⎢⎣
2
1
1
1
1

⎤⎥⎦
and

ΦA · x − x=

⎡⎢⎢⎢⎣
−2 1 1 1 1
−1 −1 1 1 1
−1 1 −1 1 1
−1 1 1 −1 1
−1 1 1 1 −1

⎤⎥⎥⎥⎦·

⎡⎢⎢⎢⎣
x0
x1
x2
x3
x4

⎤⎥⎥⎥⎦=

⎡⎢⎢⎢⎣
−2x0 + x1 + x2 + x3 + x4
−x0 − x1 + x2 + x3 + x4
−x0 + x1 − x2 + x3 + x4
−x0 + x1 + x2 − x3 + x4
−x0 + x1 + x2 + x3 − x4

⎤⎥⎥⎥⎦ .

It follows that ΦA·x−x 
∈ Z·hA and Φ2
A·x = x+(−2x0+x1+x2+x3+x4)·hA,

for any x = [x0, x1, x2, x3, x4]t ∈ Z5. This shows that

∂A(x) = −2x0 + x1 + x2 + x3 + x4,

for all x = [x0, x1, x2, x3, x4]t ∈ Z5, and finishes the proof. �
Now we describe the postprojective component P(A) of the Auslander–

Reiten quiver Γ(modA) of A, and the dimension vectors of modules in
P(A).
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3.5. Corollary. Let A = KQ be the path algebra (3.1) of the four sub-
space quiver Q and let ∂A : Z5 −→ Z be the defect of A.

(a) An indecomposable A-module V is postprojective if and only if
∂A(dimV )<0.

(b) The postprojective component P(A) of Γ(mod A) is of the form

(c) For each integer m ≥ 0, we have

dim τ−m
A P (0) = [2m + 1, m, m, m, m]t,

dim τ−2m−1
A P (1) = [2m + 2, m, m + 1, m + 1, m + 1]t,

dim τ−2m−1
A P (2) = [2m + 2, m + 1, m, m + 1, m + 1]t,

dim τ−2m−1
A P (3) = [2m + 2, m + 1, m + 1, m, m + 1]t,

dim τ−2m−1
A P (4) = [2m + 2, m + 1, m + 1, m + 1, m]t,

dim τ−2m
A P (1) = [2m + 1, m + 1, m, m, m]t,

dim τ−2m
A P (2) = [2m + 1, m, m + 1, m, m]t,

dim τ−2m
A P (3) = [2m + 1, m, m, m + 1, m]t,

dim τ−2m
A P (4) = [2m + 1, m, m, m, m + 1]t

Proof. The statement (a) follows from (XI.2.3).
(b) Because the four subspace quiver Q is acyclic then the postprojective

component P(A) of Γ(modA) presented in (b) can be constructed by ap-
plying the technique described in the proof of (VIII.2.1), see also (VIII.2.3)
and Example (VIII.2.4)(b).

(c) Because the algebra A = KQ is hereditary then, according to (IV.2.9),
we have

dim τ−m
A P (j) = Φ−m

A dimP (j),

for all m ≥ 0 and j ∈ {0, 1, 2, 3, 4}. Hence, by a straightforward calculation
of Φ−m

A dimP (j), we get the equalities listed in (c) by induction on m ≥ 0,
compare (VIII.2.3) and Example (VIII.2.4)(b).
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The equalities listed in (c) can be established alternatively by induction
as follows (compare with (VIII.2.4)(b)). Because the dimension vectors of
the indecomposable projective modules P (0), P (1), P (2), P (3), and P (4)
are known then, by applying the additivity of the function (see (III.3.3))

dim : mod A −−−−→ Z5

we compute the vector dim τ−1
A P (0). Next, by applying the additivity

of the function dim , we determine the dimension vectors of the modules
τ−1
A P (1), τ−1

A P (2), τ−1
A P (3), and τ−1

A P (4). Similarly, the obvious inductive
step proves the required equalities. �

Now we define a countable family

FPA = {P (m, j)}0≤j≤4, m≥0

of pairwise non-isomorphic indecomposable A-modules P (m, j) and we show
that it is just a complete family of the indecomposable postprojective A-
modules.

3.6. Table. Indecomposable postprojective representations

of the four subspace quiver

Let A = KQ be the path algebra (3.1) of the four subspace quiver Q.
We define three series of indecomposable postprojective A-modules

(a) P (m, 0), with m ≥ 0,
(b) P (2m+1, 1), P (2m+1, 2), P (2m+1, 3), P (2m+1, 4), with m ≥ 1,
(c) P (2m, 1), P (2m, 2), P (2m, 3), P (2m, 4), with m ≥ 0,

viewed as K-linear representations of the four subspace quiver Q.

3.6(a) For each m ≥ 0, we define

where
u([x1, . . . , xm]t) = [x1, . . . , xm, 0, 0, . . . , 0]t,
v([x1, . . . , xm]t) = [0, . . . , 0, 0, x1, . . . , xm, ]t,
w([x1, . . . , xm]t) = [x1, . . . , xm, x1, . . . , xm, 0]t, and
z([x1, . . . , xm]t) = [0, x1, . . . , xm, x1, . . . , xm]t,

for any vector [x1, . . . , xm]t ∈ Km.
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3.6(b) For each m ≥ 1, we define

where

a([x1, . . . , xm]t) = [0, x1, . . . , xm, x1, . . . , xm, 0]t, for [x1, . . . , xm]t ∈Km,

b([y1, . . . , ym+1]t) = [y1, . . . , ym+1, 0, . . . , 0]t,

c([y1, . . . , ym+1]t) = [0, . . . , 0, y1, . . . , ym+1]t, and

d([y1, . . . , ym+1]t)=[y1, . . . , ym+1, y1, . . ., ym+1]t, for [y1, . . ., ym+1]t ∈Km+1.
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3.6(c) For each m ≥ 0, we define the following four A-modules

where

e([x1, . . . , xm+1]t) = [0, x1, . . . , xm+1, 0, . . . , 0]t,
for [x1, . . . , xm+1]t ∈ Km+1,

f([y1, . . . , ym]t) = [0, 0, . . . , 0, y1, . . . , ym]t,
g([y1, . . . , ym]t) = [0, y1, . . . , ym, y1, . . . , ym]t, and
h([y1, . . . , ym]t) = [y1, . . . , ym, 0, y1, . . . , ym]t, for [y1, . . . , ym]t ∈ Km.

Now we show that the family of modules of Table 3.6 is a complete set
of pairwise non-isomorphic indecomposable postprojective A-modules.
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3.7. Proposition. Let A = KQ be the path algebra (3.1) of the four
subspace quiver Q and let

FPA = {P (m, j)}0≤j≤4, m≥0

be the family of A-modules listed in Table 3.6.
(a) For each pair of integers m ≥ 0 and j ∈ {0, 1, 2, 3, 4}, there is an

isomorphism
τ−mP (j) ∼= P (m, j)

of A-modules, where P (j) is the projective A-module of (3.2) corre-
sponding to the vertex j of Q.

(b) For any m ≥ 0 and j ∈ {0, 1, 2, 3, 4}, the module P (m, j) is a post-
projective brick and satisfies

∂A(dimP (m, j)) < 0 and qA(dimP (m, j)) = 1.

(c) The modules P (m, j) of the family FPAare pairwise non-isomorphic.
(d) Up to isomorphism, every indecomposable postprojective A-module

is of the form P (m, j), where m ≥ 0 and j ∈ {0, 1, 2, 3, 4}.

Proof. It follows from (3.5)(a) that every postprojective indecompos-
able A-module is directing and has the form τ−mP (j), where m ≥ 0 and
j ∈ {0, 1, 2, 3, 4}. Hence, by (IX.3.1), the module τ−mP (j) is uniquely
determined by its dimension vector. Because, by (3.5)(b),

dimP (m, j) = dim τ−mP (j)

then it remains to check that each of the modules P (m, j) is a brick, for
m ≥ 0 and j ∈ {0, 1, 2, 3, 4}.

We leave it as an exercise. We only remark that by a simple matrix
calculation technique applied in the proof of (2.18) one shows that there
is an isomorphism of algebras EndP (m, j) ∼= K, for each m ≥ 0 and j ∈
{0, 1, 2, 3, 4}. �

Now we describe the preinjective component Q(A) of the Auslander–
Reiten quiver Γ(modA) of A, and the dimension vectors of modules in
Q(A).

3.8. Corollary. Let A = KQ be the path algebra (3.1) of the four sub-
space quiver Q and let ∂A : Z5 −→ Z be the defect of A.

(a) An indecomposable A-module V is preinjective if and only if
∂A(dimV )>0.

(b) The preinjective component Q(A) of Γ(mod A) is of the form
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(c) For each integer m ≥ 0, we have

dim τm
A I(0) = [2m + 1, m + 1, m + 1, m + 1, m + 1]t,

dim τ2m+1
A I(1) = [2m + 1, m, m + 1, m + 1, m + 1]t,

dim τ2m+1
A I(2) = [2m + 1, m + 1, m, m + 1, m + 1]t,

dim τ2m+1
A I(3) = [2m + 1, m + 1, m + 1, m, m + 1]t,

dim τ2m+1
A I(4) = [2m + 1, m + 1, m + 1, m + 1, m]t,

dim τ2m
A I(1) = [2m, m + 1, m, m, m]t,

dim τ2m
A I(2) = [2m, m, m + 1, m, m]t,

dim τ2m
A I(3) = [2m, m, m, m + 1, m]t,

dim τ2m
A I(4) = [2m, m, m, m, m + 1]t.

Proof. The statement (a) follows from (XI.2.3).
(b) Because the four subspace quiver Q is acyclic then the preinjective

component Q(A) of Γ(modA) presented in (b) can be constructed by ap-
plying the technique described in the proof of (VIII.2.1), see also (VIII.2.3)
and Example (VIII.2.4)(b).

(c) Because the algebra A = KQ is hereditary then, according to (IV.2.9),
we have

dim τm
A I(j) = Φm

A dim I(j),

for all m ≥ 0 and j ∈ {0, 1, 2, 3, 4}. Hence, by a straightforward calculation
of Φm

A dim I(j), we get the equalities listed in (c) by induction on m ≥ 0,
compare with (VIII.2.3) and Example (VIII.2.4)(b). �

Now we define a countable family
FQA = {I(m, j)}0≤j≤4, m≥0

of pairwise non-isomorphic indecomposable A-modules I(m, j) and we show
that it is just a complete family of the indecomposable preinjective A-
modules.
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3.9. Table. Indecomposable preinjective representations
of the four subspace quiver

Let A = KQ be the path algebra (3.1) of the four subspace quiver Q.
We define three series of indecomposable preinjective A-modules

(a) I(m, 0), with m ≥ 0,
(b) I(2m + 1, 1), I(2m + 1, 2), I(2m + 1, 3), I(2m + 1, 4), with m ≥ 1,
(c) I(2m, 1), I(2m, 2), I(2m, 3), I(2m, 4), with m ≥ 0,

viewed as K-linear representations of the four subspace quiver Q.

3.9(a) For each m ≥ 0, we define

where, for each [x1, . . . , xm+1]t ∈ Km+1, we set
u([x1, . . . , xm+1]t) = [0, . . . , 0, x1, . . . , xm+1]t,
v([x1, . . . , xm+1]t) = [x1, . . . , xm+1, 0, . . . , 0]t,
w([x1, . . . , xm+1]t) = [x1, . . . , xm, x1, . . . , xm, xm+1]t,
z([x1, . . . , xm+1]t) = [x1, . . . , xm+1, x1, . . . , xm]t.

3.9(b) For each m ≥ 1, we define
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where
e([x1, . . . , xm]t) = [0, . . . , 0, x1, . . . , xm]t, for all [x1, . . . , xm]t ∈ Km,

f([y1, . . . , ym+1]t) = [y1, . . . , ym+1, 0, . . . , 0]t,
g[y1, . . . , ym+1]t) = [y1, . . . , ym+1, y2, . . . , ym]t,
h([y1, . . . , ym+1]t)=[y1, . . . , ym, ym+1, y1, . . . , ym]t, for all [y1, . . . , ym+1]t.

3.9(c) For each m ≥ 0, we define

where

a([x1, . . . , xm+1]t) = [x1, . . . , xm, x2, . . . , xm, xm+1]t, for [x1, . . . , xm+1]t,
b([y1, . . . , ym]t) = [0, . . . , 0, y1, . . . , ym]t,
c[y1, . . . , ym]t) = [y1, . . . , ym, 0, . . . , 0]t,

d([y1, . . . , ym]t) = [y1, . . . , ym, y1, . . . , ym]t, for [y1, . . . , ym]t ∈ Km.
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Now we show that the family FQA of modules of Table 3.9 is a complete
set of pairwise non-isomorphic indecomposable preinjective A-modules.

3.10. Proposition. Let A = KQ be the path algebra (3.1) of the four
subspace quiver Q and let

FQA = {I(m, j)}0≤j≤4, m≥0

be the family of A-modules listed in Table 3.9.
(a) For each pair of integers m ≥ 0 and j ∈ {0, 1, 2, 3, 4}, there is an

isomorphism
τmI(j) ∼= I(m, j)

of A-modules, where I(j) is the injective A-module of (3.2) corre-
sponding to the vertex j of Q.

(b) For any m ≥ 0 and j ∈ {0, 1, 2, 3, 4}, the module I(m, j) is a prein-
jective brick and satisfies

∂A(dim I(m, j)) > 0 and qA(dim I(m, j)) = 1.

(c) The modules I(m, j) of the family FQA are pairwise non-isomorphic.
(d) Up to isomorphism, every indecomposable preinjective A-module is

of the form I(m, j), where m ≥ 0 and j ∈ {0, 1, 2, 3, 4}.

Proof. It follows from (3.8)(a) that every preinjective indecomposable
A-module is directing and has the form τmI(j), where m ≥ 0 and j ∈
{0, 1, 2, 3, 4}. Hence, by (IX.3.1), the module τmI(j) is uniquely determined
by its dimension vector. Because, by (3.8)(b),

dim I(m, j) = dim τmI(j)

then it remains to check that the modules I(m, j), with m ≥ 0 and j ∈
{0, 1, 2, 3, 4}, are bricks.

We leave it as an exercise. We only remark that by a simple matrix
calculation technique applied in the proof of (2.18) one shows that there
is an isomorphism of algebras End I(m, j) ∼= K, for each m ≥ 0 and j ∈
{0, 1, 2, 3, 4}. �

Our next aim in this section is to describe all indecomposable regular
modules over the algebra A = KQ, where Q is the four subspace quiver.

We recall from (2.1) that the regular part R(A) of Γ(modA) consists
of the three stable tubes T Q

∞ , T Q
0 , and T Q

1 of rank 2, and the family of
homogeneous tubes T Q

λ , with λ ∈ K \ {0, 1}.
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Now we present two lists of indecomposable K-linear representations of
the four subspace quiver Q. We show in (3.13) below that they form com-
plete sets of the simple regular representations and regular representations
of regular length two of Q, up to isomorphism. We do it by applying the
tilting reduction to the canonical algebra C(2, 2, 2), like in the proof of (2.8).

3.11. Table. Simple regular representations of the

four subspace quiver
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3.12. Table. Regular representations of regular length two

of the four subspace quiver
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We recall that A = KQ is the path algebra of the four subspace quiver
Q. It follows from (2.1) that the regular part R(A) of Γ(modA) consists
of the three stable tubes T Q

∞ , T Q
0 , and T Q

1 of rank 2, and the family of
homogeneous tubes T Q

λ , with λ ∈ K \ {0, 1}.
We also recall from Chapter XI that the category addR(A) of all regular

A-modules is a serial (abelian) full subcategory of modA and, for any inde-
composable regular A-module X, there is a path of irreducible monomor-
phisms

R = R[1] −→ R[2] −→ · · · −→ R[l − 1] −→ R[l] = X

and a path of irreducible epimorphisms

X = [l]R′ −→ [l − 1]R′ −→ · · · −→ [2]R′ −→ [1]R′ = R′,

where R is the regular socle of X, R′ is the regular top of X, and l is the
regular length of X.

3.13. Theorem. Let A = KQ be the path algebra of the four subspace
quiver Q and let

TT Q = {T Q
λ }λ∈P1(K)

be the P1(K)-family of standard stable tubes, in the regular part R(A) of
Γ(mod A), separating P(A) from Q(A), as in (2.1). They are of the form
presented in Table 3.17, at the end of this section.

(a) The family TT Q contains three tubes T Q
∞ , T Q

0 , and T Q
1 of rank two,

and the remaining tubes T Q
λ of TT Q are homogeneous.
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(b) For each μ ∈ {0, 1,∞}, the A-modules R
(μ)
1 and R

(μ)
2 presented in

(3.11) are simple regular and form the mouth of the tube T Q
μ of rank

two.
(c) For each μ ∈ {0, 1,∞}, the A-modules R

(μ)
1 [2] and R

(μ)
2 [2] presented

in (3.12) are the unique indecomposable regular modules of regular
length 2 in the tube T Q

μ of rank two.

(d) The A-modules R
(μ)
i [2], with μ ∈ {0, 1,∞}, and the A-modules R(λ),

with λ ∈ K \ {0, 1}, form a complete set of pairwise non-isomorphic
indecomposable A-modules of dimension vector

hA = 1 1 1 1
2 = [2, 1, 1, 1, 1]t.

(e) For each λ ∈ K \{0, 1}, the module R(λ) is simple regular and forms
the mouth of the homogeneous tube T Q

λ .

Proof. By applying the tilting technique, like in the proof of (2.9), we
reduce the problem to regular modules over the canonical algebra

C = C(2, 2, 2) = KΔ(2, 2, 2)/I(2, 2, 2)

of Euclidean type Δ(D̃4), defined by the quiver

and the ideal I(2, 2, 2) in the path algebra KΔ(2, 2, 2) of Δ(2, 2, 2) generated
by the zero-relation α2α1 + β2β1 + γ2γ1, see the notation of (XII.1.2).

We recall from (XII.2.12) that the regular part R(C) of Γ(modC) consists
of the pairwise orthogonal stable tubes T C

λ of the P1(K)-family

TT C = {T C
λ }λ∈P1(K)

described in (XII.2.11) and (XII.2.12). The tubes T C
∞ , T C

0 , and T C
1 are of

rank 2, and the remaining tubes T C
λ are of rank 1. The following C-modules
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are simple regular and form the mouth of the stable tubes T C
∞ , T C

0 , and
T C

1 , respectively. For each λ ∈ K \ {0, 1}, the C-module

is simple regular and forms the mouth of the homogeneous tube T C
λ of

Γ(mod C).
Moreover, by (XII.1.5), the beginning part of the postprojective compo-

nent P(C) of Γ(modC) looks as follows:

where the indecomposable modules are represented by their dimension vec-
tors.

Observe that the modules

T0 =
1

2 1 0
1

, T1 =
0

1 1 0
1

, T2 =
1

1 0 0
1

, T3 =
1

2 1 1
1

, T4 =
1

1 1 0
0
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form a section in P(A) of the form

It follows that T = T0⊕T1⊕T2⊕T3⊕T4 is a postprojective tilting C-module,

A = KQ ∼= EndTC

and, for each λ ∈ P1(K), the image

T Q
λ = HomC(T, T C

λ )

of the tube T C
λ under the functor HomC(T, −) is a stable tube in R(A) and

the rank of T Q
λ equals the rank of T C

λ . Moreover, by (2.9), each regular
component of Γ(modA) is one of the tubes T Q

λ , and the P1(K)-family

TT Q = {T Q
λ }λ∈P1(K)

separates P(A) from Q(A).
We have seen in the proof of (2.9) that, for each indecomposable mod-

ule X ∈ R(C), the coordinates of the dimension vector of the A-module
HomC(T, X) can be calculated by applying the formula

dimHomC(T, X)i = dimKHomC(Ti, X),

for i ∈ {0, 1, 2, 3, 4}. Hence, we easily get

dimHomC(T, E
(∞)
1 ) = 0 1 0 1

1 , dimHomC(T, E
(∞)
2 ) = 1 0 1 0

1 ,

dimHomC(T, E
(0)
1 ) = 1 0 0 1

1 , dimHomC(T, E
(0)
2 ) = 0 1 1 0

1 ,

dimHomC(T, E
(1)
1 ) = 1 1 0 0

1 , dimHomC(T, E
(1)
2 ) = 0 0 1 1

1 ,

dimHomC(T, E(λ)) = 1 1 1 1
2 = hA.

