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Introduction

The first volume serves as a general introduction to some of the tech-
niques most commonly used in representation theory. The quiver technique,
the Auslander-Reiten theory and the tilting theory were presented with
some application to finite dimensional algebras over a fixed algebraically
closed field.

In particular, a complete classification of those hereditary algebras that
are representation-finite (that is, admit only finitely many isomorphism
classes of indecomposable modules) is given. The result, known as Gabriel’s
theorem, asserts that a basic connected hereditary algebra A is representa-
tion-finite if and only if the quiver Q4 of A is a Dynkin quiver, that is, the
underlying non-oriented graph Q 4 of @4 is one of the Dynkin diagrams

Ap:o— e .. — o o (nvertices, n > 1);
D, :

o I o o o; (nvertices, n > 4);
E6 : T

[ ] L ] L ] { ] .;
E7 : T

.—.—.—.—.—.;
Es : T

e e e e e e e

We also study in Volume 1 the class of hereditary algebras that are
representation-infinite. It is shown in Chapter VIII that if B is a repre-
sentation-infinite hereditary algebra, or B is a tilted algebra of the form

B = End TKQ,

where K@) is a representation-infinite hereditary algebra and Tk ¢ is a post-
projective tilting K (@-module, then B is representation-infinite and the
Auslander—Reiten quiver I'(mod B) of B has the shape

Q(A)

ix



X INTRODUCTION

where mod B is the category of finite dimensional right B-modules, P(B) is
the unique postprojective component of I'(mod B) containing all the inde-
composable projective B-modules, Q(B) is the unique preinjective compo-
nent of I'(mod B) containing all the indecomposable injective B-modules,
and R(DB) is the (non-empty) regular part consisting of the remaining com-
ponents of I'(mod B).

A prominent role in the representation theory is played by the class
of hereditary algebras that are representation-infinite and minimal with
respect to this property. They are just the hereditary algebras of Euclidean
type, that is, the path algebras K@), where @ is a connected acyclic quiver
whose underlying non-oriented graph @ is one of the following Euclidean
diagrams

Ap: & — ... — o e (n+1vertices, n > 1);
D.: | L. ~ .
. — o ... o—eo o (n+1vertices, n > 4);
° ° ° ° o
E’y : T
oo o oo o
IES :
r———0— 00— 00— 00— 00— 00— 0

It is shown in Chapter VII that the underlying graph Q of a finite con-
nected quiver @ = (Qo, Q1) is a Dynkin diagram, or a Euclidean diagram,
if and only if the associated quadratic form ¢ : 7|l — 7 is positive
definite, or positive semidefinite and not positive definite, respectively.

The main aim of Volumes 2 and 3 is to study the representation-infinite
tilted algebras B = End Tk of a Euclidean type @ and, in particular, to
give a fairly complete description of their indecomposable modules, their
module categories mod B, and the Auslander—Reiten quivers I'(mod B).

For this purpose, we introduce in Chapter X a special type of components
in the Auslander—Reiten quivers of algebras, namely stable tubes, and study
their behaviour in module categories. In particular, we present a handy
criterion on the existence of a standard self-hereditary stable tube, due to
Ringel [215], and a characterisation of generalised standard stable tubes,
due to Skowroriski [246], [247], [254].
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In Chapters XI and XII, we present a detailed description and properties
of the regular part R(B) of the Auslander—Reiten quiver I'(mod B) of any
concealed algebra B of Euclidean type, that is, a tilted algebra

B =EndTxo

of a Euclidean type ) defined by a postprojective tilting K Q-module Tk .
In particular, it is shown that:

e the regular part R(B) of the Auslander—Reiten quiver I'(modB) is a
disjoint union of the P (K )-family

T = {TP}ser, (1)

of pairwise orthogonal standard stable tubes 7,2, where P (K) is the
projective line over K,

e the family 77 separates the postprojective component P(B) from the
preinjective component Q(B),

e the module category modB is controlled by the Euler quadratic form
qp : Ko(B) — Z of the algebra B.

A crucial role in the investigation is played by the canonical algebras of
Euclidean type, introduced by Ringel [215]. As an application of the devel-
oped theory, we present in Chapter XIII a complete list of indecomposable
regular K Q-modules over any path algebra K@ of a canonically oriented
Euclidean quiver @, and we show how a simple tilting process allows us to
construct the indecomposable regular modules over any path algebra K@
of a Euclidean type Q.

In Chapter XIV, we give the Happel-Vossieck [112] characterisation of
the minimal representation-infinite algebras B having a postprojective com-
ponent in the Auslander—Reiten quiver I'(mod B). As a consequence, we
get a finite representation type criterion for algebras. We also present a
complete classification, by means of quivers with relations, of all concealed
algebras of Euclidean type, due independently by Bongartz [29] and Happel—
Vossieck [112].

In Volume 3, we introduce some concepts and tools that allow us to give
there a complete description of arbitrary representation-infinite tilted alge-
bras B of Euclidean type and the module category mod B, due to Ringel
[215]. We also investigate the wild hereditary algebras A = K@Q, where @ is
an acyclic quiver such that the underlying graph is neither a Dynkin nor a
Euclidean diagram. We describe the shape of the components of the regular
part R(A) of I'(mod A) and we establish a wild behaviour of the category
mod A, for any such an algebra A. Finally, we introduce in Volume 3 the
concepts of tame representation type and of wild representation type for
algebras, and we discuss the tame and the wild nature of module categories
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mod B. Also, we present (without proofs) selected results of the represen-
tation theory of finite dimensional algebras that are related to the material
discussed in the book.