It follows that

dimHomC(T, E
(μ)
i ) = dimR

(μ)
i , for any μ ∈ {0, 1,∞} and i ∈ {1, 2}.

Now we are in a position to complete the proof of the theorem.
(a) It follows from (XI.3.3) and (XII.4.2) that the simple regular mod-

ules from non-homogeneous tubes of Γ(modA) are uniquely determined by
their dimension vectors. Because dimHomC(T, E

(μ)
i ) = dimR

(μ)
i , for any
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μ ∈ {0, 1,∞} and i ∈ {1, 2}, and the modules of Table 3.11 are bricks, they
are indecomposable and, hence, there is an isomorphism

R
(μ)
i

∼= HomC(T, E
(μ)
i )

of A-modules, for all μ ∈ {0, 1,∞} and i ∈ {1, 2}. Then (a) follows from
(XII.2.12).

(b) Observe that HomA(R(μ)
i , R

(μ)
i [2]) 
= 0, for any μ ∈ {0, 1,∞} and

i ∈ {1, 2}. Moreover, because

dimR
(μ)
i [2] = hA

then, by (XII.2.13), the module R
(μ)
i [2] is indecomposable regular of regu-

lar length 2. Then our claim follows from the fact that different tubes in
Γ(mod A) are orthogonal.

(c) Let

be an indecomposable representation of Q of dimension vector hA = 1 1 1 1
2 .

Because the module V is indecomposable, at least 3 of the images Im a,
Im b, Im c, Im d are pairwise different.

If two of them coincide then a simple analysis shows that V is isomorphic
to one of the representations R

(μ)
i [2] for some μ ∈ {0, 1,∞} and i ∈ {1, 2}.

If all four of them are pairwise different then we easily deduce that V is
isomorphic to one of the modules R(λ), with λ ∈ K \ {0, 1}.

The second claim of (c) follows from the fact that the simple regular
modules in homogeneous tubes have dimension vector hA, see (XII.2.12).
This finishes the proof of the theorem. �

Our final aim in this section is to present a complete description of all
indecomposable regular modules over the path algebra A = KQ, viewed as
K-linear representations of the four subspace quiver Q.

In the tables below we present a list of pairwise non-isomorphic indecom-
posable regular representations of Q. Next, we prove in (3.15) and (3.16)
below that every indecomposable regular representation of Q appears in the
list, up to isomorphism.
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3.14. Table. Regular indecomposable representations

of the four subspace quiver

Assume that Q is the four subspace quiver and A = KQ is the algebra
(3.1). For each integer m ≥ 1, we consider the following family of indecom-
posable regular K-linear representations of Q.

(a) Regular representations in the tube T Q
∞

(b) Regular representations in the tube T Q
0
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(c) Regular representations in the tube T Q
1
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(d) Regular representations in the tube T Q
λ , with λ ∈ K \ {0, 1}

where

ϕ([x1, . . . , xm−1]t) = [0, . . . , 0, x1, . . . , xm−1]t,

ψ([x1, . . . , xm−1]t) = [x1, . . . , xm−1, 0, . . . , 0]t, for [x1, . . . , xm−1]∈Km−1,

ξ([y1, . . . , ym]t) = [y1, . . . , ym, 0, . . . , 0]t,

η([y1, . . . , ym]t) = [y1, . . . , ym−1, y1, . . . , ym]t,

a([y1, . . . , ym]t) = [y1, . . . , ym, 0, . . . , 0]t,

b([y1, . . . , ym]t) = [0, . . . , 0, y1, . . . , ym]t,

d([y1, . . . , ym]t) = [y1, . . . , ym, y1, . . . , ym]t,

jλ([y1, . . . , ym]t) = [λy1, λy2 + y1, . . . , λym−1 + ym, λym, y1, . . . , ym]t,

for [y1, . . . , ym]t ∈ Km

Now we are able to describe the indecomposable regular modules in non-
homogeneous tubes of Γ(mod A), up to isomorphism.

3.15. Theorem. Let A = KQ be the path algebra of the four subspace
quiver Q, let

TT Q = {T Q
λ }λ∈P1(K)

be the P1(K)-family of standard stable tubes as in (2.1), and let μ∈{0, 1,∞}.
(a) The A-modules R

(μ)
1 [m] and R

(μ)
2 [m], with m ≥ 1, presented in

(3.14) form a complete family of pairwise non-isomorphic indecom-
posable modules in the tube T Q

μ . Moreover, m is the regular length

of the modules R
(μ)
1 [m] and R

(μ)
2 [m].

(b) For each i ∈ {1, 2}, the module R
(μ)
i [1] is the regular socle of all

modules R
(μ)
i [m], with m ≥ 1.

(c) For m odd and i ∈ {1, 2}, the module R
(μ)
i is the regular top of

R
(μ)
i [m], that is, R

(μ)
i [m] ∼= [m]R(μ)

i .
(d) For m even, the module R

(μ)
2 is the regular top of the module R

(μ)
1 [m]

and R
(μ)
1 is the regular top of the module R

(μ)
2 [m], that is, there

are isomorphisms R
(μ)
2 [m] ∼= [m]R(μ)

1 and R
(μ)
1 [m] ∼= [m]R(μ)

2 of A-
modules.
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Proof. We assume that μ ∈ {0, 1,∞}. A direct calculation shows that,
for each m ≥ 1, the endomorphism rings of the modules R

(μ)
1 [m] and R

(μ)
2 [m]

are local and, consequently, the modules R
(μ)
1 [m] and R

(μ)
2 [m] are indecom-

posable. Moreover, because, by (3.4), the defect ∂A : Z5 −−−−→ Z of A is
given by the formula

∂A(x) = −2x0 + x1 + x2 + x3 + x4,

for all x = [x0, x1, x2, x3, x4]t ∈ Z5, then

∂A(dimR
(μ)
1 [m]) = 0 and ∂A(dimR

(μ)
2 [m]) = 0,

for all m ≥ 1, and, according to (XI.2.8), the modules R
(μ)
1 [m] and R

(μ)
2 [m]

are regular.
A direct calculation shows also that HomA(R(μ)

i , R
(μ)
i [m]) 
= 0 and, in

view of (3.13), the modules R
(μ)
1 [m] and R

(μ)
2 [m] belong to the tube T Q

μ ,

and R
(μ)
i = R

(μ)
i [1] is the simple regular socle of R

(μ)
i [m], for any i ∈ {1, 2}

and all m ≥ 1. This proves the statements (a) and (b). The statements (c)
and (d) follow immediately from (a), (b), and the fact that T Q

μ is a stable
tube of rank 2. �

We finish the section with a description of the indecomposable regular
modules lying in any homogeneous tube of R(A).

3.16. Theorem. Let A = KQ be the path algebra of the four subspace
quiver Q and let

TT Q = {T Q
λ }λ∈P1(K)

be the P1(K)-family of standard stable tubes as in (2.1).
(a) For each λ ∈ K \{0, 1} = P1(K)\{0, 1, ∞}, the A-modules R(λ)[m],

with m ≥ 1, are regular and form a complete family of pairwise non-
isomorphic indecomposable modules in the homogeneous tube T Q

λ .
(b) The regular length of the module R(λ)[m] equals m.

Proof. Assume that λ ∈ K \ {0, 1}. A direct calculation shows that,
for each m ≥ 1, the endomorphism ring of the module R(λ)[m] is local, and
that HomA(R(λ), R(λ)[m]) 
= 0. It is easy to see that, for any m ≥ 2, there
exists an exact sequence

0 −−−−→ R(λ) −−−−→ R(λ)[m] −−−−→ Rλ[m − 1] −−−−→ 0.

Because, by (3.13), R(λ) is the (unique) simple regular module lying in the
homogeneous tube T Q

λ then, according to (X.2.2) and (X.2.6), the tube T Q
λ

consists of the modules R(λ)[m], with m ≥ 1, and the regular length of
R(λ)[m] equals m. This completes the proof. �
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3.17. Table. The non-homogeneous tubes of regular
representations of the four subspace quiver

Let A = KQ be the path algebra of the four subspace quiver Q and let
TT Q = {T Q

λ }λ∈P1(K)

be the P1(K)-family of standard stable tubes, in the regular part R(A) of
Γ(mod A), separating P(A) from Q(A), see (2.1). It follows from (3.13)
that the three tubes T Q

∞ , T Q
0 , and T Q

1 are of rank two, and the remaining
tubes T Q

λ in the family TT Q are homogeneous. We recall from (3.13) that
• the modules R

(∞)
1 and R

(∞)
2 form the mouth of the tube T Q

∞ and
dimR

(∞)
1 = 0 1 0 1

1 and dimR
(∞)
2 = 1 0 1 0

1 ,
• the modules R

(0)
1 and R

(0)
2 form the mouth of the tube T Q

0 and
dimR

(0)
1 = 1 0 0 1

1 and dimR
(0)
2 = 0 1 1 0

1 , and
• the modules R

(1)
1 and R

(1)
2 form the mouth of the tube T Q

1 and
dimR

(1)
1 = 1 1 0 0

1 and dimR
(1)
2 = 0 0 1 1

1 .
If we write dimX instead of the A-module X, then the non-homogeneous
tubes T Q

∞ , T Q
0 , and T Q

1 have the following forms, compare with [235, p.348].

T Q
∞

1010
1 −−−−−−− 0101

1 −−−−−−−1010
1

↘ ↗ ↘ ↗
|
|
|
−− 1111

2 −−−−−−− 1111
2 −−

|
|
|

↗ ↘ ↗ ↘
1212

3 −−−− 2121
3 −−−−−−−1212

3
↘ ↗ ↘ ↗

|
|
|
−− 2222

4 −−−−−−− 2222
4 −−

|
|
|

↗ ↘ ↗ ↘
3232

5 −−−−−−− 2323
5 −−−−−−−3232

5
↘ ↗ ↘ ↗

|
|
|
−− 3333

6 −−−−−−− 3333
6 −−

|
|
|

↗ ↘ ↗ ↘
3434

7 −−−−−−− 4343
7 −−−−−−−3434

7
↘ ↗ ↘ ↗

|
|
|
−− 4444

8 −−−−−−− 4444
8 −−

|
|
|

↗ ↘ ↗ ↘
5454

9 −−−−−−− 4545
9 −−−−−−−5454

9
↘ ↗ ↘ ↗

|
|
|

...
...

|
|
|

T Q
0

0110
1 −−−−−−− 1001

1 −−−−−−−0110
1

↘ ↗ ↘ ↗
|
|
|
−− 1111

2 −−−−−−− 1111
2 −−

|
|
|

↗ ↘ ↗ ↘
2112

3 −−−−−−− 1221
3 −−−−−−−2112

3
↘ ↗ ↘ ↗

|
|
|
−− 2222

4 −−−−−−− 2222
4 −−

|
|
|

↗ ↘ ↗ ↘
2332

5 −−−−−−− 3223
5 −−−−−−−2332

5
↘ ↗ ↘ ↗

|
|
|
−− 3333

6 −−−−−−− 3333
6 −−

|
|
|

↗ ↘ ↗ ↘
4334

7 −−−−−−− 3443
7 −−−−−−−4334

7
↘ ↗ ↘ ↗

|
|
|
−− 4444

8 −−−−−−− 4444
8 −−

|
|
|

↗ ↘ ↗ ↘
4554

9 −−−−−−− 5445
9 −−−−−−−4554

9
↘ ↗ ↘ ↗

|
|
|

...
...

|
|
|
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T Q
1

0011
1 −−−−−−− 1100

1 −−−−−−− 0011
1

↘ ↗ ↘ ↗
|
|
|

−− 1111
2 −−−−−−− 1111

2 −−
|
|
|

↗ ↘ ↗ ↘
2211

3 −−−−−−− 1122
3 −−−−−−− 2211

3
↘ ↗ ↘ ↗

|
|
|

−− 2222
4 −−−−−−− 2222

4 −−
|
|
|

↗ ↘ ↗ ↘
2233

5 −−−−−−− 3322
5 −−−−−−− 2233

5
↘ ↗ ↘ ↗

|
|
|

−− 3333
6 −−−−−−− 3333

6 −−
|
|
|

↗ ↘ ↗ ↘
4433

7 −−−−−−− 3344
7 −−−−−−− 4433

7
↘ ↗ ↘ ↗

|
|
|

−− 4444
8 −−−−−−− 4444

8 −−
|
|
|

↗ ↘ ↗ ↘
4455

9 −−−−−−− 5544
9 −−−−−−− 4455

9
↘ ↗ ↘ ↗

|
|
|

...
...

|
|
|

where the vertical broken lines should be identified. In this way each of the
components T Q

∞ , T Q
0 , and T Q

1 has the following shape of a tube of rank 2:
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XIII.4. Exercises

1. Assume that Δ = Δ(D̃m), with m ≥ 4, is the canonically oriented
Euclidean quiver shown in Table 1.1. Let

ΦA : Zm+1 −−−−→ Zm+1

be the Coxeter transformation of the path algebra A = KΔ of Δ presented
in (1.2), and let hΔ = 1 1

2 . . . 2
1 1

be the positive generator of rad qA.

(a) Prove that, for m = 6, 8, 10, the defect ∂A : Zm+1 −→ Z of A is given
by the formula

∂A(x) = xm+1 + xm − x2 − x1,

for any vector x ∈ Zm+1, by showing that
Φm−2

A (x) − x = (xm+1 + xm − x2 − x1) · hΔ, and
Φj

A(x) − x 
= (xm+1 + xm − x2 − x1) · hΔ,
for j = 1, . . . , m − 3.

(b) Prove that, for m = 5, 7, 9, the defect ∂A of A is given by the formula
∂A(x) = 2(xm+1+xm−x2−x1), for any vector x ∈ Zm+1, by showing
that

Φ2(m−2)
A (x) − x = 2(xm+1 + xm − x2 − x1) · hΔ, and

Φj
A(x) − x 
= 2(xm+1 + xm − x2 − x1) · hΔ,

for j = 1, . . . , 2m − 3.

2. Assume that Δ = Δ(D̃m), m ≥ 4, and A = KΔ is the path algebra
of Δ. Let F

(∞)
1 , F

(∞)
2 , F

(0)
1 , F

(0)
2 , F

(1)
1 , F

(1)
2 , . . . , F

(1)
m−3, F

(1)
m−2 and F (λ),

with λ ∈ K \ {0, 1}, be the A-modules presented in Table 2.6. Show that

HomA(F (s)
i , F

(t)
j ) = 0, for all i 
= j and s, t ∈ {0, 1,∞},

HomA(F (λ), F
(t)
j ) = 0, and

HomA(F (t)
j , F (λ)) = 0, for all j ≤ m − 3, t ∈ {0, 1,∞} and λ ∈ P1(K) \

{0, 1,∞}.
Hint: Follow the proof of (2.8).

3. Let A = KΔ be the path algebra of the canonically oriented Euclidean
quiver Δ = Δ(Ẽ6) presented in Table 1.1.

(a) Show that the indecomposable A-modules F
(2)
∞ and F (λ), for λ ∈

K \ {0, 1}, shown in Table 2.12 are simple regular.
(b) Show that the A-modules listed in Table 2.12 are pairwise orthogo-

nal.
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Hint: Apply (X.2.12) and the defect ∂A of A computed in (1.3).

4. Let Δ be one of the canonically oriented Euclidean quivers Δ(Ẽ7) and
Δ(Ẽ8), presented in Table 1.1, and let A = KΔ be the path algebra of Δ.
Prove that the indecomposable A-modules shown in Table 2.16 and 2.20,
respectively, are pairwise orthogonal bricks and are simple regular.

5. Let Q = (Q0, Q1) be an acyclic Euclidean quiver. Let a ∈ Q0 be a sink
of Q and let Q′ = (Q′

0, Q
′
1) = σaQ be the reflection of Q at the vertex a, in

the sense of Section VII.5. Let A = KQ and A′ = KQ′ be the path algebras
of Q and Q′, respectively, and make the identifications modA = repK(Q)
and modA′ = repK(Q′).

Finally, let S+
a : mod A −−−−→ mod A′ be the reflection functor at the

sink a of Q, let S−
a : mod A′ −−−−→ mod A be the reflection functor at the

source vertex a of Q′, and let sa : Zn −−−−→ Zn be the reflection homomor-
phism defined in Section VII.4, page 270, where n = |Q0| = |Q′

0|.

(a) Show that the pair of reflection functors modA
S+

a−−−−−→←−−−−−
S−

a

mod A′ re-

stricts to the equivalences

addR(A)
S+

a−−−−−→←−−−−−
S−

a

addR(A′)

between the categories of regular modules, and the functors are in-
verse to each other.

(b) Show that the equalities

dimS+
a (M) = sa(dimM) and dimS−

a (M ′) = sa(dimM ′)

hold, for any regular indecomposable A-module M and for any reg-
ular indecomposable A′-module M ′.

6. Let A be the path algebra of the quiver

◦ ↖
◦ ←− ◦ −→ ◦
↙

◦

of the Euclidean type D̃4. Describe the dimension vectors dimM ∈ Z5 of
all indecomposable regular A-modules M .

Hint: See Section 3 and Exercise 5.
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7. Let A be the path algebra of the quiver
◦ ↖
◦ ←− ◦ ←− ◦
↙

◦

of the Euclidean type D̃4, obtained for the quiver of Exercise 6 by a reflec-
tion. Describe the dimension vectors dimM ∈ Z5 of all indecomposable
regular A-modules M .

Hint: Apply the Exercises 5 and 6.

8. Let A be the path algebra of the quiver

2 3◦ ←−−−− ◦
↗ ↘

Q : 1 ◦ ◦ 4

↖ ↗
◦ ←−−−− ◦
6 5

of the Euclidean type Ã5. Describe the dimension vectors dimM ∈ Z6 of
all indecomposable regular A-modules M .

9. Let A be the path algebra of the quiver
◦ ◦↘ ↙

◦ −→ ◦ −→ ◦ ←− ◦ −→ ◦
↙ ↖

◦ ◦

of the Euclidean type D̃8. Describe the dimension vectors dimM ∈ Z9 of
all indecomposable regular A-modules M .

10. Let A be the path algebra of the quiver
◦⏐⏐

◦�⏐⏐

◦←−−−−◦←−−−−◦−−−−→◦←−−−−◦

of the Euclidean type Ẽ6. Describe the dimension vectors dimM ∈ Z7 of
all indecomposable regular A-modules M .

11. Let A be the path algebra of the quiver
◦�⏐⏐

◦←−−−−◦−−−−→◦←−−−−◦−−−−→◦←−−−−◦−−−−→◦
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of the Euclidean type Ẽ7. Describe the dimension vectors dimM ∈ Z8 of
all indecomposable regular A-modules M .

12. Let A be the path algebra of the quiver

◦�⏐⏐
◦−−−−→◦−−−−→◦−−−−→◦−−−−→◦←−−−−◦←−−−−◦−−−−→◦

of the Euclidean type Ẽ8. Describe the dimension vectors dimM ∈ Z9 of
all indecomposable regular A-modules M .

13. Under the notation of (2.9), show that
(i) the diagram (2.11) is commutative,
(ii) the functor

HomC(T, −) : addR(C) −−−−→ addR(C)

in the diagram (2.11) carries a tube Tλ of rank rλ to a tube T ′
λ of

the same rank rλ in such a way that the mouth modules of the tube
Tλ are carried to the mouth modules of the tube T ′

λ,
(iii) if hC is the positive generator of rad qC , hA is the positive gen-

erator of rad qA, and M is an indecomposable C-module such that
dimM = m · hC , where m ≥ 1, then M is regular and
dimHomC(T, M) = m · hA.