It was not possible to be encyclopedic in this work. Therefore many
important topics from the theory have been left out. Among the most
notable omissions are covering techniques, the use of derived categories and
partially ordered sets. Some other aspects of the theory presented here are
discussed in the books [10], [15], [16], [91], [121], [235], and especially [215].

We assume that the reader is familiar with Volume 1, but otherwise the
exposition is reasonably self-contained, making it suitable either for courses
and seminars or for self-study. The text includes many illustrative examples
and a large number of exercises at the end of each of the Chapters X-XIV.

The book is addressed to graduate students, advanced undergraduates,
and mathematicians and scientists working in representation theory, ring
and module theory, commutative algebra, abelian group theory, and combi-
natorics. It should also, we hope, be of interest to mathematicians working
in other fields.

Throughout this book we use freely the terminology and notation intro-
duced in Volume 1. We denote by K a fixed algebraically closed field. The
symbols N, Z, @, R, and C mean the sets of natural numbers, integers, ra-
tional, real, and complex numbers. The cardinality of a set X is denoted by
|X|. Given a finite dimensional K-algebra A, the A-module means a finite
dimensional right A-module. We denote by Mod A the category of all right
A-modules, by mod A the category of finite dimensional right A-modules,
and by I'(mod A) the Auslander-Reiten translation quiver of A. The ordi-
nary quiver of an algebra A is denoted by Q4. Given a matrix C' = [¢;;],
we denote by C? the transpose of C.

A finite quiver @ = (Qo, Q1) is called a Euclidean qulver if the under-
lying graph Q of @ is any of the Euclidean diagrams Am, with m > 1, ]D)m,
with m > 4, ]Eg, ]E7, and Eg Analogously, @ is called a Dynkin quiver
if the underlying graph @ of @ is any of the Dynkin diagrams A,,, with
m > 1, D,,, with m > 4, Eg, E7, and Eg.

We take pleasure in thanking all our colleagues and students who helped
us with their comments and suggestions. We wish particularly to express
our appreciation to Ibrahim Assem, Sheila Brenner, Otto Kerner, and Kunio
Yamagata for their helpful discussions and suggestions. Particular thanks
are due to Dr. Jerzy Bialkowski and Dr. Rafal Bocian for their help in
preparing a print-ready copy of the manuscript.



Chapter X

Tubes

In Chapter VIII of Volume 1, we have started to study the Auslander—
Reiten quiver T'(mod A) of any hereditary K-algebra A of Euclidean type,
that is, the path algebra A = K@ of an acyclic quiver ¢ whose underlying
graph @ is one of the Euclidean diagrams A,,, with m > 1, D,,,, with m > 4,
Eg, E7, and Eg. We recall that any such an algebra A is representation-
infinite.

We have shown in (VIII.2.3) that the quiver I'(mod A) contains a unique
postprojective component P(A) containing all the indecomposable projec-
tive A-modules, a unique preinjective component Q(A) containing all the
indecomposable injective A-modules, and the family R(A) of the remain-
ing components being called regular (see (VIIL.2.12)). This means that
I'(mod A) has the disjoint union form

T'(mod A) = P(A) UR(A) U Q(A).

The indecomposable modules in R(A) are called regular. We have shown in
(VIIL.4.5) that there is a similar structure of I'(mod B), for any concealed
algebra B of Euclidean type, that is, the endomorphism algebra

B = End TA

of a postprojective tilting module T4 over a hereditary algebra A = K@ of
Euclidean type. The algebra B is representation-infinite.

The objective of Chapters XI-XIII is to describe the structure of regu-
lar components of the Auslander—Reiten quiver I'(mod B) of any concealed
algebra B of Euclidean type.

We introduce in this chapter a special type of a translation quiver, which
we call a stable tube. The main aim of Section 1 is to describe special
properties of irreducible morphisms between indecomposable modules in
stable tubes of the Auslander—Reiten quiver I'(mod B) of an algebra B and
their compositions with arbitrary homomorphisms in the module category
mod B. In particular, some relevant properties of the radical radg and
the infinite radical rad® of the category mod B of finite dimensional right
B-modules are described.

In Section 2, we introduce the important concept of a standard compo-
nent and we prove Ringel’s handy criterion on the existence of a standard
self-hereditary stable tube in the Auslander—Reiten quiver I'(mod B) of any
algebra B. By applying the criterion, we show in Chapter XI that the
regular components of any (representation-infinite) concealed algebra B of
Euclidean type are self-hereditary standard stable tubes.

1



2 CHAPTER X. TUBES

In Section 3, we introduce the concept of a generalised standard compo-
nent of I'(mod B), invoking the infinite radical rad® of the category mod B,
and exhibit basic examples of generalised standard components. The main
result of Section 4 is a characterisation of (generalised) standard stable
tubes obtained by Skowroniski in [246], [247], and [254]. It asserts that, for
a stable tube 7 in the Auslander—Reiten quiver I'(mod B) of any algebra
B, the following three statements are equivalent:

e T is a standard stable tube,
e the mouth of 7 consists of pairwise orthogonal bricks, and
e 7 is a generalised standard stable tube.