Chapter XIV

Minimal representation-infinite

algebras
The aim of this chapter is to prove the following criterion for the infinite

representation type of algebras, presented in Section 3.
Let A be a basic connected K-algebra (over an algebraically closed field

K ) such that the Auslander–Reiten quiver Γ(mod A) of A admits a post-
projective component. Then A is representation-infinite if and only if there
is an idempotent e 
= 1 of A such that A/AeA is either the path algebra of
the enlarged Kronecker quiver

with m ≥ 3 arrows, or else A/AeA is a concealed algebra of Euclidean type.
In the proof of the criterion we essentially use a characterisation, given in

Section 2, of the algebras A that admit a postprojective component in the
Auslander–Reiten quiver Γ(modA) and that are minimal representation-
infinite, that is, the algebras A are representation-infinite, and the quotient
algebras A/AeA are representation-finite, for any non-zero idempotent e 
= 1
of A.

The characterisation is due to Happel–Vossieck [112], and asserts that
an algebra A is minimal representation-infinite and admits a postprojective
component in Γ(modA) if and only if A is either the path algebra of an
enlarged Kronecker quiver Km with at least three arrows, or A is a concealed
algebra of Euclidean type.

In the proof, we apply a theorem of Ovsienko [175] on critical integral
quadratic forms q : Zn −−−−→ Z, proved in Section 1.

To make the criterion for the infinite representation type of algebras more
effective from a practical point of view, we present in Section 4 (with an
outline of proof) a complete classification of all basic, connected, concealed

227
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algebras

B ∼= KQB/IB

of Euclidean type in terms of their bound quivers (QB , IB). The classifi-
cation, given independently by Happel–Vossieck [112] and Bongartz [29], is
presented in two steps as follows.

(i) We present in Table 4.5 a list of 149 frames Fr1, . . . ,Fr149 of the
bound quivers (QB , IB) of a class of concealed algebras B of Eu-
clidean type.

(ii) We define in 4.1 three types of admissible operations (Op1), (Op2),
and (Op3) on frames.

Then a bound quiver (QB , IB) of any basic connected concealed algebra B
of Euclidean type can be constructed from a frame of Table 4.5 by applying
successively a finite number of admissible operations (Op1), (Op2), and
(Op3), see (4.3).

We also present a table of the upper bounds of the numbers of the iso-
morphism classes of the concealed algebras for the Euclidean types Ãm, D̃m,
Ẽ6, Ẽ7, and Ẽ8, respectively.

XIV.1. Critical integral quadratic forms
The objective of this section is to prove a result due to Ovsienko [175] on

critical integral quadratic forms. Throughout this section we assume that

q : Zn −−−−→ Z

is an integral quadratic form in n indeterminates x1, . . . , xn defined by the
formula

(1.1) q(x1, . . . , xn) = x2
1 + . . . + x2

n +
∑
i<j

aijxixj ,

where aij ∈ Z, for all i, j ∈ {1, . . . , n}, such that i < j, see (VII.3.1).
We recall that a vector x = [x1 x2 . . . xn]t ∈ Zn is defined to be positive

(and is denoted by x > 0), if x 
= 0 and x1 ≥ 0, x2 ≥ 0, . . . , xn ≥ 0. The
vector x ∈ Zn is sincere, if x1 
= 0, x2 
= 0, . . . , xn 
= 0.

An integral quadratic form q : Zn −→ Z is defined to be

• weakly positive, if q(x) > 0, for each positive vector x ∈ Zn,
• weakly nonnegative, if q(x) ≥ 0, for each positive vector x ∈ Zn,

and
• positive semidefinite, if q(x) ≥ 0, for each non-zero vector x ∈ Zn.
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1.2. Definition. Let q : Zn −−−−→ Z be an integral quadratic form (1.1).
(i) For each j ∈ {1, . . . , n}, we define the j-th restriction of q =

q(x1, . . . , xn) to be the integral quadratic form

qj : Zn−1 −−−−→ Z,

in the indeterminates x1, . . . , xj−1, xj+1, . . . , xn, given by the for-
mula

qj = q(x1, . . . , xj−1, 0, xj+1, . . . , xn).
(ii) The quadratic form q = q(x1, . . . , xn) is defined to be critical pro-

vided
q : Zn −→ Z is not weakly positive, but the restrictions

q1, q2, . . . , qn : Zn−1 −−−−→ Z

of q are weakly positive.

The main properties of the critical integral quadratic forms are collected
in the following result of Ovsienko [175].

1.3. Theorem. Let q : Zn −−−−→ Z be a critical integral quadratic form
in n indeterminates x1, . . . , xn.

(a) Either n = 2 or the quadratic form q is positive semidefinite of
corank 1.

(b) If n ≥ 3 then the radical

rad q = {x ∈ Zn; q(x) = 0}

of q has the form rad q = Z · hq, where hq ∈ Zn is a positive sincere
vector.

Proof. Assume that n ≥ 3 and q = q(x1, . . . , xn) is a critical integral
quadratic form. It follows that

(i) there exists a non-zero vector y = [y1 y2 . . . yn]t ∈ Nn such that
q(y) ≤ 0, because q is not weakly positive, and

(ii) we have y1 ≥ 1, . . . , yn ≥ 1, because the restrictions q1, . . . , qn :
Zn−1 −→ Z of q are weakly positive.

Choose a non-zero vector y = [y1 y2 . . . yn]t ∈ Nn such that the conditions
(i) and (ii) are satisfied, and the sum

||y|| =
n∑

i=1

yi ≥ n

is minimal.
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First we prove that q(y) = 0. Denote by

(−,−) : Zn × Zn −−−−→ Z

the symmetric bilinear form corresponding to q. It follows from our choice
of y that q(y − ei) > 0, for any i ∈ {1, . . . , n}, and hence we get

(y,y) + (ei, ei) − 2(y, ei) = q(y − ei) ≥ 1.

It follows that 2(y, ei) ≤ (y,y), and therefore

2(y,y) =
n∑

i=1

2(y, ei)yi ≤
( n∑

i=1

yi

)
(y,y).

Hence we conclude that q(y) = (y,y) = 0, because
n∑

i=1
yi ≥ n ≥ 3 and

(y,y) ≤ 0. Then our claim follows.
Note also that

• 0 = (y,y) = (y, e1)y1 + . . . + (y, en)yn,
• 2(y, ei) ≤ (y,y) = 0, and
• y1 ≥ 1, . . . , yn ≥ 1,

and therefore (y, e1) = 0, (y, e2) = 0, . . . , (y, en) = 0.
Now we show that q is positive semidefinite and the vector y is a generator

of the subgroup rad q of Zn.
Assume that z ∈ Zn is a vector such that q(z) ≤ 0. Then there exists

t ∈ {1, . . . , n} such that
zt

yt
≤ zi

yi
,

for all i ∈ {1, . . . , n}. Consider the vector
x = ytz − zty.

Clearly, xt = 0 and x1 ≥ 0, . . . , xn ≥ 0, for all i ∈ {1, . . . , n}. On the other
hand, we have

q(x) = (x,x) = y2
t (z, z)+ z2

t (y,y)−2ytzt(y, z) = y2
t q(z) ≤ 0,

because (y,y) = 0 and (y, z) = (y, e1)z1 + (y, ei)z2 + . . . + (y, en)zn = 0.
Moreover, we have q(x) = qt(x) ≥ 0, because the restricted quadratic

form qt : Zn−1 −−−−→ Z of q is weakly positive. Consequently, we get
qt(x) = 0, and therefore x = 0, that is,

z = zt

yt
· y, and q(z) =

(
zt

yt

)2
· q(y) = 0.

This shows that q is positive semidefinite. Now we show that rational num-
ber zt

yt
is an integer. Let zt and yt be relatively prime integers such that

zt

yt
= zt

yt
and yt ≥ 1. The equality z = zt

yt
y yields ytz = zty. It follows

that each of the coordinates of the vector y are divided by yt, because zt
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and yt are relatively prime. Hence, there exists a vector y′ ∈ Zn such that
y = yt · y′. Note that

• the vector y′ is positive, because y is positive and yt ≥ 1,
• the equalities 0 = q(y) = y2

t · q(y′) yield q(y′) = 0,
that is, the vector satisfies the conditions (i) and (ii). Hence, the equality
||y|| = yt · ||y′|| yields yt = 1, because y was chosen such that ||y|| is
minimal. This shows that zt

yt
= zt

1 = zt is an integer.
It follows that the positive sincere vector hq = y ∈ Zn is a generator of

the subgroup rad q of Zn. This finishes the proof. �

XIV.2. Minimal representation-infinite algebras

The main aim of this section is to describe the algebras A with a post-
projective component in their Auslander–Reiten quiver Γ(modA), that are
minimal representation-infinite in the following sense.

2.1. Definition. An algebra A is said to be minimal representation-
infinite if the following two conditions are satisfied:

(i) A is representation-infinite, and
(ii) the quotient algebra A/AeA is representation-finite, for any non-zero

idempotent e ∈ A such that e 
= 1.

The following two lemmata are very useful in the study of minimal
representation-infinite algebras.

2.2. Lemma. Let A be a minimal representation-infinite algebra.

(i) The algebra A is basic and connected.
(ii) The number of pairwise non-isomorphic non-sincere indecomposable

A-modules is finite.
(iii) If the quotient algebra A/AeA is representation-directed, for any

non-zero primitive idempotent e 
= 1 of A, then EndA M ∼= K and
Extj

A(M, M) = 0, for any j ≥ 1 and any non-sincere indecomposable
A-module M .

Proof. Assume that A is a minimal representation-infinite algebra. It
easily follows that the algebra is basic and connected.

Let e1, . . . , en be a fixed complete set of primitive orthogonal idempotents
of A such that A = e1A ⊕ . . . ⊕ enA.

Let M be a non-sincere indecomposable A-module. Then there is an
idempotent ej such that Mej = 0 and, therefore, M is a module over the
quotient algebra A/AejA.
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By our hypothesis, A/AejA is a representation-finite algebra. It follows
that, for each j ∈ {1, . . . , n}, the number of the non-sincere indecomposable
A-modules M satisfying Mej = 0 is finite, up to isomorphism.

Assume, as in (iii), that the algebra A/AejA is representation-directed.
Then, according to (IX.3.5), the A/AejA-module M lies in a postprojective
component of Γ(modA/AejA). It follows that the A/AejA-module M is
directing and, hence, (IX.1.4) yields

• EndA M ∼= EndA/AeA M = K, and
• Extj

A(M, M) ∼= Extj
A/AeA(M, M) = 0, for all j ≥ 1.

This completes the proof. �
The following Ext-vanishing lemma is frequently used.

2.3. Lemma. Let A be an algebra and X a non-zero A-module satisfying
the following two conditions:

(i) there is a direct sum decomposition X = X1 ⊕ . . .⊕Xr, where r ≥ 2
and the modules X1, . . . , Xr are indecomposable, and

(ii) dimK EndA X ≤ dimK EndA Y , for any A-module Y such that
dimX = dimY .

Then Ext1A(Xi, Xj) = 0, for all i, j ∈ {1, . . . , r} such that i 
= j.

Proof. Assume that X has a decomposition X = X1 ⊕ . . . ⊕ Xr, where
r ≥ 2, the modules X1, . . . , Xr are indecomposable, and the condition (ii)
is satisfied.

We show that, for each i ∈ {1, . . . , r}, we have Ext1A(Xi,
⊕
j �=i

Xj) = 0.

Fix i ∈ {1, . . . , r} and assume, to the contrary, that Ext1A(Xi,
⊕
j �=i

Xj) 
= 0.

Then there exists a non-split short exact sequence

0 −−−−→
⊕
j �=i

Xj −−−−→ Y −−−−→ Xi −−−−→ 0

in modA and obviously,

dimY = dim
⊕
j �=i

Xj + dimXi

=
∑
j �=i

dimXj + dimXi

= dimX.

On the other hand, by applying (VIII.2.8) to the preceding non-split exact
sequence, we obtain

dimKEndA Y < dimKEndA (
⊕
j �=i

Xj ⊕ Xi) = dimKEndA X,
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and we get a contradiction with (ii).
It follows that

Ext1A(Xi,
⊕
j �=i

Xj) = 0,

for each i ∈ {1, . . . , r}, and hence

Ext1A(Xi, Xj) = 0,

for each pair i, j ∈ {1, . . . , r} such that i 
= j. �
The main result of this section is the following theorem due to Happel

and Vossieck [112].

2.4. Theorem. Given an algebra A, the following two conditions are
equivalent.

(a) The algebra A is minimal representation-infinite and has a postpro-
jective component in the Auslander–Reiten quiver Γ(mod A).

(b) A is either the path algebra of the enlarged Kronecker quiver

with m ≥ 3 arrows α1, . . . , αm, or else, A is a concealed algebra of
Euclidean type.

Proof. To prove the implication (b)⇒(a), we consider two cases.
Case 1◦. Assume that A is the path algebra of the enlarged Kronecker

quiver Km, with m ≥ 3 arrows. Then, by (VIII.2.3), the quiver Γ(modA)
has a postprojective component P(A) and, in view of (VII.5.10), the algebra
A is minimal representation-infinite.

Case 2◦. Assume that A is a concealed algebra of Euclidean type. Then
there is an algebra isomorphism

A ∼= EndTH ,

where T is a postprojective tilting module over the path algebra H = KΔ
of an (acyclic) Euclidean quiver Δ.

We know from (VIII.4.5) that the Auslander–Reiten quiver Γ(modA) of
A contains a postprojective component P(A) containing all indecomposable
projective modules. Further, the torsion part T (T ) of modH contains all
but finitely many non-isomorphic indecomposable H-modules, and any in-
decomposable H-module not in T (T ) is postprojective. Because the algebra
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H is hereditary then, by (VI.5.7), the tilting H-module T is splitting and,
in view of (VI.3.8), we conclude that all but finitely many non-isomorphic
indecomposable A-modules are of the form HomH(T, X), where X is an
indecomposable H-module in T (T ).

Let P be an indecomposable projective A-module. Then there exists
an indecomposable direct summand Ti of T such that P = HomH(T, Ti).
Because Ti is postprojective, there exists an isomorphism

Ti
∼= τ−r

H P (a),

for some r ≥ 0 and some point a of the quiver Δ. Then, invoking the tilting
theorem (VI.3.8) and (IV.2.15), for any indecomposable A-module M of the
form M = HomH(T, X), we get the isomorphisms

HomA(P, M) = HomA(HomH(T, Ti), HomH(T, X))
∼= HomH(Ti, X)
∼= HomH(τ−r

H P (a), X))
∼= HomH(P (a), τ r

HX).

Because Δ is a Euclidean quiver then the quiver Δ(a), obtained from Δ
by removing the point a and the arrows having a as a source or target, is a
disjoint union of Dynkin quivers and, consequently, the path algebra KΔ(a)

is representation-finite, by (VII.5.10). It follows that

HomH(P (a), Y ) 
= 0,

for all but finitely many non-isomorphic indecomposable H-modules Y .
Clearly, for a fixed r ≥ 0, all but finitely many indecomposable H-modules
Y are of the form Y = τ r

HX, where X is an indecomposable H-module.
This shows that HomA(P, M) 
= 0, for all but finitely many non-isomor-

phic indecomposable A-modules M . Moreover, A is representation-infinite,
as a concealed algebra of Euclidean type. Hence, we conclude that the
algebra A is minimal representation-infinite.

(a)⇒(b) Assume that A is a minimal representation-infinite algebra and
that P is a postprojective component of the Auslander–Reiten quiver
Γ(mod A) of A.

It follows that the algebra A is basic and connected. Moreover, by
(IV.5.4), the component P is infinite, because the algebra A is connected
and representation-infinite. Hence we conclude that P contains all indecom-
posable projective A-modules, because A is minimal representation-infinite.

Let n be the rank of K0(A), that is, K0(A) ∼= Zn.
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Case 1◦. Suppose that n = 2. Because the indecomposable projective
modules lie in P then the quiver QA of A has no oriented cycles and, ac-
cording to (II.3.7), A is the path algebra of the quiver

with m ≥ 1 arrows. Moreover, m ≥ 2, because the algebra A is representa-
tion-infinite.

Case 2◦. Assume that n ≥ 3. We split the proof into four steps.
Step 2.1◦. First we prove that, given a non-zero idempotent e 
= 1 of A,

we have

Ext1A(Z, Z) ∼= Ext1A/AeA(Z, Z) = 0,

for any indecomposable A/AeA-module Z.
Note that the quotient algebra A/AeA of A is representation-finite, be-

cause the algebra A is minimal representation-infinite. Moreover, because
the postprojective component P of Γ(modA) contains all indecomposable
projective A-modules, then, by (IX.5.2), the Auslander–Reiten quiver
Γ(mod A/AeA) of A/AeA admits postprojective components the union of
which contains all indecomposable projective A/AeA-modules. More pre-
cisely, if

A/AeA = B1 × . . . × Bm, m ≥ 1,

is a decomposition of the algebra A/AeA into a direct product of connected
subalgebras B1, . . . , Bm of A/AeA, the translation quiver Γ(modA/AeA)
is the disjoint union of the translation quivers Γ(modB1), . . . ,Γ(mod Bm).
Moreover, because the algebra A/AeA is representation-finite, then

• the algebras B1, . . . , Bm are representation-finite, and
• for each j ∈ {1, . . . , m}, the translation quiver Γ(modBj) is fi-

nite, connected, contains all indecomposable projective Bj-modules
(which are projective A-modules), and Γ(modBj) = P(Bj) is a
postprojective translation quiver.

It follows that Γ(modA/AeA) is a union of the postprojective components

P(B1) = Γ(modB1), . . . , P(Bm) = Γ(modBm)

and, according to (VIII.2.7), we have

Ext1A(Z, Z) ∼= Ext1A/AeA(Z, Z) = 0,

for any indecomposable A/AeA-module Z.
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Step 2.2◦. Next we prove that the Euler quadratic form

qA : Zn −−−−→ Z

of the algebra A is critical.
We know from (IX.1.5) and (IX.3.1) that the dimension vectors of pair-

wise non-isomorphic indecomposable modules from P are pairwise different
positive roots of qA. Because the component P is infinite then the number
of positive roots of qA is infinite and, according to (VII.3.4), the Euler form
qA is not weakly positive.

Let x be a positive non-sincere vector from K0(A) = Zn. We show
that qA(x) ≥ 1. Choose an A-module X with dimX = x such that the
dimension dimKEndA X is the smallest possible. Decompose the module X
into a direct sum

X = X1 ⊕ . . . ⊕ Xr

of indecomposable A-modules X1, . . . , Xr. Then, by (2.3), we get

Ext1A(Xi, Xj) = 0,

for all i, j ∈ {1, . . . , r} such that i 
= j. Moreover, because x = dimX is
not sincere, then the module Xi is not sincere and, by (2.2), we have

Ext1A(Xi, Xi) = 0,

for any i ∈ {1, . . . , r}. As a consequence, we get

Ext1A(X, X) = Ext1A(X1⊕ . . .⊕Xr, X1⊕ . . .⊕Xr) =
r⊕

i,j=1

Ext1A(Xi, Xj) = 0.

Hence, in view of (III.3.13), we obtain

qA(x) = qA(dimX)

= χA(X, X)

= dimKEndA(X) − dimKExt1A(X, X) + dimKExt2A(X, X)

= dimKEndA(X) + dimKExt2A(X, X) > 0,

because we show in the following step that gl.dimA ≤ 2. This shows that
the Euler quadratic form qA : Zn −−−−→ Z is critical and, by (1.3), the
quadratic form qA is positive semidefinite of corank one.

Step 2.3◦. Now we prove that A is a tilted algebra and P admits a faithful
section Δ containing a sincere indecomposable module M .
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Because A is representation-infinite and connected then the component P
is infinite. By (2.2), the number of non-isomorphic non-sincere indecompos-
able A-modules is finite. It follows that P contains a sincere indecomposable
module M and, hence, HomA(P, M) 
= 0, for any indecomposable projective
A-module P . Then, according to (VIII.2.5), the component P contains all
the indecomposable projective A-modules P . Moreover, P does not contain
a non-zero injective module, because the number of sincere indecompos-
able A-modules is infinite while, by (VIII.2.5), every module in P has only
finitely many indecomposable predecessors in modA.

Because the module M is obviously directing then, by applying (IX.2.6),
we conclude that A is tilted algebra and P admits a faithful section Δ
containing M . In particular, gl.dimA ≤ 2.

Step 2.4◦. We prove that the underlying graph of the section Δ of P is
Euclidean and A is a concealed algebra of type Δ.

Let T be the direct sum of all modules lying on the section Δ of P. We
know that the section Δ is faithful and clearly HomA(T, τAT ) = 0, because
P is a postprojective component of Γ(modA). Applying now the criterion
(VIII.5.6), we infer that T is a tilting A-module, the algebra

H = EndAT

is hereditary of type Δop, T ∗ = D(HT ) is a tilting H-module, there is an
isomorphism

EndH(T ∗) ∼= A

of algebras, and P is the connecting component of Γ(modA) determined by
the tilting H-module T ∗.

Moreover, by (VI.4.7), the Euler quadratic form

qH : K0(H) −−−−→ Z

of H is Z-congruent to qA : Zn −−−−→ Z and, consequently, qH is positive
semidefinite of corank one. Thus, by (VII.4.5), the underlying graph of
the quiver Δ is Euclidean. It follows that the algebra H is hereditary of
Euclidean type.

Further, because P does not contain non-zero injective modules then,
according to (VIII.4.1), the module T ∗ has no postprojective direct sum-
mands.

We claim that T ∗ has no non-zero regular direct summands. Suppose, to
the contrary, that T ∗ has an indecomposable direct summand T ∗

i which is
regular.

Because Ext1H(T ∗
i , T ∗

i ) = 0 then, according to (XI.2.8) and (XI.3.5),
the module T ∗

i belongs to one of the non-homogeneous stable tubes of
Γ(mod H).
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By (XII.3.4), Γ(modH) admits a P1(K)-family TT H = {T H
λ }λ∈P1(K) of

pairwise orthogonal standard stable tubes, and at most three of them are
non-homogeneous.

Now let X be an indecomposable module from a homogeneous tube of
Γ(mod H). Because, by (VIII.2.13) and (XI.2.8), we have

HomH(Q(H),R(H)) = 0

and the regular part R(H) of Γ(modH) is a disjoint union of pairwise
orthogonal tubes, we get

HomH(T ∗, X) = 0 and HomH(X, τT ∗
i ) = 0.

It follows that the H-module X belongs to F(T ∗
H) and, consequently,

Ext1H(T ∗, X) belongs to X (T ∗
H).

Because the algebra H is hereditary then, by (VI.5.7), T ∗ is a splitting
tilting A-module. Then, by (VI.5.8), Ext1H(T ∗, τT ∗

i ) is an indecomposable
injective A-module. Moreover, applying again the tilting theorem (VI.3.8),
we get

HomA(Ext1H(T ∗, X), Ext1H(T ∗, τT ∗
i )) ∼= HomH(X, τT ∗

i ) = 0.

It follows that Ext1H(T ∗, X) is a non-sincere A-module. Because every ho-
mogeneous tube has infinitely many modules then there are infinitely many
pairwise non-isomorphic non-sincere indecomposable modules in X (T ∗

H),
and we get a contradiction with the assumption that A is minimal represen-
tation-infinite. Therefore, the tilting H-module T ∗ is preinjective. Hence,
by applying (XI.5.2), we conclude that

A ∼= EndH(T ∗)

is a concealed algebra of Euclidean type. This completes the proof. �

We end this section with an example showing that the class of minimal
representation-infinite algebras is larger than the class described in (2.4).

2.5. Example. Let Λ be the path K-algebra of the following quiver

bound by the three relations α2 = 0, β2 = 0, and αβ = βα.
We know from (X.4.8) that Λ is representation-infinite, dimKΛ = 4, and
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there is a K-algebra isomorphism

Λ ∼= K[t1, t2]/(t21, t
2
2).

Note that
• Λ is a minimal representation-infinite algebra, because it has only

two (trivial) idempotents 0 and 1, and
• the Auslander–Reiten quiver Γ(modA) of A has no postprojective

component, because Λ is the unique indecomposable projective
Λ-module and Λ is not a brick.

XIV.3. A criterion for the infinite
representation type of algebras

We may now prove a useful criterion for the infinite representation type
of algebras A whose Auslander–Reiten quiver Γ(modA) admits a postpro-
jective component.

3.1. Theorem. Let A be a basic connected K-algebra such that the
Auslander–Reiten quiver Γ(mod A) of A has a postprojective component.
Then A is representation-infinite if and only if there is an idempotent e 
= 1
of A such that A/AeA is either the path algebra of the quiver

with m ≥ 3 arrows α1, . . . , αm, or else A/AeA is a concealed algebra of
Euclidean type.

Proof. The sufficiency. Assume that there is an idempotent e 
= 1 of A
such that A/AeA is the path algebra of Km, or A/AeA is a concealed algebra
of Euclidean type. It follows that the algebra A/AeA is representation-
infinite, and consequently, A is representation-infinite too.

The necessity. Assume that A is a basic, connected, and representation-
infinite K-algebra such that Γ(modA) has a postprojective component P.
By (IV.5.4), the component P is infinite.

Let e1, . . . , en be a fixed complete set of primitive orthogonal idempotents
of A such that

A = e1A ⊕ . . . ⊕ enA.

Let S be the subset of {1, . . . , n} consisting of all s ∈ {1, . . . , n} such
that Mes = 0, for any indecomposable module M in P. Hence, for any
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i ∈ {1, . . . , n} \ S there exists an indecomposable A-module N in P such
that HomA(eiA, N) ∼= Nei 
= 0, and hence, the indecomposable projective
A-module eiA belongs to P. If we set

f =
∑
s∈S

es ∈ A,

then

• f is an idempotent of A and Mf = 0, for any indecomposable
module M in P,

• the quotient algebra

B = A/AfA

of A is representation-infinite,
• the canonical epimorphism π : A → B of algebras induces a fully

faithful embedding of module categories modB ↪→ mod A,
• P is a postprojective component Γ(modB), and
• P contains all indecomposable projective B-modules.

Hence, by applying (IX.5.2), we conclude that there is an idempotent
f ′ ∈ B such that the quotient algebra

C = B/Bf ′B

of B is minimal representation-infinite, the Auslander–Reiten quiver
Γ(mod C) of C admits postprojective components, and their union con-
tains all indecomposable projective C-modules. It follows from (2.4) that
C is either the path algebra of the enlarged Kronecker quiver

with m ≥ 3 arrows, or C is a concealed algebra of Euclidean type. It is easy
to see that there is a non-zero idempotent e of A such that C ∼= A/AeA and
AfA ⊆ AeA. This finishes the proof. �

Now we illustrate the use of the criterion (3.1) by the following example.
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3.2. Example. Let A be the algebra given by the quiver

QA :

9 ◦
ξ

⏐⏐

7 8

6 ◦ ◦−−−−→◦
↘α 3 γ↙

◦
↙β ↓ σ↘

4 ◦ 2 ◦ ◦ 5
↓

1 ◦

bound by three zero relations ξα = 0, αβ = 0 and γσ = 0.
Because the quiver QA of A is a tree then, by applying (IX.4.3), we

conclude that A satisfies the separation condition. Hence, by (IX.4.5), the
Auslander–Reiten quiver Γ(modA) of A admits a postprojective component.

Take the idempotent e = e8 + e9 of A and consider the quotient algebra

B = A/AeA

of B. By applying the characterisation given in (XI.5.1), we show that
B is a concealed algebra of the Euclidean type Δ(Ẽ6) (and hence, B is
representation-infinite).

To see this, we note that the algebra B is given by the quiver

QB :

6 ◦ ◦ 7
↘α 3 γ↙

◦
↙β ↓ σ↘

4 ◦ 2 ◦ ◦ 5
↓

1 ◦

bound by two zero relations αβ = 0 and γσ = 0.
Because the quiver QB of the algebra B is a tree then, by applying

(IX.4.3) and its dual, we conclude that B satisfies the separation condition
and the coseparation condition. Then, by (IX.4.5), the Auslander–Reiten
quiver Γ(modB) of B admits a postprojective component and a preinjective
component.

Now we show that

• Γ(mod B) admits a unique postprojective component P containing
all indecomposable projective B-modules,

• Γ(mod B) admits a unique preinjective component Q containing all
indecomposable injective B-modules, and

• B is a concealed algebra of the Euclidean type Δ(Ẽ6).
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By the standard mesh calculation technique, we show that the left hand
part of the component P of Γ(modB), containing the simple projective
B-module P (1), looks as follows:

P (7)=
0 1

1
1 1 0

1
− − −

0 0
1

0 1 1
0

− − −
1 0

2
1 1 1

1
−−

↗ ↘ ↗ ↘ ↗ ↘
P (5)=

0 0
0

0 0 1
0

− − −−
0 0

1
1 1 0

1

1 0
1

0 1 1
1

0 1
2

1 2 1
1

0 0
1

1 1 0
0

1 0
3

1 2 2
1

0 1
2

1 1 1
1

↘ ↗ ↘↗ ↘↗ ↘↗ ↘↗ ↘↗ ↘↗
P (4)=

0 0
0

1 0 0
0

→
0 0

1
1 1 1

1
→

0 0
1

0 1 1
1

→
0 0

2
1 2 1

1
→

1 0
2

1 2 1
1

→
1 1

4
2 3 2

2
→

0 1
3

2 2 1
1

→
1 1

5
2 4 2

2
→

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
P (2)=

0 0
0

0 1 0
1

− − −−
0 0

1
1 1 1

0
− − −−

0 0
2

1 1 1
1

− − −−
1 1

3
1 3 1

2
− − −−

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
P (1)=

0 0
0

0 0 0
1

− − −
0 0

0
0 1 0

0
− − −

0 0
1

1 0 1
0

− − −
0 0

1
0 1 0

1
− − −

1 1
2

1 2 1
1

−−

where

P (3) =
0 0

1
1 1 1

1
and P (6) =

1 0
1

0 1 1
1

,

and the indecomposable modules are represented by their dimension vectors.
It follows that P is a postprojective component of Γ(modB) containing

all indecomposable projective B-modules, and hence P is a unique postpro-
jective component of Γ(modB). Moreover, P contains the section

P (7)

↗
τ−1P (5)

↗
P (3) → τ−1P (4) → P (6)

↘
τ−1P (2)

↘
τ−2P (1)

of the Euclidean type Δ(Ẽ6)op.
Similarly, the standard mesh calculation technique shows that the right

hand part of the component Q of Γ(modB), containing the simple injective
B-module I(6), looks as follows:
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1 1
2

1 1 0
1

− − −
0 1

1
0 1 0

0
− − −

1 0
1

0 0 1
0

=I(5)

↗ ↘ ↗ ↘ ↗ ↘
1 1

2
0 1 1

1

1 2
3

1 2 0
1

1 0
1

0 1 0
0

1 1
2

0 1 1
0

0 1
1

1 0 0
0

1 0
1

0 0 0
0

0 1
0

0 0 0
0

=I(7)

↘↗ ↘↗ ↘↗ ↘↗ ↘↗ ↘↗ ↘ ↗
→

2 2
5

2 3 2
1

→
2 1

3
0 2 1

1
→

2 2
4

1 2 1
1

→
1 1

2
1 1 0

0
→

1 1
2

0 1 0
0

→
0 1

1
0 0 0

0
→

1 1
1

0 0 0
0

→
1 0

0
0 0 0

0
=I(6)

↗ ↘ ↗ ↘ ↗ ↘ ↗
2 2

4
2 3 2

1
− − −−

1 1
3

1 1 1
0

− − −−
1 1

2
0 1 0

1
− − −−

1 1
1

0 1 0
0

=I(2)

↗ ↘ ↗ ↘ ↗ ↘ ↗
− − −

1 1
2

1 1 1
0

− − −
0 0

1
0 0 0

0
− − −

1 1
1

0 1 0
1

=I(1),

where

I(3) =
1 1

1
0 0 0

0
and I(4) =

0 1
1

1 0 0
0

,

and the indecomposable modules are represented by their dimension vectors.

It follows that Q is a preinjective component of Γ(modB) containing all
indecomposable injective B-modules, and hence Q is a unique preinjective
component of Γ(modB). Moreover, Q contains the section

I(5)

↗
τ−2I(7)

↗
τ−2I(3) → τ−2I(6) → I(4)

↘
τ−1I(2)

↘
I(1)

of the Euclidean type Δ(Ẽ6)op.

Because P 
= Q then, by applying (XI.5.1), we conclude that B is a
concealed algebra of the Euclidean type Δ(Ẽ6).

Next, we note that the algebra B is obtained from the path algebra KQ
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of the quiver

Q :

6 ◦ ◦ 7
↘ ↙

4 ◦ ◦ 5
↘ 3 ↙

◦⏐⏐

2 ◦⏐⏐

1 ◦

by interchanging the subquivers

◦−−−−→◦ −−−−→ ◦
6 4 3

and ◦←−−−− ◦ ←−−−− ◦
3 5 7

with the subquivers

6 ◦
α↘

◦ 3
β ↙

4 ◦

and
◦ 7

↙γ
3 ◦

↘σ

◦ 5

bound by the zero relations αβ = 0 and γσ = 0, respectively.

XIV.4. A classification of concealed algebras
of Euclidean type

To make the criterion in (3.1) more effective from a practical point of
view, we present now the Bongatz–Happel–Vossieck classification of all con-
cealed algebras

B ∼= KQB/IB

of Euclidean type in terms of the bound quivers (QB , IB). We do not present
here a complete proof, but we give a detailed outline of the proof, and we
illustrate it by several representative examples.

The classification was given independently by Happel–Vossieck [112] and
Bongartz [29]. Following [112], to save space and to make the list more
accessible, we write down in Table 4.5 below only the possible 149 frames
Fr1, . . . ,Fr149 of the bound quivers (QB , IB). Then the classification of the
bound quivers (QB , IB) is given up to the following three types of admissible
operations (Op1), (Op2), and (Op3) on frames.
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4.1. Admissible operations on frames

Given a frame in Table 4.5 below, we allow the following three admissible
operations.

(Op1) Replace any non-oriented edge of the frame by an oriented one
(except the case the frame is of type Ãn, where we do not allow
the cyclic orientation).

(Op2) Given a frame of the form

replace its subquiver

◦ ◦ ◦– . . . –◦ ◦
1 2 3 m−1 m

by any full connected subquiver with m vertices of the following tree

and bound by all possible relations βα = 0, containing the vertex
1∗, by identifying the vertices 1 and 1∗.

(Op3) Construct the opposite frame to a given one. �

Now we illustrate the application of the admissible operations on frames.

4.2. Example. Consider the frame

of Table 4.5. First, we construct 8 pairwise non-isomorphic quivers by
choosing any orientation for the non-oriented edges. Next, by replacing
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the non-oriented linear graph according to the operation (Op2), we get the
following 6 additional frames

Finally, we construct the opposite quivers to the above ones. Conse-
quently, we construct 28 pairwise non-isomorphic algebras starting from
the frame given above.

4.3. Theorem. Let A = KQ/I be the algebra of a connected bound
quiver (Q, I).

(a) The algebra A is concealed of Euclidean type if and only if the bound
quiver (Q, I) is obtained from any of the frames

Fr1, . . . ,Fr149

of Table 4.5 below, by applying a sequence of the admissible opera-
tions (Op1), (Op2) and (Op3).

(b) If the bound quiver (Q, I) is obtained from a frame Δ in Table 4.5,
by applying a sequence of the admissible operations then the numbers
distributed instead of the vertices of Δ shown in Table 4.5 are the
coordinates of the positive generator hA of the radical rad qA of the
Euler quadratic form qA : Zn −−−−→ Z of A, where n = |Q0|.
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An outline of proof. The original proof presented in [112] and Bon-
gartz [29] is done by applying a computer program that calculates the en-
domorphism algebras EndTH of the multiplicity-free postprojective tilting
modules over the path algebras H of the canonically oriented Euclidean
quivers

Δ(Ãp,q), with 1 ≤ p ≤ q, Δ(D̃m), with m ≥ 4, Δ(Ẽ6), Δ(Ẽ7), Δ(Ẽ8)

presented in Table 1.1 of Chapter XIII.
Now we indicate the main steps of the classification of the concealed

algebras of Euclidean type.
Step 1◦. It follows from (XII.3.1) that any concealed algebra of Eu-

clidean type is a concealed algebra of a Euclidean type Δ, where Δ is one
of the canonically oriented Euclidean quivers. Fix such a quiver

Δ = (Δ0, Δ1) ∈
{

Δ(Ãp,q), Δ(D̃m), Δ(Ẽ6), Δ(Ẽ7), Δ(Ẽ8)
}

.

Let n = |Δ0| be the number of vertices of Δ. We set

H = KΔ,

and denote by P(H) the postprojective component of Γ(modH).
Step 2◦. We show how the multiplicity-free postprojective tilting H-

modules T look. First, we note that any such a module T is a direct sum

T = T1 ⊕ . . . ⊕ Tn

of pairwise non-isomorphic indecomposable H-modules T1, . . . , Tn from the
component P(H) such that Ext1H(T, T ) = 0.

Because there is an isomorphism Ext1H(T, T ) ∼= DHomA(T, τHT ), for any
H-module T , and the indecomposable modules in P(H) are directing then,
given an H-module T = T1 ⊕ . . . ⊕ Tn, with pairwise non-isomorphic in-
decomposable H-modules T1, . . . , Tn in P(H), the following two conditions
are equivalent.

(i) T is a tilting H-module,
(ii) HomH(Ti, τHTj) = 0, for all i, j ∈ {1, . . . , n} such that i 
= j.
Step 3◦. We find a subquiver DP(H) of P(H) with the following prop-

erties:
(d1) DP(H) is a finite full translation subquiver of P(H) and is closed

under the predecessors in P(H),
(d2) for any multiplicity-free postprojective tilting H-module

T = T1 ⊕ . . . ⊕ Tn, there exists a postprojective tilting module



248 Chapter XIV. Minimal representation-infinite algebras

T ′ = T ′
1 ⊕ . . . ⊕ T ′

n such that the H-modules T ′
1, . . . , T ′

n are in-
decomposable, pairwise non-isomorphic, lie in DP(H), and there is
an isomorphism of algebras

EndTH
∼= EndT ′

H .

We call such a translation subquiver DP(H) of P(H) a concealed domain
of P(H).

To construct DP(H), we choose a minimal positive integer rΔ such that

HomH(P (a), τ−r
H P (b)) 
= 0,

for all r ≥ rΔ and all vertices a and b of Δ, where P (a) = eaH and
P (b) = ebH are the indecomposable projective H modules corresponding
to the vertices a and b, respectively.

We define DP(H) to be the full translation subquiver of P(H) whose
vertices are the modules

τ−r
H P (a); with a ∈ Δ0 and r ∈ {0, 1, . . . , rΔ}.

First we show that the definition of DP(H) is correct. To see this, we
recall that every module in the postprojective component P(H) is of the
form τ−r

H P (a), for some integer r ≥ 0 and a vertex a ∈ Δ0. Moreover, by
(2.2), the number of pairwise non-isomorphic non-sincere indecomposable
H-modules in P(H) is finite, that is, all but a finite number of indecompos-
able modules in P(H) are sincere, see also (IX.5.6). It follows that

• given a vertex a ∈ Δ0, there exists a minimal positive integer ra

such that
HomH(P (a), τ−r

H P (b)) 
= 0,

for all r ≥ ra and all vertices b of Δ, and hence
• there exists a minimal positive integer rΔ such that

HomH(P (a), τ−r
H P (b)) 
= 0,

for all r ≥ rΔ and all vertices a and b of Δ.
This shows that the definition of DP(H) is correct.

Now we show that DP(H) is a concealed domain of P(H). Note that the
indecomposable projective H modules P (a) = eaH, with a ∈ Δ0, form a
section Σ ∼= Δop of DP(H). It follows that the subquiver DP(H) of P(H)
is closed under the predecessors in P(H), and therefore the condition (d1)
is satisfied.
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To prove (d2), assume that T = T1 ⊕ . . . ⊕ Tn is a tilting H-module
such that the H-modules T1, . . . , Tn are indecomposable, pairwise non-
isomorphic, and lie in P(H). Then, for each i ∈ {1, . . . , n}, there exist
a vertex ai ∈ Δ0 and a positive integer mi such that

Ti
∼= τ−mi

H P (ai).