It is also shown that pd X = 1 and id X = 1, for any indecomposable B-
module lying in a faithful generalised standard stable tube T of I'(mod B).

Throughout, we assume that K is an algebraically closed field, and by
an algebra we mean a finite dimensional K-algebra. Given a finite quiver
Q = (Qo, Q1), we denote by KQ the path K-algebra of Q. We recall that
the dimension dim g K Q) of K( is finite if and only if the quiver () is acyclic,
that is, there is no oriented cycle in @, see Chapters II and III.

X.1. Stable tubes

We have defined in (VIIL.1.1) the translation quiver ZX, for ¥ being a
connected and acyclic quiver. Thus, letting 3 be the infinite quiver

Ag: o o o o ... o o
1 2 3 4 m m—+1
we obtain the infinite translation quiver
CRY CEY JELD (=2 (=31
NSNS NS
ool - 0(1,2) ©0(0,2) 0(-1,2) 0(-2,2)
\/\f\f\/\/

0'(2,3) oY 0'(0,3) -1,3) " 0(=2,3)

/\/\f\f\f\

where 7(n,i) = (n + 1,1’), for n € Z and ¢« > 1. Thus, by definition,
7 is an automorphism of ZA., and hence so is any power 7" of 7 (with
r € Z). For a fixed r > 1, let (") denote the infinite cyclic group of
automorphisms of ZA, generated by 77, and let ZA./(7") denote the
orbit space of ZA., under the action of (77). That is, ZA,/(7") is the
translation quiver obtained from ZA., by identifying each point (n,7) of
ZA o~ with the point 77 (n,i) = (n+r,4), and each arrow a: ¢ — y in ZA
with the arrow 7"a : 7" — 7"y. We are thus led to the following definition.



X.1. STABLE TUBES 3

1.1. Definition. Let (7, 7) be a translation quiver.

(a) (T,7) is defined to be a stable tube of rank r = ry > 1 if there
is an isomorphism of translation quivers 7 = ZA . /(7").

(b) A stable tube of rank r = 1 is defined to be a homogeneous tube.

(¢) Let (T,7) be a stable tube of rank » > 1. A sequence (x1, ... ,x,) of
points of 7 is said to be a 7-cycle if 721 = x,, 722 = z1,... , 7T, =
Tr—1-

For example, a stable tube of rank 3 is obtained from the quiver

1= T3Z1 Tle TZl

Nf\f\ﬂ
V\f\f&

TLg T T3

Nf\f\ﬂ

O Tx4

\f\f\f\\

by identifying along the vertical dotted lines, thus giving the following

2
TI1 T Z1
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Similarly, a homogeneous tube has the following shape

T1=TI2

T2=TIT2

T3=TI3

T4=TT4

We observe that the translation 7 still acts as an automorphism over a
stable tube of rank r (that is the reason why such tubes are called stable),
and that 7" acts as the identity. The latter fact is expressed by saying that
any point of ZA, /(") is T-periodic of period 7.

We recall from Section IX.2 that a path 2o — -+ — z; in a translation
quiver is called sectional if 72; % x;,_o, for alli € {2,... ,t}.

The following two definitions are of importance in the theory.

1.2. Definition. Let (7,7) be a stable tube.

(a) The set of all points in 7 having exactly one immediate predeces-
sor (or, equivalently, exactly one immediate successor) is called the
mouth of 7.

(b) Given a point z lying on the mouth of the stable tube T, a ray
starting at x is defined to be a unique infinite sectional path

r=z[l] —z)2] — 28] — z[4] — ... — z[m]— ...
in the tube 7.

(¢) Given a point z lying on the mouth of the stable tube T, a coray
ending with z is defined to be a unique infinite sectional path
oo —mlz— ... —dlza—Blzr— 2z —[ljz ==
in the tube 7.

To see that the definition is correct, we note that, for each point x lying
on the mouth of a stable tube T, there exists a unique arrow starting at
2 and a unique arrow ending at x. Because an arbitrary point in 7 is the
source (and the target) of at most two arrows, this implies the existence
of a unique infinite sectional path in 7 starting at x, and a unique infinite
sectional path in 7 ending with x.
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1.3. Definition. Let A be an algebra and C be a component of the
Auslander—Reiten quiver I'(mod A) of A.

(a) A ray point of C is defined to be a point X in C such that there

exists an infinite sectional path in C
X=X[1]— X2 —X[B] — X[4] — ... — X[m]— ...

starting at X and containing all sectional paths starting at X.
The corresponding A-module X is called a ray module. The unique
infinite sectional path starting at X is called the ray starting at X.

(b) A coray point of C is defined to be a point X in C such that there
exists an infinite sectional path in C

= mX— .. — X —BX — 22X —1]X =X

ending with X and containing all sectional paths ending with X.
The corresponding A-module X is called the coray module. The
unique infinite sectional path ending with X is called the coray
ending with X.

A ray point of a stable tube 7 and a coray point of a stable
tube T are defined analogously.

It is easy to see that if (7,7) is a stable tube and x is a point = in T,
then the following three statements are equivalent:

e 1 is a ray point of the tube T,
e 1 is a coray point of T, and
e 1 lies on the mouth of the tube 7.

Now we collect basic facts on the structure of any stable tube of I'(mod A).