Let m be the minimal number of the set {m1, . . . , mn} and assume, for
simplicity, that m = m1. Because, by the equivalence of (i) and (ii) of Step
2◦, we have

• HomH(T1, τHTj) = 0, for all j ∈ {2, . . . , n}, and
• there is an isomorphism of K-vector spaces

0 = HomH(T1, τHTj) = HomH(τ−m1
H P (a1), τ

−mj+1
H P (aj))

∼= HomH(P (a1), τ
−(mj−m1)+1
H P (aj)),

then mj − m = mj − m1 ≤ rΔ, and hence we get mj ≤ m + rΔ. We set

T ′
1 = τm

H T1, T ′
2 = τm

H T2, . . . . . . , and T ′
n = τm

H Tn.

It is clear that the H-modules T ′
1, . . . , T ′

n are indecomposable, postpro-
jective, pairwise non-isomorphic, lie in DP(H) and, under the assumption
m = m1, the module T ′

1 is projective. Moreover, we have HomH(T ′
i , τHT ′

j) ∼=
HomH(Ti, τHTj) = 0, for all i, j ∈ {1, . . . , n}. It follows that

T ′ = T ′
1 ⊕ . . . ⊕ T ′

n

is a multiplicity-free postprojective tilting H-module such that EndTH
∼=

EndT ′
H . Consequently, the condition (d2) is satisfied, and therefore DP(H)

is a concealed domain of P(H), as we claimed.
Step 4◦. Now we describe a procedure for constructing, up to the ad-

missible operations (Op1), (Op2) and (Op3), the frames Fr1, . . . ,Fr149
of concealed algebras B of Euclidean type presented in Table 4.5.

Assume that B is such an algebra. Then, according to Step 1◦ and Step
2◦, the algebra B has the form

B ∼= EndTH ,

where
• H = KΔ,
• Δ is one of the canonically oriented Euclidean quivers, and
• T = T1 ⊕ . . . ⊕ Tn is a multiplicity-free postprojective tilting H-

module.
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It is shown in Step 3◦ that there is a multiplicity-free tilting H-module
T ′ = T ′

1 ⊕ . . . ⊕ T ′
n such that the indecomposable summands T ′

1, . . . , T ′
n lie

in a finite concealed domain DP(H) of P(H) and

B ∼= EndTH
∼= EndT ′

H .

Consequently, the problem of finding all concealed algebras B of Eu-
clidean type, reduces to

(a) describing a finite concealed domain DP(H) of P(H),
(b) describing all families T1, . . . , Tn of pairwise non-isomorphic mod-

ules in the domain DP(H) such that one of the modules T1, . . . , Tn

is projective and

HomH(Ti, τHTj) = 0,

for all i, j ∈ {1, . . . , n} with i 
= j (see (ii) of Step 2◦), and
(c) describing the frame of the algebra

B ∼= EndH(T1 ⊕ . . . ⊕ Tn),

for each such a family T1, . . . , Tn. This means, one should describe
a bound quiver (Q, I) such that B ∼= KQ/I.

Because the concealed domain DP(H) of P(H) is finite then, given a
canonically oriented Euclidean quiver Δ, the problem of finding all concealed
algebras B of the Euclidean type Δ reduces to a finite combinatorial problem
that admits an effective computer computation. This is in fact the way the
frames of Table 4.5 are computed by Happel–Vossieck [112] in case Δ is of
any of the types Δ(Ẽ6), Δ(Ẽ7), and Δ(Ẽ8).

Now we prove the theorem in the cases when Δ is of the type Δ(Ãp,q),
with 1 ≤ p ≤ q, or Δ is of one of the types Δ(D̃4), Δ(D̃5), and Δ(D̃6).

Case 1◦. Concealed algebras of type Δ(Ãp,q), with 1 ≤ p ≤ q. We

show that any concealed algebra of type Δ(Ãp,q) is a hereditary algebra of
the Euclidean type Ãm, where m = p + q − 1.

Assume that p and q are integers such that 1 ≤ p ≤ q. Let H = KΔ be
the path algebra of the quiver

Δ = Δ(Ãp,q) :

1 ←− 2 ←− . . . ←− p − 1
↙ ↖

0 p + q − 1.

↖ ↙
p ←− p + 1 ←− . . . ←− p + q − 2
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of the Euclidean type Ãp+q−1. The standard calculation technique shows
that the left hand part of the postprojective component P(H) of Γ(modH)
looks as follows

P (m)=
11. . .1
2 1
11. . .1

− − − − − − −− − − − − − − − −−

↗ ↘ ↗
P (p−1)=

11. . .1
1 0
00. . .0

11. . .1
2 1
21. . .1

↗ ↘ ↗ ↘
. . . 11. . .1

1 0
10. . .0

. . .

↗ ↗ ↘ ↘ ↗
P (1)=

10. . .0
1 0
00. . .0

. . . . . . 11. . .1
2 1
22. . .2

↗ ↘ ↗ ↘ ↗ ↘ ↗
P (0)=

00. . .0
1 0
00. . .0

10. . .0
1 0
10. . .0

11. . .1
1 0
11. . .1

22. . .2
3 2
22. . .2

↘ ↗ ↘ ↗ ↘ ↗ ↘
P (p)=

00. . .0
1 0
10. . .0

. . . . . . 22. . .2
2 1
11. . .1

↘ ↘ ↗ ↗ ↘
. . . 10. . .0

1 0
11. . .1

. . .

↘ ↗ ↘ ↗
P (m−1) = 00. . .0

1 0
11. . .1

21. . .1
2 1
11. . .1

↘↗ ↘
P (m)=

11. . .1
2 1
11. . .1

− − − − − − − − − − −− − − − − − − − −−

where m = p + q − 1, the indecomposable modules are represented by their
dimension vectors, and we identify the horizontal dotted lines.

Because P(H) is a postprojective component of Γ(modH), the inde-
composable modules in P(H) are of the form τ−r

H P (a), where r ≥ 0 and
a ∈ {0, 1, . . . , p + q − 1}. Moreover, for any indecomposable module M in
P(H) there exists an almost split sequence

0 −→ M −→ X ⊕ Y −→ N −→ 0

in modH, where X and Y are indecomposable modules, and we have

dimM < dimX < dimN, and
dimM < dimY < dimN.



252 Chapter XIV. Minimal representation-infinite algebras

To prove the inequalities, we apply the fact that M is of the form

M ∼= τ−r
H P (a),

where r ≥ 0 and a ∈ {0, 1, . . . , p + q − 1}, the induction on r ≥ 0, and the
description of the dimension vectors of the indecomposable modules in the
left hand part of the component P(H) are presented above. The details are
left to the reader.

Hence, we easily conclude that
• any successor of the projective H-module P (p + q − 1) in P(H) is a

sincere module,
• any irreducible morphism U −→ V between indecomposable mod-

ules U and V in P(H) is a monomorphism, and
• the integer p is the minimal with the property that the modules

τ−r
H P (a), with a ∈ {0, 1, . . . , p + q − 1}, are sincere.

It follows that for the concealed domain DP(H) of H we can take the
full translation subquiver of P(H) whose vertices are the modules τ−r

H P (a),
with a ∈ {0, 1, . . . , p + q − 1} and r ∈ {0, 1, . . . , p}.

Let T = T1 ⊕ . . . ⊕ Tn, with n = p + q, be a postprojective tilting H-
module with indecomposable modules T1, . . . , Tn from DP(H). Now we
prove that the modules T1, . . . , Tn form a section Σ of P(H).

First, we observe that if U and V are non-isomorphic indecomposable
modules in P(H) and V is a successor of U then there is a path

U = U0
h0−−−−→ U1

h1−−−−→ . . .
hm−−−−→ Um

hm+1−−−−→ Um+1 = V

of irreducible morphism h0, h1, . . . , hm, hm+1 between indecomposable
modules U0, U1, . . . , Um in P(H). It follows that HomH(U, V ) 
= 0, be-
cause the irreducible morphism h0, h1, . . . , hm, hm+1 are monomorphisms.
Hence, if Ti and Tj are summands of T such that HomH(Ti, Tj) 
= 0 then
Tj is a successor of Ti and there is a sectional path from Ti to Tj , because
HomH(Ti, τHYj) = 0. Consequently,

• the modules T1, . . . , Tn form a section Σ of P(H), because n = p+q
is the number of τH -orbits of P(H), and

• the associated concealed algebra B = End TH is the path algebra of
the quiver Q = Σop.

On the other hand, we have
• the indecomposable projective H-modules

P (0), P (1), . . . , P (p+q−1)

form a section Δ of the component P(H),
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• the quiver Σ can be obtained from Δop by applying a finite sequence
of reflections, see (VIII.1.8), and

• p is the number of clockwise-oriented arrows in Σ and q is the number
of counterclockwise-oriented arrows in Σ.

It follows that q is the number of clockwise-oriented arrows in Q and p is
the number of counterclockwise-oriented arrows in Q. Moreover, if Q is an
arbitrary quiver such that the underlying graph Q of Q coincides with the
underlying graph Δ of Δ, and the numbers of clockwise-oriented arrows in Q
and counterclockwise-oriented arrows in Q equal q and p, respectively, then
the component P(H) admits a section Σ isomorphic with Qop contained
entirely in the concealed domain DP(H).

Hence we conclude that the concealed algebra B = End TH is hereditary
of the Euclidean type Ãm, where m = p + q − 1. Consequently, by the
discussion in Steps 1◦-4◦ of the proof, any concealed algebra of type Δ(Ãp,q)
is a hereditary algebra of the Euclidean type Ãm, where m = p+q−1. This
finishes the proof in Case 1◦.

Case 2◦. Concealed algebras of type Δ(D̃4). We prove that, up to

isomorphism, any concealed algebra of type Δ(D̃4) is a hereditary algebra
of the Euclidean type D̃4 or the canonical algebra C(2, 2, 2), see (XII.1.2).
More precisely, we construct five pairwise non-isomorphic hereditary alge-
bras A(1), . . . , A(5) such that any concealed algebra of type Δ(D̃4) is iso-
morphic to one of the algebras A(1), . . . , A(5) or to C(2, 2, 2). Let H = KΔ
be the path algebra of the quiver

1 4◦ ◦
↖ 3 ↙

Δ = Δ(D̃4) : ◦
↙ ↖

◦ ◦
2 5

of the Euclidean type D̃4.

The standard calculation technique shows that the left hand part of the
component P(H) of Γ(modH) looks as follows
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where the indecomposable modules are represented by their dimension
vectors and

dimP (4) = 1 1
1

1 0
, dimP (5) = 1 1

1
0 1

.

By applying the shape of P(H), we easily check that the H-modules

τ−2
H P (1), τ−2

H P (2), τ−2
H P (3), τ−2

H P (4), τ−2
H P (5)

are sincere and form a section in P(H) of type Δop. Moreover, for each
r ≥ 2, the H-modules τ−r

H P (1), τ−r
H P (2), τ−r

H P (3), τ−r
H P (4), τ−r

H P (5) are
sincere. It follows that the full translation subquiver DP(H) of P(H) whose
vertices are the modules τ−r

H P (1), τ−r
H P (2), τ−r

H P (3), τ−r
H P (4), τ−r

H P (5),
with r ∈ {0, 1, 2}, is a concealed domain of P(H). In other words, DP(H)
is the translation subquiver
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of P(H).
Let T = T1 ⊕ T2 ⊕ T3 ⊕ T4 ⊕ T5 be an arbitrary postprojective tilting

H-module, where the modules T1, T2, T3, T4, T5 are indecomposable and lie
in DP(H). By the discussion in Steps 1◦-4◦ of the proof, without loss
of generality, we may assume that one of the modules T1, T2, T3, T4, T5 is
projective.

The problem of describing all such postprojective tilting modules T splits
into two cases.

Case 2.1◦. The direct summands T1, T2, T3, T4, T5 of T form a section Σ
of the postprojective component P(H).

By invoking the condition HomH(Ti, τHTj) = 0, for all i, j ∈ {1, 2, 3, 4, 5}
such that i 
= j, we easily see that

• each of the following five families
Σ(1) = {P (1), P (2), P (3), P (4), P (5)},
Σ(2) =

{
τ−1
H P (1), P (2), P (3), P (4), P (5)

}
,

Σ(3) =
{
τ−1
H P (1), τ−1

H P (2), P (3), P (4), P (5)
}
,

Σ(4) =
{
τ−2
H P (1), τ−1

H P (2), τ−1
H P (3), P (4), P (5)

}
,

Σ(5) =
{
τ−1
H P (1), τ−1

H P (2), τ−1
H P (3), P (4), P (5)

}
,

of modules in P(H) forms a section of P(H),
• each of the following five H-modules

T (1) = P (1) ⊕ P (2) ⊕ P (3) ⊕ P (4) ⊕ P (5) = H,
T (2) = τ−1

H P (1) ⊕ P (2) ⊕ P (3) ⊕ P (4) ⊕ P (5),
T (3) = τ−1

H P (1) ⊕ τ−1
H P (2) ⊕ P (3) ⊕ P (4) ⊕ P (5),

T (4) = τ−2
H P (1) ⊕ τ−1

H P (2) ⊕ τ−1
H P (3) ⊕ P (4) ⊕ P (5),

T (5) = τ−1
H P (1) ⊕ τ−1

H P (2) ⊕ τ−1
H P (3) ⊕ P (4) ⊕ P (5),

is a postprojective tilting H-module,
• each of the algebras

A(1) = End T
(1)
H

∼= H ∼= Hop, A(2) = End T
(2)
H , A(3) = End T

(3)
H ,

A(4) = End T
(4)
H

∼= (A(2))op, A(5) = End T
(5)
H

∼= (A(3))op,
is concealed and A(j) is the path algebra of the quiver Q(j) = (Σ(j))op

of the Euclidean type D̃4, for j = 1, 2, 3, 4, 5, where

Q(1) :
◦ ◦↖ ↙◦↙ ↖◦ ◦

is the quiver Δ ∼= Δop, and

Q(2) :
◦ ◦↘ ↙◦↙ ↖◦ ◦

, Q(3) :
◦ ◦↘ ↙◦↗ ↖◦ ◦

,

Q(4) :
◦ ◦↘ ↗◦↙ ↘◦ ◦

, Q(5) :
◦ ◦↖ ↗◦↙ ↘◦ ◦

,
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• the concealed algebras A(1), . . . , A(5) are hereditary and pairwise
non-isomorphic, and

• for any quiver Q such that the underlying graph Q of Q is the
Euclidean graph D̃4, there exists a section Σ of the component P(H)
such that Σ is isomorphic with Qop and is contained entirely in the
concealed domain DP(H).

It follows that the concealed algebra B = End TH is hereditary of the
Euclidean type D̃4.

Case 2.2◦. The direct summands T1, T2, T3, T4, T5 of T do not form a
section of P(H). Again, by invoking the condition HomH(Ti, τHTj) = 0, for
all i, j ∈ {1, 2, 3, 4, 5} such that i 
= j, we conclude that the postprojective
tilting H-module T = T1 ⊕ T2 ⊕ T3 ⊕ T4 ⊕ T5 is of one of the forms

• T ′ = P (1) ⊕ P (4) ⊕ P (5) ⊕ τ−1
H P (2) ⊕ τ−2

H P (1), or
• T ′′ = P (2) ⊕ P (4) ⊕ P (5) ⊕ τ−1

H P (1) ⊕ τ−2
H P (2).

It is not difficult to check that
• the associated concealed algebras B′ = End T ′

H and B′′ = End T ′′
H

are isomorphic, and
• the algebra B′ ∼= B′′ is isomorphic to the canonical algebra C(2, 2, 2)

of the Euclidean type Δ(D̃4), defined by the quiver

and bound by the relation βα + σγ + ηξ = 0.
It follows from the preceding discussion and the discussion in Steps 1◦-4◦

of the proof, that

• any concealed algebra B of type Δ(D̃4) is isomorphic either to one
of the hereditary algebras A(1), . . . , A(5), or to the canonical algebra
C(2, 2, 2), and

• the number of the isomorphism classes of concealed algebras of type
Δ(D̃4) equals six, see Table 4.6.

This finishes the proof in Case 2◦.

Case 3◦. Concealed algebras of type Δ(D̃5). We show that if A is

a concealed algebra of type Δ(D̃5) then, up to isomorphism,
• A is a hereditary algebra of the form KQ, where Q is a quiver such

that the underlying graph Q of Q is the Euclidean graph D̃5, or
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• A is not hereditary and A is isomorphic to the canonical algebra
C(2, 2, 3) or to one of the three algebras B(1), B(2), B(3), constructed
in (B1)-(B3) below.

• the number of the isomorphism classes of concealed algebras of type
Δ(D̃5) equals 13 = 25−1− 5+1

2 , see Table 4.6; nine of them are hered-
itary, and four of them are the non-hereditary algebras C(2, 2, 3),
B(1), B(2), B(3).

To prove the statements, we assume that H = KΔ is the path algebra
of the quiver

1 5◦ ◦
↖ ↙

Δ = Δ(D̃5) : ◦←−−−−−−◦
↙3 4↖

◦ ◦
2 6

of the Euclidean type D̃5.
The standard calculation technique shows that the left hand part of the

postprojective component P(H) of Γ(modH) looks as follows

P (5)=
1 1
11

1 0
− − − 1 0

21
1 1

− − − 1 1
22

1 0
− − − 2 1

33
2 2

↗P (6) ↘ ↗ ↘ ↗ ↘ ↗
||

P (4)=
1 0
11

1 0
→ 1 0

11
1 1

→ 2 1
32

2 1
→ 1 1

21
1 0

→ 2 1
43

2 1
→ 1 0

22
1 1

→ 3 2
55

3 2
→2 2

33
2 1

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
P (1)=

1 0
00

0 0
→ 1 0

10
1 0

→ 0 0
10

1 0
→ 1 0

21
1 0

→ 1 0
11

0 0
→ 2 1

33
2 1

→ 1 1
22

2 1
→ 3 2

54
3 2

→ 2 1
32

1 1
→3 2

65
3 2

||↗ P (3) ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
P (2)=

0 0
00

1 0
− − − 1 0

10
0 0

− − − 0 0
11

1 0
− − − 2 1

22
1 1

− − − 1 1
32

2 1
− − −

where the indecomposable modules are represented by their dimension
vectors.

Observe that the modules

τ−3
H P (1), τ−3

H P (2), τ−3
H P (3), τ−3

H P (4), τ−3
H P (5), τ−3

H P (6)

are sincere and form a section in P(H) of type Δop. Moreover, for each in-
teger r ≥ 3, the H-modules τ−r

H P (1), τ−r
H P (2), τ−r

H P (3), τ−r
H P (4), τ−r

H P (5),
and τ−r

H P (6) are sincere. It follows that the full translation subquiver
DP(H) of P(H) whose vertices are the modules

τ−r
H P (1), τ−r

H P (2), τ−r
H P (3), τ−r

H P (4), τ−r
H P (5), τ−r

H P (6),
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with r ∈ {0, 1, 2, 3}, is a concealed domain of P(H). In other words, DP(H)
is the translation subquiver

P (5)=
1 1
11

1 0
− − − 1 0

21
1 1

− − − 1 1
22

1 0
− − −2 1

33
2 2

↗P (6) ↘ ↗ ↘ ↗ ↘ ↗
||

P (4)=
1 0
11

1 0
→ 1 0

11
1 1

→ 2 1
32

2 1
→ 1 1

21
1 0

→ 2 1
43

2 1
→ 1 0

22
1 1

→3 2
55

3 2
→2 2

33
2 1

↗ ↘ ↗ ↘ ↗ ↘ ↗
P (1)=

1 0
00

0 0
→ 1 0

10
1 0

→ 0 0
10

1 0
→ 1 0

21
1 0

→ 1 0
11

0 0
→ 2 1

33
2 1

→ 1 1
22

2 1
→ 3 2

54
3 2

||↗ P (3)↘ ↗ ↘ ↗ ↘ ↗
P (2)=

0 0
00

1 0
− − − 1 0

10
0 0

− − − 0 0
11

1 0
− − − 2 1

22
1 1

of P(H).
Following the idea applied in the proof of Case 2.1◦, one shows that

• for any quiver Q such that the underlying graph Q of Q is the
Euclidean graph D̃5, there exists a section Σ of the component P(H)
such that Σ is isomorphic with Qop and is contained entirely in the
concealed domain DP(H),

• the path algebra KQ is isomorphic to the endomorphism algebra of
the direct sum

TΣ = T1 ⊕ T2 ⊕ T3 ⊕ T4 ⊕ T5 ⊕ T6

of all indecomposable modules T1, T2, T3, T4, T5, T6 lying on Σ,
• there are only nine pairwise non-isomorphic algebras of the form

AΣ = End H TΣ, where Σ is a section of the component P(H) and
Σ is isomorphic with Qop, for a quiver Q with Q = D̃5.

We recall that the modules on such a section satisfy the vanishing condition
by HomH(Ti, τHTj) = 0, for all i, j ∈ {1, 2, 3, 4, 5, 6} such that i 
= j.

To construct the nine algebras, we note that one of such a section is
formed by the projective modules P (1), P (2), P (3), P (4), P (5), P (6) and the
corresponding concealed algebra is isomorphic with H. The remaining eight
algebras are defined by the following eight sections in the concealed domain
DP(H) that are given by the modules

• τ−1
H P (1), P (2), P (3), P (4), P (5), P (6),

• τ−1
H P (1), τ−1

H P (2), P (3), P (4), P (5), P (6),
• τ−1

H P (1), τ−1
H P (2), τ−1

H P (3), P (4), P (5), P (6),
• τ−2

H P (1), τ−1
H P (2), τ−1

H P (3), P (4), P (5), P (6),
• τ−1

H P (1), τ−1
H P (2), τ−1

H P (3), τ−1
H P (4), P (5), P (6),
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• τ−1
H P (1), τ−2

H P (2), τ−1
H P (3), τ−1

H P (4), P (5), P (6),
• τ−2

H P (1), τ−3
H P (2), τ−1

H P (3), τ−1
H P (4), P (5), P (6),

• τ−2
H P (1), τ−1

H P (2), τ−1
H P (3), τ−1

H P (4), τ−1
H P (5), P (6)

Now we construct four pairwise non-isomorphic non-hereditary concealed
algebras of the Euclidean type Δ(D̃5).

(B1) To construct the first one, we consider the module

T (1) = P (1) ⊕ τ−1
H P (2) ⊕ P (4) ⊕ P (5) ⊕ P (6) ⊕ τ−2

H P (1),

and note that HomH(T (1), τHT (1)) = 0. Hence, by the discussion in
Steps 1◦–4◦ of the proof, T (1) is a postprojective tilting H-module.
Then

B(1) = End T
(1)
H

is a concealed algebra of type Δ(D̃5), and one can show B(1) is given
by the quiver

QB(1) :

1 4◦ ◦
α↙ ↘γ ↙

2◦ ◦
β↘ ↙δ 3 ↖

◦ ◦
6 5

and bound by the commutativity relation αβ = γδ, where the num-
bering of vertices corresponds to the following order P (1), τ−1

H P (2),
P (4), P (5), P (6), τ−2

H P (1) of the summands of T (1).

(B2) Similarly, we show that

T (2) = τ−1
H P (1) ⊕ τ−2

H P (2) ⊕ τ−1
H P (4) ⊕ P (5) ⊕ P (6) ⊕ τ−3

H P (1),

is a postprojective tilting H-module and

B(2) = End T
(2)
H

is a concealed algebra of type Δ(D̃5) given by the quiver

QB(2) :

1 4◦ ◦
α↙ ↘γ ↗

2◦ ◦
β↘ ↙δ 3 ↘

◦ ◦
6 5

and bound by the commutativity relation αβ = γδ.
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(B3) One also shows that

T (3) = τ−1
H P (1) ⊕ τ−2

H P (2) ⊕ τ−1
H P (4) ⊕ τ−1

H P (5) ⊕ P (6) ⊕ τ−3
H P (1)

is a postprojective tilting H-module and

B(3) = End T
(3)
H

is a concealed algebra of type Δ(D̃5) given by the quiver

QB(3) :

1 4◦ ◦
α↙ ↘γ ↙

2◦ ◦
β↘ ↙δ 3 ↘

◦ ◦
6 5

and bound by the commutativity relation αβ = γδ.

(B4) Finally, one easily shows that

T (4) = P (2) ⊕ P (5) ⊕ P (6) ⊕ τ−1
H P (1) ⊕ τ−2

H P (2) ⊕ τ−3
H P (1),

is a postprojective tilting H-module and the concealed algebra

B(4) = End T
(4)
H

is isomorphic to the canonical algebra C(2, 2, 3) of type Δ(D̃6) given
by the quiver

QB(4) :

2◦
α↙ ↖β

1 3 6
◦ γ←−−−−◦ σ←−−−− ◦

ξ↖ ↙ρ
◦←−−−−

η
◦

4 5

and bound by the relation βα + σγ + ρηξ = 0.
A simple analysis shows that the four algebras B(1), B(2), B(3), and B(4) ∼=
C(2, 2, 3), constructed in (B1)–(B4) have the following properties:

• the algebras B(1), B(2), B(3), and B(4) are pairwise non-isomorphic,
• the algebras B(1), B(2), B(3), and B(4) are of global dimension two,

and
• any non-hereditary concealed algebra of type Δ(D̃5) and of the form

B̂ = End T̂H , where T̂H is a tilting module that is a direct sum of
six indecomposable modules lying in the concealed domain DP(H),
is isomorphic to one of the algebras B(1), B(2), B(3), and B(4).
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Hence, by the discussion in Steps 1◦–4◦ of the proof, any non-hereditary
concealed algebra of type Δ(D̃5) is isomorphic to one of the four algebras
B(1), B(2), B(3), and B(4) ∼= C(2, 2, 3) constructed in (B1)–(B4). This
finishes the proof in Case 3◦.

Case 4◦. Concealed algebras of type Δ(D̃6). We show that if A is

a concealed algebra of type Δ(D̃6) then, up to isomorphism,
• A is a hereditary algebra of the form KQ, where Q is a quiver such

that the underlying graph Q of Q is the Euclidean graph D̃6, or
• A is not hereditary and A is isomorphic to the canonical algebra

C(2, 2, 3) or to one of the 7 algebras C(1)–C(7), constructed in (C1)–
(C7) below.

• the number of the isomorphism classes of concealed algebras of type
Δ(D̃6) equals (see Table 4.6)

29 = 26−1 − 6
2
;

21 of them are hereditary, and 8 of them are the non-hereditary
algebras C(2, 2, 4) and C(1)–C(7).

To prove the statements, we assume that H = KΔ is the path algebra
of the quiver

1 6◦ ◦
↖ ↙

Δ = Δ(D̃6) : ◦←−◦←−◦
↙3 4 5 ↖

◦ ◦
2 7

of the Euclidean type D̃6.
The standard calculation technique shows that the left hand part of the

postprojective component P(H) of Γ(modH) looks as follows

P (6)=
1 1
111
1 0 − − − 1 0

211
1 1 − − − 1 1

221
1 0 − − −1 0

222
1 1 − − −2 2

333
2 1

↗P (7) ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
||

P (5)=
1 0
111
1 0→

1 0
111
1 1 →2 1

322
2 1→

1 1
211
1 0 →2 1

432
2 1→

1 0
221
1 1 →2 1

443
2 1→

1 1
222
1 0→

3 2
555
3 2→

2 1
333
2 2

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
P (4)=

1 0
110
1 0 − − − 1 0

211
1 0 − − − 2 1

332
2 1 − − − 2 1

433
2 1 − − −3 2

554
3 2 − − −3 2

655
3 2

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
P (1)=

1 0
000
0 0→

1 0
100
1 0→

0 0
100
1 0→

1 0
210
1 0 → 1 0

110
0 0 →1 0

221
1 0→

0 0
111
1 0 →2 1

333
2 1→

2 1
222
1 1 →3 2

544
3 2→

1 1
322
2 1→

3 2
654
3 2→

2 1
331
1 1||↗P (3)↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘

P (2)=
0 0
000
1 0 − − − 1 0

100
0 0 − − − 0 0

110
1 0 − − − 1 0

111
0 0 − − − 1 1

222
2 1 − − −2 1

322
1 1 − − −1 1

332
2 1

where the indecomposable modules are represented by their dimension
vectors.
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Observe that the modules

τ−4
H P (1), τ−4

H P (2), τ−4
H P (3), τ−4

H P (4), τ−4
H P (5), τ−4

H P (6), τ−4
H P (7)

are sincere and form a section in P(H) of type Δop. Moreover, for each
r ≥ 4, the H-modules τ−r

H P (1), τ−r
H P (2), τ−r

H P (3), τ−r
H P (4), τ−r

H P (5),
τ−r
H P (6), and τ−r

H P (7) are sincere. It follows that, the full translation sub-
quiver DP(H) of P(H) whose vertices are the modules

τ−r
H P (1), τ−r

H P (2), τ−r
H P (3), τ−r

H P (4), τ−r
H P (5), τ−r

H P (6), τ−r
H P (7),

with r ∈ {0, 1, 2, 3, 4}, is a concealed domain of P(H). In other words,
DP(H) is the translation subquiver

P (6)=
1 1
111
1 0 −−− 1 0

211
1 1 −−− 1 1

221
1 0 −−− 1 0

222
1 1 −−− 2 2

333
2 1

↗ P (7) ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
||

P (5)=
1 0
111
1 0 → 1 0

111
1 1 →2 1

322
2 1 →1 1

211
1 0 →2 1

432
2 1 →1 0

221
1 1 →2 1

443
2 1 →1 1

222
1 0 →3 2

555
3 2→

2 1
333
2 2

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
P (4)=

1 0
110
1 0 −−− 1 0

211
1 0 −−− 2 1

332
2 1 −−− 2 1

443
2 1 −−− 3 2

554
3 2

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
P (1)=

1 0
000
0 0→

1 0
100
1 0 →0 0

100
1 0 →1 0

210
1 0 → 1 0

110
0 0 →1 0

221
1 0 →0 0

111
1 0 →2 1

333
2 1 →2 1

222
1 1 →3 2

544
3 2

||
↗P (3) ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗

P (2)=
0 0
000
1 0 −−− 1 0

100
0 0 −−− 0 0

110
1 0 −−− 1 0

111
0 0 −−− 1 1

222
2 1

of P(H).
Following the idea applied in the proof of Case 2.1◦, one shows that

• for any quiver Q such that the underlying graph Q of Q is the
Euclidean graph D̃6, there exists a section Σ of the component P(H)
such that Σ is isomorphic with Qop and is contained entirely in the
concealed domain DP(H),

• the path algebra KQ is isomorphic to the endomorphism algebra of
the direct sum

TΣ = T1 ⊕ T2 ⊕ T3 ⊕ T4 ⊕ T5 ⊕ T6 ⊕ T7

of all indecomposable modules T1, T2, T3, T4, T5, T6, T7 lying on Σ,
• there are 21 pairwise non-isomorphic algebras of the form

AΣ = EndH TΣ, where Σ is a section of the component P(H) and Σ
is isomorphic with Qop, for a quiver Q with Q = D̃6.

We recall that the modules lying on such a section satisfy the vanishing
condition HomH(Ti, τHTj) = 0, for all i, j ∈ {1, 2, 3, 4, 5, 6, 7} such that
i 
= j.
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To construct the 21 algebras, we note that one of such a section is

Σ(1) = {P (1), P (2), P (3), P (4), P (5), P (6), P (7)}

formed by the indecomposable projective modules, and the corresponding
concealed algebra is isomorphic with H. The remaining 20 algebras are
defined by the following 20 sections in the concealed domain DP(H) that
are given by the modules

Σ(2) =
{
τ−1
H P (1), P (2), P (3), P (4), P (5), P (6), P (7)

}
,

Σ(3) =
{
τ−1
H P (1), τ−1

H P (2), P (3), P (4), P (5), P (6), P (7)
}
,

Σ(4) =
{
τ−1
H P (1), τ−1

H P (2), τ−1
H P (3), P (4), P (5), P (6), P (7)

}
,

Σ(5) =
{
τ−2
H P (1), τ−1

H P (2), τ−1
H P (3), P (4), P (5), P (6), P (7)

}
,

Σ(6) =
{
τ−2
H P (1), τ−2

H P (2), τ−1
H P (3), P (4), P (5), P (6), P (7)

}
,

Σ(7) =
{
τ−1
H P (1), τ−1

H P (2), τ−1
H P (3), τ−1

H P (4), P (5), P (6), P (7)
}
,

Σ(8) =
{
τ−2
H P (1), τ−1

H P (2), τ−1
H P (3), τ−1

H P (4), P (5), P (6), P (7)
}
,

Σ(9) =
{
τ−2
H P (1), τ−2

H P (2), τ−1
H P (3), τ−1

H P (4), P (5), P (6), P (7)
}
,

Σ(10) =
{
τ−2
H P (1), τ−2

H P (2), τ−2
H P (3), τ−1

H P (4), P (5), P (6), P (7)
}
,

Σ(11) =
{
τ−3
H P (1), τ−1

H P (2), τ−2
H P (3), τ−1

H P (4), P (5), P (6), P (7)
}
,

Σ(12) =
{
τ−2
H P (1), τ−2

H P (2), τ−1
H P (3), τ−1

H P (4), P (5), P (6), P (7)
}
,

Σ(13) =
{
τ−1
H P (1), τ−1

H P (2), τ−1
H P (3), τ−1

H P (4), τ−1
H P (5), P (6), P (7)

}
,

Σ(14) =
{
τ−2
H P (1), τ−2

H P (2), τ−2
H P (3), τ−1

H P (4), τ−1
H P (5), P (6), P (7)

}
,

Σ(15) =
{
τ−3
H P (1), τ−2

H P (2), τ−2
H P (3), τ−1

H P (4), τ−1
H P (5), P (6), P (7)

}
,

Σ(16) =
{
τ−2
H P (1), τ−2

H P (2), τ−2
H P (3), τ−2

H P (4), τ−1
H P (5), P (6), P (7)

}
,

Σ(17) =
{
τ−3
H P (1), τ−2

H P (2), τ−2
H P (3), τ−2

H P (4), τ−1
H P (5), P (6), P (7)

}
,

Σ(18) =
{
τ−1
H P (1), τ−1

H P (2), τ−1
H P (3), τ−1

H P (4), τ−1
H P (5), τ−1

H P (6), P (7)
}
,

Σ(19) =
{
τ−2
H P (1), τ−1

H P (2), τ−1
H P (3), τ−1

H P (4), τ−1
H P (5), τ−1

H P (6), P (7)
}
,

Σ(20) =
{
τ−3
H P (1), τ−2

H P (2), τ−2
H P (3), τ−1

H P (4), τ−1
H P (5), τ−1

H P (6), P (7)
}
,

Σ(21) =
{
τ−3
H P (1), τ−2

H P (2), τ−2
H P (3), τ−2

H P (4), τ−1
H P (5), τ−1

H P (6), P (7)
}
.

Now we construct eight pairwise non-isomorphic non-hereditary con-
cealed algebras of the Euclidean type Δ(D̃6).

(C1) To construct the first one, we consider the module

T (1) = P (1) ⊕ τ−1
H P (2) ⊕ τ−2

H P (1) ⊕ P (4) ⊕ P (5) ⊕ P (6) ⊕ P (7),

and note that HomH(T (1), τHT (1)) = 0. Hence, by the discussion in
Steps 1◦–4◦ of the proof, T (1) is a postprojective tilting H-module
and

C(1) = End T
(1)
H
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is a concealed algebra of type Δ(D̃6). One shows that C(1) is given
by the quiver

QC(1) :

1 6◦ ◦
α↙ ↘γ ↙

2◦ ◦←−◦
β↘ ↙δ 4 5 ↖

◦ ◦
3 7

and bound by the commutativity relation αβ = γδ, where the
numbering of the vertices corresponds to the following order P (1),
τ−1
H P (2), τ−2

H P (1), P (4), P (5), P (6), P (7) of the summands of T (1).

(C2) The module

T (2) = τ−1
H P (1)⊕τ−2

H P (2)⊕τ−3
H P (1)⊕τ−1

H P (4)⊕τ−1
H P (5)⊕P (6)⊕P (7),

is a postprojective tilting H-module and

C(2) = End T
(2)
H

is a concealed algebra of type Δ(D̃6) given by the quiver

QC(2) :

1 6◦ ◦
α↙ ↘γ ↗

2◦ ◦←−◦
β↘ ↙δ 4 5 ↘

◦ ◦
3 7

and bound by the commutativity relation αβ = γδ.

(C3) The module

T (3) = τ−1
H P (1)⊕τ−2

H P (2)⊕τ−3
H P (1)⊕τ−1

H P (4)⊕τ−1
H P (5)⊕P (6)⊕τ−1

H P (7)

is a postprojective tilting H-module and

C(3) = End T
(3)
H

is a concealed algebra of type Δ(D̃6) given by the quiver

QC(3) :

1 6◦ ◦
α↙ ↘γ ↗

2◦ ◦←−◦
β↘ ↙δ 4 5 ↖

◦ ◦
3 7

and bound by the commutativity relation αβ = γδ.
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(C4) The module

T (4) = τ−1
H P (1)⊕τ−2

H P (2)⊕τ−3
H P (1)⊕τ−1

H P (4)⊕P (5)⊕P (6)⊕P (7)

is a postprojective tilting H-module and

C(4) = End T
(4)
H

is a concealed algebra of type Δ(D̃6) given by the quiver

QC(4) :

1 6◦ ◦
α↙ ↘γ ↙

2◦ ◦−→◦
β↘ ↙δ 4 5 ↖

◦ ◦
3 7

and bound by the commutativity relation αβ = γδ.

(C5) The module

T (5) = τ−2
H P (1)⊕τ−3

H P (2)⊕τ−4
H P (1)⊕τ−2

H P (4)⊕τ−1
H P (5)⊕P (6)⊕P (7)

is a postprojective tilting H-module and

C(5) = End T
(5)
H

is a concealed algebra of type Δ(D̃6) given by the quiver

QC(5) :

1 6◦ ◦
α↙ ↘γ ↗

2◦ ◦−→◦
β↘ ↙δ 4 5 ↘

◦ ◦
3 7

and bound by the commutativity relation αβ = γδ.

(C6) Finally, the module

T (6) = τ−2
H P (1)⊕τ−3

H P (2)⊕τ−4
H P (1)⊕τ−2

H P (4)⊕τ−1
H P (5)⊕P (6)⊕τ−1

H P (7)

is a postprojective tilting H-module and

C(6) = End T
(6)
H

is a concealed algebra of type Δ(D̃6) given by the quiver

QC(6) :

1 6◦ ◦
α↙ ↘γ ↗

2◦ ◦−→◦
β↘ ↙δ 4 5 ↖

◦ ◦
3 7
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and bound by the commutativity relation αβ = γδ.

(C7) Now, consider the module

T (7) =τ−2
H P (1)⊕τ−3

H P (2)⊕τ−4
H P (1)⊕τ−2

H P (4)⊕P (7)⊕τ−1
H P (6)⊕τ−2

H P (7).

It is easy to see that T (7) is a postprojective tilting H-module and

C(7) = End T
(7)
H

is a concealed algebra of type Δ(D̃6) given by the quiver

QC(7) :

1 7◦ ◦
α↙ ↘γ μ↙ ↘ξ

2 ◦ ◦ ◦ 6
β↘ ↙σ 4 δ↘ ↙η

◦ ◦
3 5

and bound by two commutativity relations αβ = γσ and μδ = ξη.

(C8) Finally, we consider the postprojective tilting H-module

T (8) = P (2)⊕P (6)⊕P (7)⊕τ−1
H P (1)⊕τ−2

H P (2)⊕τ−3
H P (1)⊕τ−4

H P (2).