1.4. Lemma. Let A be an algebra, and T a stable tube of rankr=r+ > 1
of the Auslander—Reiten quiver I'(mod A) of A. Assume that (X4,...,X,)
is a Ta-cycle of (indecomposable) mouth modules of mouth A-modules of the
tube T, that is, the modules X1, ... , X, lie on the mouth of T and satisfy
TAXl = XT’TAXQ = Xl,... ,TAXT = Xr—l-

(a) For each i€ {1,...,r}, there exists a unique ray
i T starting at X;, and a unique coray

in T ending with X;.
(b) Every indecomposable A-module M in T is of the form M = X;[m],
for some i€ {l,...,r} and m > 1.
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(¢) Every indecomposable A-module M in T is of the form M = [m]Xj,

for some s € {1,... ;r} and m > 1.
(d) M| Xs = Xsomy1[m] and Xsm] = m]|Xsym—1 , for each s €
{1,...,r} and m > 1, where s — m + 1 is reduced modulo r — 1

ifs—m+1<0ors—m+1>r.
(e) Under the isomorphisms of A-modules

[1]Xz gXIL[l], [Q]XZ gXi_l[Q], ey [m]Xl %Xi_,_m_l[m}, e
the coray (¢;) has the form
(Ci) L lem[m-l-l] —>Xi,m+1[m] — ... —>X271[2]—>Xz[1] = X;.
(f) For any i € {1,...,r} and m > 1, there exists an almost split
sequence
fim+1
om]

0 — Xz [m] — X1 [er].] &) Xi+1 [mfl} [—>gi‘m+l fivrm ] X

i+1[m] —0
in mod A, where we set X;[0] = 0 and X;+xr[j] = Xi[j], for all
1e{l,...,r},j>1, and k € Z.

Proof. Assume that (Xi,...,X,) is a 74-cycle of mouth modules of
the tube 7 of rank » > 1. Then X,...,X, are indecomposable, lie on
the mouth of the tube 7, and there are isomorphisms 74 X1 & X,., 74 X5 =
Xi,...,74X, = X,_1. Because the tube T is stable then there is a sur-
jective morphism f : ZA,, ——— 7T of translation quivers such that
f(=1,1) = X3, f(—2,1) = Xo,..., f(—r,1) = X, and the induced mor-
phism f : ZA./(7") —=— T is an isomorphism. It is clear that the
conditions (a), (b), and (c) are satisfied in the translation quiver (ZA., 7).
Hence we easily conclude that (a), (b), and (c) hold in T, if we set X;[m] =
f(=i,m) and [m]X; = f(—i+m-1,m).

The statement (d) follows from (a), (b), and (c¢) by an easy induction on
m > 1.

Now we prove (e). It follows from (d) that, given i € {1,...,r} and
m > 1, there are isomorphisms X;_,,[m+1] & [m+1]X; and X;_,1[m] =
[m]X;. Hence, the following arrow in the coray (c;)

Xi_m[m + 1] = [m + 1]Xi E— [m]XZ = Xi_,,L+1[m]

corresponds to an irreducible morphism X;_.,[m + 1] — X;_nq1[m] in
mod A. To prove (f), we note that in view of the shape of the stable tube
T, each of its vertices is a source of at most two arrows, and the arrows
correspond to some irreducible morphisms in mod A; thus yield a required
almost split sequence. The proof of the lemma is then complete. O

In the remaining part of this section we investigate properties of irre-
ducible morphisms between indecomposable modules in a stable tube 7 of
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the Auslander—Reiten quiver I'(mod A) of an algebra A. The investigation
needs some new concepts and preliminary results.

Assume that A is an arbitrary algebra. We recall from Section A.3 of
Volume 1 that the radical rad4 = rad (mod A) of the category mod A is
the two-sided ideal of mod A defined by the formula

rada(X,Y)={h € Homa(X,Y); 1x-gh is invertible, for any g : ¥ — X},

for each pair of modules X and Y in mod A. If the A-modules X and
Y are indecomposable then rad4(X,Y) consists of all non-isomorphisms
h: X —Y in mod A4, see (A.3.4) and (A.3.5) of Volume 1. In particular,
rad 4 (X, X) is just the radical of the local algebra End X, for any indecom-
posable A-module X.

In other words, the radical rad 4 of the category mod A is the two-sided
ideal of mod A generated by all non-isomorphisms between indecomposable
A-modules.

Given m > 1, the mth power rad’} C rady of rad4 is the two-sided ideal
of mod A such that, for A-modules X and Y, rad’y (X,Y") is the subspace
of rad(X,Y) consisting of all finite sums of composite homomorphisms of
the form

X = XX, "2 X — o X X, =Y

where h; € rada(X;_1,Xj), for any j € {1,2,... ,m —1,m}. For m =0,
we set rad’y (X,Y) = Homy4(X,Y). The intersection
(oo}

rady = ﬂ rad’y
m=1
of all powers rad’} of rad, is called the infinite radical of mod A.

We recall from (IV.1.6) that a homomorphism h : X —— Y between
two indecomposable modules X and Y in mod A is an irreducible morphism
if and only if h € rad4(X,Y) \rad%(X,Y). It follows that the radical rad s
of the category mod A is the two-sided ideal of mod A generated by the
irreducible morphisms in mod A, as a left ideal and as a right ideal.

Throughout, we need the following two preliminary lemmata.