One can easily show that the concealed algebra

C(8) = End T
(8)
H

is isomorphic to the canonical algebra C(2, 2, 4) of type Δ(D̃6). The
algebra C(8) is given by the quiver

QC(8) :

2◦
α↙ ↖β

1 3 7
◦ γ←−−−−◦ σ←−−−− ◦
ξ↖ ↙ρ

◦←−
η

◦←−
δ

◦
4 5 6

and bound by the relation βα + σγ + ρδηξ = 0.
A simple analysis shows that the eight algebras C(1) − C(7), and C(8) ∼=
C(2, 2, 4), constructed in (C1)–(C8) have the following properties:

• the algebras C(1) − C(7), C(8) ∼= C(2, 2, 4), are pairwise non-iso-
morphic,

• the algebras C(1) − C(7), and C(8) ∼= C(2, 2, 4) are of global dimen-
sion two, and

• any non-hereditary concealed algebra of type Δ(D̃6) and of the
form B̂ = End T̂H , where T̂H is a tilting module that is a di-
rect sum of seven indecomposable modules lying in the concealed
domain DP(H), is isomorphic to one of the algebras C(1) − C(7),
C(8) ∼= C(2, 2, 4).
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Hence, by the discussion in Steps 1◦–4◦ of the proof, any non-hereditary
concealed algebra of type Δ(D̃6) is isomorphic to one of the eight algebras
C(1)–C(7), C(8) ∼= C(2, 2, 4) constructed in (C1)–(C8). This finishes the
proof in Case 4◦. �

The following corollary is a consequence of the proof of the preceding
theorem.

4.4. Corollary. Let A be a concealed algebra of the Euclidean type

Δ ∈
{

Δ(Ãp,q), with 1 ≤ p ≤ q, Δ(D̃4), Δ(D̃5), Δ(D̃6)
}

.

(a) If Δ = Δ(Ãp,q), where 1 ≤ p ≤ q, then A is a hereditary algebra of
the Euclidean type Ãm, where m = p + q − 1.

(b) If Δ = Δ(D̃4) then A is isomorphic either to one of the five hered-
itary algebras A(1), A(2), A(3), A(4), A(5) of the Euclidean type
D̃4 corresponding to the five different orientations of the Euclidean
graph D̃4, or A is isomorphic to the canonical algebra C(2, 2, 2). The
algebra C(2, 2, 2) has the frame Fr3.

(c) If Δ = Δ(D̃5), then A satisfies one of the following conditions
• A is a hereditary algebra of the Euclidean type D̃5 and A is iso-

morphic either to one of the 9 hereditary algebras of the Euclidean
type D̃5 corresponding to the nine different orientations of the Eu-
clidean graph D̃5, or

• A is not hereditary, gl.dimA = 2, and A is isomorphic to the
canonical algebra C(2, 2, 3), or to one of the algebras B(1), B(2), and
B(3) constructed in (B1)–(B3) of the proof of (4.3). The algebra
C(2, 2, 3) has the frame Fr3, and each of the algebras B(1), B(2),
B(3) has the frame Fr4.

(d) If Δ = Δ(D̃6), then A satisfies one of the following conditions
• A is a hereditary algebra of the Euclidean type D̃6 and A is

isomorphic either to one of the 21 hereditary algebras of the Eu-
clidean type D̃6 corresponding to the 21 different orientations of the
Euclidean graph D̃6, or

• A is not hereditary, gl.dimA = 2, and A is isomorphic to the
canonical algebra C(2, 2, 4), or to one of the seven algebras

C(1), C(2), C(3), C(4), C(5), C(6), and C(7)

constructed in (C1)–(C7) of the proof of (4.3). The algebra C(2,2,4)
has the frame Fr3, and each of the algebras C(1)–C(7) has the frame
Fr4.

Proof. Apply the proof of (4.3). �
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4.5. Table. A complete list of frames of tame concealed algebras

of Euclidean type

The table contains a list of frames Fr1, . . . ,Fr149. Each of the frames
(equipped with an orientation) is a bound quiver Frj = (Q(j), I(j)) such
that the bound quiver algebra B(j) = KQ(j)/I(j) is concealed of Euclidean
type.

By the dotted lines we indicate the relation ρ in I(j) ⊆ KQ(j) that the
sum of all paths from the starting point of ρ to the ending point of ρ is zero.

The positive integers that appear instead of the vertices of the quiver
Q(j) are the coordinates of the positive generator hB(j) ∈ rad qB(j) ⊆ Znj

of the radical rad qB(j) of the Euler quadratic form qB(j) : Znj −−−−→ Z of
B(j), where nj = |Q(j)

0 |.

Part 4.5.1. The frame Fr1 of type Ãn, n ≥ 1

1——1— . . .—1 ——1
// \

1 1

\ //
1——1— . . .—1 ——1 1

Part 4.5.2. The frames Fr2, . . . ,Fr5 of type D̃n, n ≥ 4

1 1
\ //
2 — 2 — . . . — 2 — 2

// \
1 1 2

1←−1←− 1
↓ ↙...↘... 1

... 1

↓ ↘...↙
1−→1−→ 1 3

1←−1 1

↓
...↘ //...
... 2 —. . .—2—2

↓
...↙ \

1−→1 4 1

1←−1 1−→1

↓
...↘ ↙... ↓...
... 2 —. . .—2—2

...
...

↓
...↙ ↘... ↓

1−→1 5 1←−1

Here the relation ρ defined earlier is denoted by the long vertical dotted
line.

Part 4.5.3. The frames Fr6, . . . ,Fr10 of type Ẽ6

1
|
2
|

1—2—3—2—1
6

1
|
2

↙ ↘
1—2

... 2—1
↘ ↙ 7

1

1
|

1←−2−→1
↑ . . . ↑ . . . ↑
1←−1−→1

8

1—2←−1
↘⏐⏐
 ... 1↙

1—2−→1
9

1←−1−−−−→1
↘⏐⏐
 ... 1

⏐⏐
↙
1−→1←−−−−1

10
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Part 4.5.4. The frames Fr11, . . . ,Fr32 of type Ẽ7

2
|

1—2—3—4—3—2—1
11

2−→ 3 ——2——1
↓ . . . ↓

1——2——3−→ 2
12

1——2——3−→ 3 ——2——1
↓ . . . ↓
2−→ 1

13

1——2−→2
↓ . . . ↓

1——2——3−→2——1
14

1——2——3←−1
↓

...
1——2——3−→1

15

1——2——3 ←−2←−1
↓ . . . ↓
2 ←−−−−−−2——1

16

1——2−→2−→2 ——1
↓ . . . ↓

1——2−−−−−−→1
17

1——2←−2←−1
↓ . . . ↓ . . . ↓
1←−2←−2——1

18

1——2←−2−→2 ——1
↓ . . . ↓ . . . ↓
1←−2−→1

19

1——2←−1−→1
↓ . . . ↓ . . .↓

1——2←−2−→1
20

1
↑ . . .

1 —— 2—— 3←−1
↑ . . . ↑
2←−2—1

21

1−−−−−−→1
↓
2

. . .

⏐⏐⏐⏐
↓
1——2——3−→2−→1

22

1−−−−−−→1
. . . ↓ . . . ↓

1←− 3−→2−→1
|

1——2
23

1——2 1

| ↙
...

1←− 3−→1. . . ↑ . . . ↑
1−→1

24

1——2←−1−→1
...

⏐⏐⏐⏐
 ...

⏐⏐⏐⏐
...
1——2−→1←−1

25

1——2←−1...↘⏐⏐⏐⏐
 ... 1...↙
1——2−→1

26

1−→2←−1

↙...
...
...↘

1
...

⏐⏐⏐⏐
 ... 1

↘...
...↙

1←−2−→1
27

1←−1−−−−→1...↘ ↓
⏐⏐⏐⏐
 ... 1 1...↙ ↓
1−→1−−−−→1

28

1←−1−→1

↓. . . ↓. . . ↓
1←−2−→1

↑ . . . ↑
1−→1

29

1−−−−−−→1
↓ . . . ↓
2−→2−→ 1
↓ . . . ↓

1——2−→1
30

1−−−−−−→1
↓ . . . ↓

1——2−→2 −→1
↑ . . . ↑
1 −→1

31

1
|

1−−−−−−→2 ←− 1
↓ . . . ↓ ↓
1−→ 1−→ 1←− 1

32
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Part 4.5.5. The frames Fr33, . . . ,Fr149 of type Ẽ8

3
|

2—4—6—5—4—3—2—1
33

3−→ 4 ——2
↓ . . . ↓

1——2——3——4——5−→ 3
34

2——4−→ 3
↓ . . . ↓

1——2——3——4——5−→ 2
35

1——2——3——4——5−→4——2
↓ . . . ↓
3−→1

36

1——2——3——4−→4——2
↓. . . ↓
3−→2——1

37

1——2——3 −→4——2
↓. . . ↓
3−→3——2——1

38

2——4←−1
↓

...
1——2——3——4——5−→2

39

2——4←−2 ——1
↓

...
1——2——3——4−→1

40

1——2——3——4——5 ←−3←−1
↓ . . . ↓
3 ←−−−−−−2

41

2
↑ . . .

1——2——3——4——5←−1
↓ . . . ↓
3←−2

42

1——2——3——4——5←− 3←−1
↓ . . .

3 −→1
43

2
↑ . . .

1——2——3——4——5←−1
↓

...
3−→1

44
2
↑ . . .

1——2——3——4——5←−1
↑ ↘

...
2 . . . 1

45

2
|
3−→4←−1
↓ . . . ↓ . . .

1——2——3——4−→2
46

1
↓ . . .

2——4−→2
↓ . . . ↓

1——2——3——4−→1
47

1
↑ . . .

1——2——3——4←−2——1
↓ . . . ↓
2←−2

48

2——4−→3←−1
↓ . . . ↓ . . .

1——2——3——4−→1
49

2
|

3−→4←−2——1
↓ . . . ↓ . . .

1——2——3−→1
50

2——4 −→3−→2
↓ . . . ↓

1——2——3——4−−−−−−→1
51

1——2——3——4 ←−3←−2——1
↓ . . . ↓
2−−−−−−→2

52
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1——2——3——4←−3←−1
↓ . . . ↓ . . . ↓
2←−3←−2

53

1——2——3——4←−3−→2
↓ . . . ↓ . . . ↓
2←−3−→1

54

2−→3←−2——1
↓ . . . ↓ . . . ↓

1——2——3−→2←−2
55

1——2——3−→3←−2
↓ . . . ↓ . . . ↓
2−→1←−2——1

56

1——2——3——4←−3←−1
↓ . . . ↓

...
2←−3−→1

57

2−→2−→2 ——1
↓ . . . ↓

1——2——3−→2−→ 1
58

1——2——3←−3←−2——1
↓ . . . ↓ . . . ↓
1←−2←−2

59

1——2——3−→3←−2
↑ ↓ . . . ↓
1. . . 1←−2——1

60

1−→2−→2←−1
↓ . . . ↓ . . . ↓ . . . ↓

1——2−→2−→1←−1
61

1——2←−2−→2←−1
↓ . . . ↓ . . . ↓ . . . ↓
1←−2−→1←−1

62

1——2−→2−→2−→2——1

↓ . . . ↓
1——2 −−−−−−−−→ 1

63

1——2——3←−−−−−−3←−1
↓ . . . ↓ . . . ↓
1←−2←−3 ←−2

64

1——2——3←−−−−−−3−→2
↓ . . . ↓ . . . ↓
1←−2←−3 −→1

65

1——2——3←−−−−−−3←−1
↓ . . . ↓

...
1←−2←−3 −→1

66

1——2——3−→3←−2←−1
↓ . . . ↓ . . . ↓
2−→1←−−−−−−1

67

1——2——3−→3←−2←−1
↑ ↓ . . . ↓
1. . . 1←−−−−−−1

68

2−−−−−−→2←−1
↓ . . . ↓ . . . ↓

1——2——3−→2−→1 ←−1
69

1−→2−→3 ←−2——1
↓ . . . ↓ . . . ↓

1——2−−−−−−→2←−2
70

1−−−−−−→2←−1
↓ . . . ↓ . . . ↓

1——2−→2−→2 −→2——1
71

1——2←−2←−2 ←−1
↓ . . . ↓ . . . ↓
1←−−−−−−2←−2——1

72

1——2−→2−→2 ←−1
↓ . . . ↓ . . . ↓

1——2−−−−−−→1←−1
73

1——2−→2←−−−−−−1
↓ . . . ↓ . . . ↓

1——2−→1←−1←− 1
74

2 −→3−→4 ——2
↓

⏐⏐⏐⏐
 . . . 3
↓

1——2——3−−−−−−→2
75

3 −→4 ——2
↓

⏐⏐⏐⏐
 . . . 3
↓

1——2——3——4 −→ 2
76

1——2——3−→2
↓
3

. . .

⏐⏐⏐⏐
↓
1——2——3−→1

77

1——2——3−→1
↓

...
3

...
↓

...
1——2——3−→1

78
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2−→2−→2 ——1
↓ . . . ↓

1——2——3−−−−−−→1
↑ . . .

1
79

2
|

2 −→3−→4 ←−2——1
↓ . . . ↓ . . .

1——2−−−−−−→1
80

2−→2←−1
↓ . . . ↓ . . . ↓

1——2——3−→1←−1
↑ . . .
1

81

2
|

2 −→3−→4 ←−1
↓ . . . ↓ . . .

1——2——3−−−−−−→2
82

1 2... ↖ |
2−→4←−2——1

↓ . . . ↓ . . .

1——2−→1
83

1 2... ↖ |
2−→4←−1

↓ . . . ↓ . . .

1——2——3−→2
84

1
↑ . . .

1——2——3−→3←−1

↓ . . . ↓ . . . ↓
2−→1←−1

85

1
↑ . . .

1——2——3−→3←−1
↑ ↓ . . . ↓
1. . . 1←−1

86

1——2——3←−3←−1

↓ . . . ↓ . . . ↓
1←−3←−2. . . ↑

1
87

1——2——3←−3−→2

↓ . . . ↓ . . . ↓
1←−3−→1. . . ↑

1
88

1——2——3←−3←−1

↓ . . . ↓
...

1←−3−→1. . . ↑
1

89

2 −→3 ←−2——1
↓ . . . ↓

⏐⏐⏐⏐
 . . . 2←−2
↓

1——2 −→ 1
90

1 ... 1−→1
↑ ↙

...
1 —— 2 —— 3

...

⏐⏐⏐⏐
↑ ↘
...

1 ... 1←−1
91

1— 2−→2
↙

...
1 —— 2 —— 3

...

⏐⏐⏐⏐
↘
...

1— 2←−2
92

2−→3←− 1
↙

...
1 —— 2 —— 3

...

⏐⏐⏐⏐
 . . .
⏐⏐⏐⏐
↘

...
2←−3←− 2

93

2−→3←− 1
↙

...
...

1 —— 2 —— 3
...

⏐⏐⏐⏐
 ...
↘

...
...

2←−3−→ 1
94
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2←−1−→1
↓

...
1 —— 2 —— 3

...

⏐⏐⏐⏐
↓
...

2−→1←−1
95

2←−1−→1
↓

...
1 —— 2 —— 3

...

⏐⏐⏐⏐
↑ ↘
...

1 ... 1 ←−1
96

1 −→2−→3−→4 ——2
↓

⏐⏐⏐⏐
 . . . 3
↓

1——2 −−−−−−−−→ 2
97

2
|

1 −→2−→3−→4 ←−1
↓ . . . ↓ . . .

1——2 −−−−−−−−→ 2
98

1 2
. . . ↑ |

1 −→3−→4 ←−2——1
↓ . . . ↓ . . .

1−−−−−−→1
99

2
|

1 −→2−→3−→4 ←−2——1
↓ . . . ↓ . . .

1 −−−−−−−−→ 1
100

1 2
. . . ↑ |

1 −→3−→4 ←−1
↓ . . . ↓ . . .

1——2−−−−−−→2
101

1 2... ↖ |
1 −→2−→4 ←−1
↓ . . . ↓ . . .

1——2−−−−−−→2
102

1
. . . ↑

1−→3←−2——1

↓ . . . ↓ . . . ↓
1——2−→2←−2

103

1 2... ↖ |
1 −→2−→4 ←−2——1
↓ . . . ↓ . . .

1−−−−−−→1
104

1←−−−−−−1
. . . ↑ . . . ↑

1−→3 ←−2←− 1
↓ . . . ↓

1——2−→2
105

1 ←− 1
. . . ↑ . . . ↑

1−→3 ←− 1

↓ . . . ↓ ↘
...

1——2−→2 1
106

1 −→2−→ 3←− 2——1
↓ . . . ↓

⏐⏐⏐⏐
 . . . 2 ←−2
↓

1 −−−−−−→ 1
107

1 −→2−→ 3←− 1
↓ . . . ↓

⏐⏐⏐⏐
 . . . 3 ←−2
↓

1——2 −−−−−−→ 2
108

1 −→2−→ 3−→ 2
↓ . . . ↓

⏐⏐⏐⏐
 . . . 3 −→1
↓

1——2 −−−−−−→ 2
109

1 −→2−→ 3←− 1
↓

...
⏐⏐⏐⏐
 . . . 3 −→1

↓
1——2 −−−−−−→ 2

110

1−→1
↓

1 −−−−−−→ 2
. . .

⏐⏐⏐⏐
↓ ↓
1——2 −→ 2 −→ 2−→1

111

1 −−−−−−−−→ 1

↓ . . . ↓
1——2−→2−→2−→1

↑ . . . ↑
1−→1

112
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1 −→2−→2←−1
↓ . . . ↓ . . . ↓

⏐⏐⏐⏐
 . . . 2−→1←−1
↓

1 −→ 1
113

1 −→ 1
↓ ↓

1−→2
. . . 1

↓ . . . ↓ ↓
1——2−→2 −→ 1

114

1
|

1 −−−−−−−−−−−−→ 2←−1

↓ . . . ↓ . . . ↓
1−→1−−−−−−→1−→1←−1

115

1←−1
↑ . . . ↑

1 −−−−−−−−−−−−→2←−1
↓ . . . ↓ . . . ↓
1−−−−→1 −−−−−−→1−→1

116

1−→2−→ 3←− 1

↙
...

1
...

⏐⏐⏐⏐
 . . .
⏐⏐⏐⏐
↘

...
1←−2←− 3←− 2

117

1−→2←− 1−→ 1

↙
...

...
1

...

⏐⏐⏐⏐
 ...

⏐⏐⏐⏐
↘
...

...
1←−2−→ 1←− 1

118

1 −→2−→ 3←− 1

↙
...

1
...

⏐⏐⏐⏐
 . . .
⏐⏐⏐⏐
↘

...
1←−−−−−−3←− 2. . . ↑

1
119

1 −→2−→ 3−→ 2

↙
...

1
...

⏐⏐⏐⏐
 . . .

⏐⏐⏐⏐
↘
...
1←−−−−−−3−→ 1. . . ↑

1
120

1 −→2−→ 3←− 1

↙
...

...
1

...

⏐⏐⏐⏐
 ...
↘

...
...

1←−−−−−−3−→ 1. . . ↑
1

121

1−→2−→ 3←− 1

↙
...

...
1

...

⏐⏐⏐⏐
 ...
↘

...
...

1←−2←− 3−→ 1
122

1
. . . ↑

1 −→ 3←− 1

↙
...

1
...

⏐⏐⏐⏐
 . . .
⏐⏐⏐⏐
↘

...
1 ←− 3←− 2. . . ↑

1
123

1
. . . ↑

1 −→ 3←− 1

↙
...

...
1

...

⏐⏐⏐⏐
 ...
↘

...
...

1 ←− 3−→ 1. . . ↑
1

124

1 −→2 2−→1
↘ ↗

⏐⏐⏐⏐
 . . . 3 . . .
�⏐⏐⏐⏐↙ ↖

1 −→ 1 . . . 1−→1
125

1 −→2 1

↘ ↙ . . .
⏐⏐⏐⏐
 . . . 3 −−−−→ 1

↙ ↖ . . . ↖
1 −→ 1 1 −−−−→ 1

126
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1—— 2−→ 2−→2−→ 2—— 1�⏐⏐ ⏐⏐

1 ... ... ... ... ... 1

↘ ↗
1

127

1 — 2−−−−→ 2 — 1
↗ ↘

1 ...... ............ 1
↓ ↑
1 −−−−→ 1−−−−→1

128

1
. . . ↑

1 −→3←−1
↓ . . . ↓

⏐⏐⏐⏐
 . . . 3←−2
↓

1——2 −→ 2
129

1
. . . ↑

1 −→3−→2
↓ . . . ↓

⏐⏐⏐⏐
 . . . 3−→1
↓

1——2 −→ 2
130

1
. . . ↑

1 −→3←−2 ——1
↓ . . . ↓

⏐⏐⏐⏐
 . . . 3←−2
↓

1 −→ 1
131

1
. . . ↑

1 −→3←−1
↓

...
⏐⏐⏐⏐
 . . . 3−→1

↓
1——2 −→ 2

132

3 −→4——2
↓
3

⏐⏐⏐⏐
 . . . ↓
2
↓

1—— 2 —— 3 −→ 1
133

2
↓

3 −→4
↓

⏐⏐⏐⏐
 . . . 3←−1
↓ . . .

1—— 2 —— 3 −→ 1
134

1
|
2 2... ↖ |
1−→4 ←−2——1
↓ . . . ↓ . . .

1−→ 1
135

2
↓

3 −→4←−1
↓ . . .⏐⏐⏐⏐
 . . . 2
↓

1—— 2 —— 3 −→ 1
136

1
. . . ↑

1 −→3−→4 ——2
↓

⏐⏐⏐⏐
 . . . 3
↓

1——2−−−−−−→2
137

1
. . . ↑

1 −→2−→4 ——2
↓

⏐⏐⏐⏐
 . . . 3
↓

1——2−−−−−−→2
138
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1 2
. . . ↑ |

1 −→3 −→ 4
↓

⏐⏐⏐⏐
 . . . 3 ←− 1
↓ . . .

1−−−−−−→1
139

1 2
. . . ↑ |

1 −→3−→ 4 ←−1

↓ . . .
⏐⏐⏐⏐
 . . . 2

↓
1−−−−−−→1

140

1 2... ↖ |
1 −→2−→ 4 ←−1

↓ . . .
⏐⏐⏐⏐
 . . . 2

↓
1−−−−−−→1

141

2
|

1 −→2−→3−→4←−1
↓ . . .⏐⏐⏐⏐
 . . . 2
↓

1 −−−−−−−−→ 1
142

1 −→2−→3−→4——2
↓
3

⏐⏐⏐⏐
 . . . ↓
2
↓

1 −−−−−−−−→ 1
143

2
|

1 −→2−→3−→4
↓⏐⏐⏐⏐
 . . . 3←−1
↓ . . .

1 −−−−−−−−→ 1
144

1 —— 2←− 2
↓ . . . ↓
1←− 3−→2. . . ↑ . . . ↑

1−→2
|
1
145

1
|
2←−1
↓

1−−−−−−→ 2 . . .
⏐⏐⏐⏐
↓ . . . ↓

1 −→1 −→ 1←−1
146

1 ←−1−→ 1−→1...↘⏐⏐⏐⏐
 ... 1

⏐⏐⏐⏐
...↙
1 −→1←− 1←−1

147

1
↗ ↘

1 ←−−−−1 ......... 1←−−−−1⏐⏐
 . . .
⏐⏐
 �⏐⏐ . . .

�⏐⏐
1 ←−−−−2−−−−→2←−−−−1

148

1 1... ↖ ↙
...

1 −→ 3 −→1

↙
... ↙ ↖

... ↖
1 −→ 1 ......... 1 −→ 1

149
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For the convenience of the reader, we complete the list of Table 4.5 with
the following one given in [112].

4.6. Table. The number of the isomorphism classes of concealed

algebras for the different Euclidean types

Type An estimation for the number of the isomorphism
classes of concealed algebras

Ãn : =
(

1
2(n+1)

∑
d |n+1

ϕ(d)·2n+1
d

)
+
{ −1, if n ≥ 1 is even,

2
n−3

2 − 1, if n ≥ 1 is odd,
where ϕ(d) denotes the Euler’s ϕ-function (see [233]);

D̃n :

⎧⎪⎪⎪⎨⎪⎪⎪⎩
= 6, if n = 4,

≤ 2n−1 − n + 1
2

, if n ≥ 5 and n is odd,

≤ 2n−1 − n + 2
2

+ 2
n−2

2 , if n ≥ 6 and n is even;

Ẽ6 : = 56;

Ẽ7 : = 437;

Ẽ8 : = 3809.

We end this section with an illustration of the use of the criterion (3.1)
by two additional examples.

4.7. Example. Let A be the algebra given by the quiver
a◦ α1←−−−−◦ α2←−−−−◦ α3←−−−−◦ α4←−−−−◦

γ1

⏐⏐
 γ2

⏐⏐
 γ3

⏐⏐
 γ4

⏐⏐
 γ5

⏐⏐

◦←−−−−

β1
◦←−−−−

β2
◦←−−−−

β3
◦←−−−−

β4
◦

b

and bound by the four commutativity relations

α1γ1 = γ2β1, α2γ2 = γ3β2, α3γ3 = γ4β3, and α4γ4 = γ5β4.

Observe that the algebra A has separated radical, and consequently, the
Auslander–Reiten quiver Γ(modA) of A has a postprojective component.
Let e = ea + eb be the sum of two primitive idempotents ea and eb corre-
sponding to the unique source a and the unique sink b of the above quiver.
It is easy to see that the quotient algebra A/AeA is isomorphic with the
algebra B given by the quiver

◦ α1←−−−−◦ α2←−−−−◦ α3←−−−−◦
γ2

⏐⏐
 γ3

⏐⏐
 γ4

⏐⏐

◦←−−−−

β2
◦←−−−−

β3
◦←−−−−

β4
◦
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and bound by the two commutativity relations α2γ2 = γ3β2 and α3γ3 =
γ4β3. A simple inspection of the Table 4.5, with the frames of concealed
algebras of Euclidean type, shows that B is a concealed algebra of the
Euclidean type Ẽ7 given by the frame Fr18. In particular, by applying the
criterion (3.1), we conclude that the algebra A is representation-infinite.

4.8. Example. Let A be the algebra given by the quiver

◦
�

⏐⏐

◦ ◦

γ↘α3↙ ↘β3

◦ ◦
α2

⏐⏐
 ⏐⏐
β2

◦ ◦σ↙α1↘ ↙β1◦ ◦

and bound by the following three relations

α3α2α1 = β3β2β1 , γα2σ = 0, and �γ = 0.

It is easy to see that the algebra A has the separated radical and there-
fore the Auslander–Reiten quiver Γ(modA) of A contains a postprojective
component.

On the other hand, a simple inspection of the frames of concealed algebras
of Euclidean types shows that they do not appear as the algebras of the
form A/AeA, where e is an idempotent of A. Therefore, the algebra A is
representation-finite, the Auslander–Reiten quiver Γ(modA) of A is finite,
and coincides with its postprojective component.

XIV.5. Exercises

1. Let Q = (Q0, Q1) be an acyclic quiver whose underlying graph is one
of the Euclidean diagrams Ãm, D̃m, Ẽ6, Ẽ7, and Ẽ8. Let n = |Q0| + 1.
Show that the integral quadratic form qQ : Zn −−−−→ Z of the quiver Q is
a critical one, see Section VII.4.

2. Show that each of the following integral quadratic forms q : Zn −−−−→ Z

is a critical one.
(a) n = 5 and q(x) = x2

1 +x2
2 +x2

3 +x2
4 +x2

5 −x1x5 −x2x5 −x3x5 −x4x5.
(b) n = 7 and q(x) = x2

1 + x2
2 + x2

3 + x2
4 + x2

5 + x2
6 + x2

7
+x1x2+x3x4+x5x6−(x1+x2+x3+x4+x5+x6)x7.
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(c) n = 8 and q(x) = x2
1 +x2

2 +x2
3 +x2

4 +x2
5 +x2

6 +x2
7 +x2

8 +x2(x3 +x4)
−(x1+x2+x3)x6−(x2+x3+x4)x7−(x2+x4+x5)x8.

(d) n = 9 and q(x) = x2
1 + x2

2 + x2
3 + x2

4 + x2
5 + x2

6 + x2
7 + x2

8 + x2
9

+x1x2 + x1x4 + x3x4 + x5x6 + x5x7
+x5x8 + x6x7 + x6x8 + x7x8
−(x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8)x9.

(e) n = 9 and q(x) = x2
1 + x2

2 + x2
3 + x2

4 + x2
5 + x2

6 + x2
7 + x2

8 + x2
9

+x4x5 + x4x6 + x5x6 + x7x9 + x8x9
−x1(x4 + x5 + x6 + x7 + x9)
−x2(x7 + x8 + x9) − x3(x8 + x9).

For each of the forms (a)-(e), find a positive sincere vector hq ∈ Zn such
that rad q = Z · hq.

3. Show that each of the following integral quadratic forms q : Zn −−−−→ Z

is not critical
(a) n = 5 and q(x) = x2

1 + x2
2 + x2

3 + x2
4 + x2

5
+(x1 + x2)(x3 + x4) − (x1 + x2 + x3 + x4)x5.

(b) n = 5 and q = x2
1 + x2

2 + x2
3 + x2

4 + x2
5 + x2x4

−(x1 + x2)x3 − (x1 + x2 + x4)x5.
(c) n = 6 and q(x) = x2

1 +x2
2 +x2

3 +x2
4 +x2

5 +x2
6 +x1(x2 +x3 +x4 +x5)

+(x2 +x3)(x4 +x5)− (x1 +x2 +x3 +x4 +x5)x6.
(d) n = 6 and q(x) = x2

1+x2
2+x2

3+x2
4+x2

5+x2
6+x4x1+x5x1+x6x2+x6x3

−x2x1 − x3x1 − x6x1 − x4x2 − x5x2 − x4x3
−x5x3 − x6x4 − x6x5.

(e) n = 6 and q(x) = x2
1 + x2

2 + x2
3 + x2

4 + x2
5 + x2

6
+x1x3 + x2x3 + x2x4
−(x1 + x2 + x3)x5) − (x1 + x2 + x4)x6.

Show that the quadratic forms of (b) and (c) are Z-congruent.

4. Let B be a K-algebra given by the quiver
◦⏐⏐

◦

β↙ ↘α

◦−−−−→◦ ◦−−−−→◦
δ↘ ↙γ

◦
and bound by the commutativity relation αγ = βδ. Prove that B is a
concealed algebra of the Euclidean type Ẽ6.

5. Let B be a K-algebra given by the quiver

◦ α1←−−−−◦ α2←−−−−◦ α3←−−−−◦
γ2

⏐⏐
 γ3

⏐⏐
 γ4

⏐⏐

◦←−−−−

β2
◦←−−−−

β3
◦←−−−−

β4
◦,
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and bound by two commutativity relations α2γ2 = γ3β2 and α3γ3 = γ4β3.
Prove that B is a concealed algebra of the Euclidean type Ẽ7.

6. Let B be a K-algebra given by the quiver

◦−−−−→◦−−−−→◦ α←−−−−◦
β

⏐⏐

◦

γ

⏐⏐

◦←−−−−◦←−−−−◦ δ−−−−→◦

and bound by the zero relation αβγδ = 0. Prove that B is a concealed
algebra of the Euclidean type Ẽ8.

7. Let A be an algebra given by the quiver

◦ ◦↘α γ↙
◦ β←−−−− ◦ η−−−−→ ◦ ν−−−−→ ◦

↗ξ σ↘
◦ ◦

and bound by the zero relations αβ = 0, γσ = 0, ξη = 0, and αην = 0.
Prove that A is representation-infinite.

8. Let A be an algebra given by the quiver

◦ η−−−−→◦
ξ

�⏐⏐
◦−−−−→◦←−−−−◦ α←−−−−◦

β

⏐⏐
 ⏐⏐
γ

◦←−−−−◦←−−−−
σ

◦−−−−→◦

and bound by the relations αβ = γσ and αξη = 0. Prove that A is
representation-infinite.

9. Let A be an algebra given by the quiver

◦ ◦ ◦ ν−−−−→◦↘α ↖σ γ↙
◦ −−−−−−−−→ ◦

⏐⏐⏐⏐
ρ

↙β ↗ξ η↘
◦ ◦ ◦←−−−−

ω
◦

and bound by the relations αβ = 0, γσ = 0, ξη = 0, and γη = νρω. Prove
that A is representation-infinite.
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10. Let A be the algebra given by the quiver

and bound by the relations αβ = γσρ, ρξ = 0, ηγ = 0 and ϕψ = 0. Prove
that A is representation-finite and Γ(modA) coincides with its postprojec-
tive component.

11. Let A be the algebra given by the quiver

◦←−−−−◦←−−−−◦ β−−−−→◦ η←−−−−◦
α

�⏐⏐ ξ

⏐⏐
 ⏐⏐
σ

◦ ◦ ρ←−−−−◦−−−−→◦

bound by the relations αβ = 0 and ηξ = σρ. Prove that A is representation-
finite.

12. Let A be the algebra given by the quiver

◦ γ−−−−→◦ σ−−−−→◦ ν←−−−−◦ ϕ←−−−−◦
ξ

⏐⏐
 ω

⏐⏐

α

⏐⏐⏐⏐
 ◦ ρ←−−−−◦
η

⏐⏐

◦ β−−−−−−−−→ ◦

bound by the relations αβ = γσξη, νξ = ωρ, and ϕν = 0. Prove that A is
representation-finite.

13. Prove that any minimal representation-infinite algebra A is basic and
connected. Hint: To see that A is basic, look at the algebra A/AeA, where
e = 1 − eA and eA is the idempotent of A defined in (I.6.3).

14. Let H = KΔ be the path algebra of the quiver
1 4◦ ◦
↖ 3 ↙

Δ = Δ(D̃4) : ◦
↙ ↖

◦ ◦
2 5
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of the Euclidean type D̃4. Prove that
• each of the following three families

Σ =
{
τ−1
H P (1), P (2), P (3), P (4), P (5)

}
,

Σ′ =
{
P (1), τ−1

H P (2), P (3), P (4), P (5)
}
,

Σ′′ =
{
τ−2
H P (1), τ−2

H P (2), τ−1
H P (3), τ−1

H P (4), P (5)
}
,

of postprojective modules in P(H) forms a section of a concealed
domain DP(H) of P(H),

• each of the following three H-modules
T = τ−1

H P (1) ⊕ P (2) ⊕ P (3) ⊕ P (4) ⊕ P (5),
T ′ = P (1) ⊕ τ−1

H P (2) ⊕ P (3) ⊕ P (4) ⊕ P (5),
T ′′ = τ−2

H P (1) ⊕ τ−2
H P (2) ⊕ τ−1

H P (3) ⊕ τ−1
H P (4) ⊕ P (5),

is a postprojective tilting H-module,
• the algebras B = End TH , B′ = End T ′

H , B′′ = End T ′′
H are con-

cealed hereditary of the Euclidean type D̃4, and
• there are isomorphisms of algebras B ∼= B′ ∼= B′′ ∼= KQ, where Q

is the Euclidean quiver

Q :
◦ ◦↘ ↙◦↙ ↖◦ ◦

Hint: Consult the concealed domain DP(H) of the postprojective
component P(H) of H presented in the proof of Theorem 4.3.

15. Let H = KΔ be the path algebra of the quiver

1 5◦ ◦
↖ ↙

Δ = Δ(D̃5) : ◦←−−−−−−◦
↙3 4↖

◦ ◦
2 6

of the Euclidean type D̃5.
(a) Prove that

T = P (2) ⊕ P (5) ⊕ P (6) ⊕ τ−1
H P (1) ⊕ τ−2

H P (2) ⊕ τ−3
H P (1),

is a postprojective tilting H-module and the concealed algebra

B = End TH

is isomorphic to the canonical algebra C(2, 2, 3) of type Δ(D̃5) given
by the quiver

2◦
α↙ ↖β

1 3 6
◦ γ←−−−−◦ σ←−−−− ◦

ξ↖ ↙ρ
◦←−−−−

η
◦

4 5
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and bound by the relation βα + σγ + ρηξ = 0.
(b) Construct two non-isomorphic postprojective tilting H-modules T ′

and T ′′ such that
• the indecomposable direct summands of T ′ and T ′′ lie in the con-

cealed domain DP(H) of the postprojective component P(H) of H,
• the H-modules T ′ and T ′′ are not isomorphic to the H-module T

presented in (a),
• each of the concealed algebras B′ = EndT ′

H and B′′ = EndT ′′
H is

isomorphic to the canonical algebra C(2, 2, 3) of type Δ(D̃5).
Hint: Consult the concealed domain DP(H) of the postprojective
component P(H) of H presented in the proof of Theorem 4.3.

16. Let H = KΔ be the path algebra of the quiver

1 6◦ ◦
↖ ↙

Δ = Δ(D̃6) : ◦←−◦←−◦
↙3 4 5 ↖

◦ ◦
2 7

of the Euclidean type D̃6.
(a) Prove that

• the modules

τ−2
H P (2), τ−3

H P (1), τ−4
H P (2), τ−2

H P (4), P (6), τ−1
H P (7), τ−2

H P (6)

form a section of a concealed domain DP(H) of P(H),
• the module

T = τ−2
H P (2) ⊕ τ−3

H P (1) ⊕ τ−4
H P (2) ⊕ τ−2

H P (4) ⊕ P (6)

⊕ τ−1
H P (7) ⊕ τ−2

H P (6)

is a postprojective tilting H-module,
• B = End TH is a concealed algebra of type Δ(D̃6), and
• the algebra B is isomorphic to the concealed algebra C(7) =End T

(7)
H

(constructed in (C7) of the proof of Theorem 4.3) given by the
quiver

1 7◦ ◦
α↙ ↘γ μ↙ ↘ξ

2 ◦ ◦ ◦ 6
β↘ ↙σ 4 δ↘ ↙η

◦ ◦
3 5

and bound by two commutativity relations αβ = γσ and μδ = ξη.
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(b) Prove that the H-module

T = P (2)⊕P (6)⊕P (7)⊕τ−1
H P (1)⊕τ−2

H P (2)⊕τ−3
H P (1)⊕τ−4

H P (2)

is a postprojective tilting H-module, and the concealed algebra

B = End TH

is isomorphic to the canonical algebra C(2, 2, 4) of type Δ(D̃6) given
by the quiver

2◦
α↙ ↖β

1 3 7
◦ γ←−−−−◦ σ←−−−− ◦
ξ↖ ↙ρ

◦←−
η

◦←−
δ

◦
4 5 6

and bound by the relation βα + σγ + ρδηξ = 0.
(c) Construct two non-isomorphic postprojective tilting H-modules T ′

and T ′′ such that
• the indecomposable direct summands of T ′ and T ′′ lie in the con-

cealed domain DP(H) of the postprojective component P(H) of H,
• the H-modules T ′ and T ′′ are not isomorphic to the H-module T

constructed in (b),
• each of the concealed algebras B′ = EndT ′

H and B′′ = EndT ′′
H is

isomorphic to the canonical algebra C(2, 2, 4) of type Δ(D̃6).
Hint: Consult the concealed domain DP(H) of the postprojective
component P(H) of H presented in the proof of Theorem 4.3.
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[36] N. Bourbaki, Algèbres de Lie, Chapitre IV, Masson, Paris, 1968.
[37] S. Brenner, On four subspaces of a vector space, J. Algebra, 29(1974),

100–114.
[38] S. Brenner, Quivers with commutativity conditions and some phe-

nomenology of forms, In: Representations of Algebras, Lecture Notes
in Math. No. 488, Springer-Verlag, Berlin, Heidelberg, New York,
1975, pp. 29–53.

[39] S. Brenner and M. C. R. Butler, Generalisations of the Bernstein–
Gelfand–Ponomarev reflection functors, In: Representation Theory
II, Lecture Notes in Math. No. 832, Springer-Verlag, Berlin, Heidel-
berg, New York, 1980, pp. 103–169.
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form weakly controls the module category, J. Algebra, 191(1997),
89–108.
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[72] P. Dräxler, Completely separating algebras, J. Algebra, 165(1994),
550–565.
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[114] H. J. von Höhne, On weakly positive unit forms, Comment Math.
Helvetici, 63(1988), 312–336.
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[149] Z. Leszczyński and A. Skowroński, Auslander algebras of tame repre-
sentation type, In: Representation Theory of Algebras, Canad. Math.
Soc. Conf. Proc., AMS, Vol. 18, 1996, pp. 475–486.
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[248] A. Skowroński, Minimal representation-infinite artin algebras, Math.
Proc. Cambridge Phil. Soc., 116(1994), 229-243.
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