1.5. Lemma. Let A be an algebra, and M, N be a pair of modules in
mod A.
(a) There ezists an integer m > 0 such that radS(M, N) = rad’y (M, N).
(b) rad¥(M,N) = rada(M,N), if the modules M and N are inde-
composable and lie in two different components C1 and Co of the
Auslander—Reiten quiver T'(mod A) of A.

Proof. (a) Because the vector space Hom 4 (M, N) is finite dimensional,
the descending chain
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Homy4 (M, N) D rada(M,N) D rad%4(M,N) D ... Drad} (M, N)

terminates, that is, rad’y (M, N) = rad’XH(M, N) = rad’XJrz(M, N)y=...,
for some m > 0. It follows that rad® (M, N) = rad’} (M, N).
The statement (b) is a consequence of (IV.5.1). O

V)

1.6. Lemma. Let A be an algebra, M an A-module, and

g
o—>Z—>M xox Ly g

an almost split sequence in mod A, where X, X', Y, and Z are indecom-
posable modules.

(a) Let £ > 1 be an integer and h : M — X be a homomorphism in
mod A such that h ¢ rad%(M,X) and fh € rad;" (M,Y). Then
there exists a homomorphism h' : M — Z in mod A such that h' &
rady (M, Z) and g'h € rady (M, X").

(b) Let £ > 1 be an integer and t : X — M be a homomorphism in
mod A such that t ¢ rad%(X, M) and tg € rad’;"*(Z, M). Then
there exists a homomorphism t' : Y — M in mod A such that t' &
radyH(Y, M) and ' f' € vad’ (X', M).

Proof. We only prove the statement (a), because the proof of (b) is
similar.

Assume that h ¢ rad4(M,X) and fh € rad "' (M,Y). Then there
exists an A-module N and two homomorphisms w € rad (M, N) and
v € rada(N,Y) such that fh = vw. Then v is not a retraction and,
hence, there exists a homomorphism [s,] : N——— X @ X' such that
v=1f, f']- [:,] = fu+ f'u'. Consider the homomorphisms

[“Zi;h} M——XoX
and note that
7, f1- [";”/:Uh] = fuw— fh+ f'v'w = (fu+ f'v')w— fh=vw— fh=0.

It follows that there exists a homomorphism A’ : N ——— Z such that
uw—h | _ | 9
2] - 2]
and therefore ¢'h/ = v'w € rad (M, X’), because [;} is the kernel of
[f, f']- Note also that b’ ¢ rad, (M, Z), because otherwise we get the
contradiction h = uw — gh' € rad’ (M, X). This finishes the proof. O

1.7. Proposition. Let A be an algebra, T a stable tube of rank r =
r7 > 1 of the Auslander—Reiten quiver T'(mod A) of A, and (X1,...,X,) a
Ta-cycle of mouth modules of the tube T. In the notation of (1.4), let (t;)
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and (¢;) be the ray starting at X; and the coray ending with X; in T, for
eachi € {1,... ,r}.

(a) Foreachi € {1,...,r} and m > 2, any irreducible morphism f; m :
Xi[m-1] — X;[m] corresponding to the arrow X;[m-1] — X;[m]
in the ray (v;) of T starting at X; is a monomorphism.

(b) For eachi€ {1,...,r} and m > 2, any irreducible morphism g; m, :
[m]X; — [m-1]X; corresponding to the arrow [m]X; — [m-1]X;
in the coray (¢;) of T ending with X; is an epimorphism.

(c) Foreachie€ {1,...,r} andm > 2, there exist irreducible morphisms

Vim : Xi[m-1] —— X;[m] and  q;m @ X;[m] —— Xip1[m-1]
in mod A such that
(Cl) q; 2052 e radi(Xz[l], Xi+1[1]); and
(€2) Vit1,mGim + Gim1Vime1 € rad® (Xi[m], Xi1[m]).

Proof. Assume that 7 is a stable tube of rank » = r4 > 1 of I'(mnod A)
and (Xi,...,X,) is a T4-cycle of mouth modules of the tube 7, that is,
the modules X1,..., X, are indecomposable, lie on the mouth of the tube
T, and there are isomorphisms 74 X1 & X,., 74 X0 = X1,... , 74X, = X, _1.
Then (1.4) applies, and we freely use the notation introduced there. Clearly,
for each i € {1,...,r} and m > 2, the arrow X;[m-1] —— X;[m] in
the ray (v;) of T starting from X; corresponds to an irreducible morphism
fim + Xi[m-1] —— X;[m] in mod A. By (1.4)(d), there is an isomorphism
[m]Xs 2 Xs_mt1[m], for each s € {1,... ,r} and m > 1, where s —m+1 is
reduced modulo r—1if s—m+1 < 0or s—m-+1 > r. It follows that, given
ie{l,...,r} and m > 1, there are isomorphisms X, [m] = [m]X;;,,—1 and
Xit1[m-1] =2 [m-1]X;4m—1. Hence, the arrow

Xi [m} = [m]Xier,l e 4 [mfl]Xier,l = Xi+1[m71]
in the coray (¢;) of T ending with X; corresponds to an irreducible morphism
Gi.m : Xi[m] —— X;41[m-1] in mod A. In view of the shape of the stable

tube T, each of its vertices is a source of at most two arrows. It follows
that, for any ¢ € {1,...,r} and m > 1, there exists an almost split sequence

|:fi,1n+1:|
9i,m

0— Xifm] =22 Xifm+l] @ X 1) 2ot o]

it1[m] —0

in mod A, where we set X;[0] = 0 and X, ,[j] = X;[j], foralli € {1,... ,r},
j > 1, and k € Z. Counting the dimensions we get
dimg X;[m] + dimg X;11[m] = dimg X;[m+1] + dim g X; [m-1].

Hence, we conclude the inequalities dim g X;[1] < dim g X;[2] > dim g X;41[1],
and an easy induction on m > 1 shows that
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dlmKXl[m] < dimKXi[m-s-l] > dimKXi+1[m],

for all i € {1,...,r} and m > 1. Hence we easily conclude that any ir-
reducible morphism f; ., : X;[m-1] — X;[m] is a monomorphism and any
irreducible morphism g; ,, : [m]X; — [m-1]E; is an epimorphism, because
we know from (IV.1.4) that every irreducible morphism in mod A is a proper
monomorphism or a proper epimorphism. This finishes the proof of (a) and
(b).

Now we prove (c). First we observe that if f,g: X — Y are irreducible
morphisms in mod A and X, Y are indecomposable modules lying in the
tube 7 then

f+rady(X,Y) =X g+rad](X,Y),
for some A € K \ {0}, because
dimgrady (X,Y)/rad% (X,Y) = 1,
by (IV.1.6), (IV.4.6), and the definition of a stable tube. For each i €
{1,...,r}, we choose some irreducible morphisms
vt Xi[l] —— X;[2] and  gi2: X;[2) —— Xy [1]
in mod A, and consider an almost split sequence
0 Xi[l] —2— X,[2] 22 X4 [1] —— 0,
in mod A. By our earlier observations, there exist scalars A;, u; € K\{0} and
homomorphisms w; » € rad? (X;[1], X;[2]) and t;» € rad? (X;[2], X;41[1])
such that v;o = ANu;2 +w;2 and ¢ 2 = pipi2 + t;2. Then we get the
equalities

Qi 2Vi2 = (fiPi2 + ti2) (Nitts 2 + w; 2)
= WiXiDi2Wi 2 + (Wi 2Wi 2 + Nits 2t 2 + i 2w; o)
= WiPiaWi o + NitioUi o + t; 2w, o € rad® (X;[1], Xiy1[1]),
and (cl) follows.

Assume that s > 2 and, for all i € {1,... ,r} and k € {2,...,s}, there
exist irreducible morphisms

Vik : X7[k71] ~———)X7[k}] and qik - X7[k] ———)Xi_i_l[kfl]
in mod A satisfying (c1) and (¢2), for k € {2,... ,s—1}. Fixie {1,... ,r}
and consider an almost split sequence
Xi[8+1] (&) XZ'+1[S—1]

[
(s)

in mod A. Then there exist scalars )\Ej_)l, u, € K\{0} and homomorphisms
wit1,s € rad(Xit1[s-1], Xit1[s]) and t; s € rad? (Xi[s], Xit1[s-1]) such
that v;11,s = /\Z('i)lui-i-l,s + Wit1,s and ¢; s = Mgs)pi,s +tis-

[Pi,s41 Uit1,s)
_—

0 Xils] Xit1[s] ——0
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Take the irreducible morphisms
® Vo1 =U;st1:X;[s] — X;[s+1], and
® ist1= Al(-i)lugs)pi,m 1 Xi[s+1] — Xita[s]
in mod A. Then we get the equalities

Vit1,sGi,s + Qis+1Vis+1 = ()\gj_)lui+l,s + wi—i—l,s)(ﬂz('S)pi,s +tis)

+ ()‘ifr)lﬂz('s)l’i,s+1)ui,s+1
= /\Ei)l/%(‘S)(ui-&-l,spi,s + Pi s 1Uis41)
+ ()\E_S;.)luiJrl,sti,s + ﬂgs)wiﬂ,spi,s + Wit stis)
= /\Z(i)lui—i-l,sti,s + IJ'Z('S)wi-&-l,spi,s + Wit1,sti,s-
Hence v;41 sGi.s + Qi s+1vi,s+1 € rad’ (X;[s], X;+1[s]) and (c2) follows. [

Here, we would like to warn the reader that in general the relations (cl)

and (c2) in (1.7) can not be replaced by the equalities
¢i2vi2 =0 and  Vip1m@,m + Gm+1Vims+1 = 0,

for i € {1,...,r}, m > 2, and suitably chosen irreducible morphisms v; ,,
and g;,». However, we show in the next section that this is possible, pro-
vided that the stable tube has special homological properties.

Now we establish an extraordinary property of irreducible morphisms be-
tween indecomposable modules lying in stable tubes of the quiver I{mod A)
of an algebra A.

1.8. Proposition. Let A be an algebra, T a stable tube of rank r =
rr > 1 of T'(mod A), and (X1,...,X,) a Ta-cycle of mouth modules of the
tube T. In the notation of (1.4), let (v;) and (c;) be the ray starting at X;
and the coray ending with X; in T, for eachi € {1,... ,r}.

(a) Given i € {1,...,r} and m > 2, let f;n  X;[m-1] — X;[m]
be an irreducible morphism in mod A corresponding to the arrow
Xi[m-1]— X;[m] in the ray (v;) of T starting at X;.
If h : M —— X;[m-1] is a homomorphism in mod A such that h ¢
rad’ (M, X;[m-1]), for some £ > 1, then finh ¢ rady™ (M, X;[m]).

(b) Given s € {1,...,r} and m > 2, let gsm : [M]Xs —> [m-1]X;
be an irreducible morphism in mod A corresponding to the arrow
[m]Xs — [m-1]X, in the coray (¢s) of T ending with X,.
Ifh : [m-1]Xs —— N is a homomorphism in mod A such that h ¢
rad4 ([m-1]Xs, N), for some £ > 1, then hgs ,, & rady ([m] X, N).

Proof. We only prove the statement (a), because the proof of (b) is
similar.
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Assume, to the contrary, that f : X;[m-1] —— X;[m] is an irreducible
morphism such that there are an integer ¢ > 1 and a homomorphism h :
M—X;[m-1], with h & rad, (M, X;[m-1]) and fh € rad;"* (M, X;[m]).

Without loss of generality, we may assume that f and h are chosen in
such a way that £ > 1 is minimal with respect to this property. Obviously,
h is not a retraction and, hence, ¢ > 2.

Note that the module X;[m-1] lies on the coray (c;4.,) and the module
Xi[m] lies on the coray (¢it+m+1), because there are isomorphisms
Xi[m-1] 2 [m-1]X;ym and X;[m] = [m]X;1m41, by (1.4). Because f :
X;[m-1] — X;[m] is an irreducible morphism in mod A then, according to
(IV.1.10), there exists an almost split sequence

g1
0 — [m] Xism 1nl, (=11 Xism ® [ 1] Xir 1 2 (] X pmgs — 0
in mod A and (1.6)(a) applies. It follows that there exists a homomorphism
hi : M — [m]Xitm in mod A such that hy ¢ rad’ (M, [m]Xiy.,) and
fiha € rad% (M, [m+1] X, 4m+1). Moreover, f1 : [m]Xipm — [m+1] X4 mi1
is an irreducible morphism corresponding to an arrow of the ray (t;), because
it follows from (1.4) that [m]X;4+m = X;[m| and [m+1]X;m41 = Xi[m+1].
The homomorphism h; is not a retraction. Hence, £ — 1 > 2 and we get a
contradiction with the minimal choice of £. (|

We finish the section with two important corollaries.

1.9. Corollary. Let A be an algebra, T a stable tube of rankr =ry >1
of T'(mod A), and (X1,...,X,) a Ta-cycle of mouth modules of the tube T .
In the notation of (1.4), let (v;) and (c;) be the ray starting at X; and the
coray ending with X; in T, for each i € {1,... ,r}. Let i € {1,... ,r} and
m > 2 be fized.

(a) Let fim @ Xilm-1] — X;[m] be an irreducible morphism in mod A
corresponding to the arrow X;[m-1] — X;[m] in the ray (v;) of T
starting at X;. If h : M — X;[m-1] is a homomorphism in mod A
such that f; mh € rad (M, X;[m]), then h € rad¥ (M, X;[m-1]).

(b) Let gim : [m]X; — [m-1]X; be an irreducible morphism in mod A
corresponding to the arrow [m|X; — [m-1]X; in the coray (¢;) of T
ending with X;. If h : [m-1]X; — N is a homomorphism in mod A
such that hg; m € rad ([m]X;, N) then h € rad% ([m-1]X;, N).

Proof. Apply (1.8). |

In (X.5.8) we present an algebra A and a stable tube T of rank r = ry =1
of I'(mod A) with a mouth module F such that there exist an irreducible
monomorphism v : E[1] —— E[2] and an irreducible epimorphism p :
E[2] —— EJ[1] satisfying 0 # pv € rad? (E[1], E[1]).
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1.10. Corollary. Let A be an algebra, T a stable tube of T'(mod A), and
Mo—" vy, 2 01, My 5 My
be a path of irreducible morphisms in mod A corresponding to a sectional

path in T. Then hy - ... hy - hy € radyy (Mo, M) \ rady™ (Mo, My).

Proof. Assume that 7 is a stable tube of rank » = r4 > 1 of I'(mod A)
and (X1,...,X,) is a 74-cycle of mouth modules of the tube 7. If we
use the notation of (1.4) then any sectional path in 7 of length £ > 2 is a
subpath

Xim] — X;[m+1] — X;[m+2] — ... — X;[m4+0-1] — X;[m+{]

of a ray (v;) in 7 starting at X;, for some ¢ € {1,...,r} and m > 1, or a
subpath

[ml] Xy — [m+0-1)1 X — ... — [m+2] X, — [m+1] X, — [m] X,

of a coray (cy) in T ending with X, for some s € {1,... ,r} and m > 1.
Because (IV.1.6) yields h; € rada(M;_q1, M;) \ rad? (M;_1, M;), for any
i € {1,...,r} then the lemma follows by an iterated application of (1.8)(a)
and (1.8)(b). O

X.2. Standard stable tubes

In Chapter XI, we show that the regular components of the Auslander—
Reiten quiver of a hereditary (or a concealed) algebra of Euclidean type
are stable tubes. We start by giving a construction showing how stable
tubes occur as components of the Auslander—Reiten quiver of an (arbitrary)
algebra.

Let A be any algebra. We recall that a brick E in mod A is a (necessarily
indecomposable) module E such that End F = K. Two bricks E and E’ in
mod A are called orthogonal if Hom 4 (F, E') = 0, and Homy4(E', E) = 0.

LetEq,... , B, be a family of pairwise orthogonal bricks in mod A, and let

E=64=EXTA(EL,... E,)

denote the full subcategory of mod A (called an extension category) whose
non-zero objects are all the modules M such that there exists a chain of
submodules M = My 2 My 2 ... 2 M; =0, for some [ > 1, with M;/M; 1
isomorphic to one of the bricks Fy,..., FE, for all ¢ such that 0 < ¢ < [.
Thus E4 = EXTA(E, ... , E,) is the smallest additive subcategory of mod A
containing the bricks F; and closed under extensions.

We say that £4 is an exact subcategory of mod A if the inclusion
functor £4 — mod A is exact. An object S of £4 is said to be simple, if
any non-zero subobject of S in £4 equals S.
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We recall that an algebra A is hereditary if Ext? (X,Y) = 0, for each pair
of A-modules X and Y in mod A, or equivalently, if pd X <1 and id X <1,
for any indecomposable (even simple) module X in mod A. Following this
definition we introduce some new concepts that are used throughout this
book.

Let H be a family of modules in mod A, or a full subcategory of mod A.

e 7 is defined to be a hereditary family of mod A, if pd X <1 and
id X <1, for any module X in H.
e 7 is defined to be a self-hereditary family of mod A, if
Ext%(X,Y) = 0, for each pair of A-modules X and Y in H.
It is clear that H = mod A is a hereditary family of mod A if and only
if H = mod A is self-hereditary. Note also that any hereditary family H
of mod A is self-hereditary, but obviously the converse implication does not
hold in general.
Basic properties of the extension category EXTa(F1,...,E,) are col-
lected in the following lemma.

2.1. Lemma. Let A be an algebra, and {E,... ,E.} a finite family of
pairwise orthogonal bricks in mod A.

(a) €4 = EXTA(E1,... ,E,) is an exact abelian subcategory of mod A,
E4 is closed under extensions, and {E1,...,E.} is a complete set
of pairwise non-isomorphic simple objects in E4.

(b) The finite set {F1,...,E.} is a hereditary family of mod A if and
only if EXTA(Er, ..., E.) is a hereditary subcategory of mod A.

(¢) The finite set {E1,... ,E.} is a self-hereditary family of mod A if
and only if EXTa(E,... ,E,) is a self-hereditary subcategory of
mod A.

Proof. (a) Let &€ = EXTa(F1,...,E,) and let f: M — N be a homo-
morphism, with M and N in £. We show that the modules Ker f, Im f and
Coker f lie in £. Assume that
are chains of submodules such that M;/M;+; and N;/N,41 belong to the
set {E1,...,E.} for all 4, j such that 0 < i <m and 0 < j < n. We prove
our statement by induction on m + n.

If m+n < 1, then, clearly, Ker f, Im f or Coker f are either zero or belong
to {E1,..., E,}. Therefore, assume that m+mn > 2. Consider first the case
where f(M,,—1) = 0. Then f induces a homomorphism [’ : M/M,,_1 — N
and we have

f(M)=f'(M/Mp,_1), Xerf/M,_1=Kerf and Coker f = Coker f’.
Applying the induction hypothesis yields that Ker f, Im f and Coker f lie
in &, as required. Assume now that f(M,,—1) # 0. Then there exists
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a largest j such that f(Mm_l) - Nj—1~ Let p Nj—l —)Nj_l/Nj
denote the canonical projection and f’ : M,,_1 — N;_1 the homomorphism
induced by f. Then the composition pf’ : M,,_1 — N;_1/N; is non-
zero. Because E1,..., E, are pairwise orthogonal bricks, this composition
is an isomorphism. In particular, f’ is a section and we have

Nj—1 = N; & f'(Myp—1) = Nj & f(Mpm-1).-
Setting N! = Nsy1 @ f(My,—1), for all s such that j < s <n — 1, we thus
obtain a chain of submodules of N
N=No2N2...2N, 12N/ 2...2 N, , 2N, =0,
where the quotient of two consecutive terms belongs to {F1,..., E.} and,
moreover,
r/L—l =Ny & f(Mp—1) = f(Mmfl)-
This shows that we may assume additionally that f(M,,—1) = N,_1. Hence,
in particular, f is an isomorphism between M,, 1 and N, _1, and thus it
induces a homomorphism f : M/M,, 1 —— N/N,_;. It follows from
the induction hypothesis that Ker f, Im f and Coker f lie in £. Because
Im f = Im f/N,,_1, and N,,_; belongs to £, which is closed under extensions,
we deduce that Im f belongs to £. Applying the Snake Lemma (I.5.1) to
the commutative diagram

0 —— My, M M/My_1 ——s 0
| Y Iy
0 —— Np_1 N N/Nn_l — 0

with exact rows we get isomorphisms Ker f =2 Ker f and Coker f = Coker f
and, hence, the modules Ker f and Coker f lie in the category £. This shows
that £ is an exact and abelian subcategory of mod A.

Clearly, the modules E1, ... , E, are simple objects in the category £ and,
because they are pairwise orthogonal, they are also pairwise non-isomorphic.

(b) The sufficiency is obvious. To prove the necessity, we assume that
the set {F1,...,E,} is a hereditary family of mod A, that is, pd E; < 1
and id E; < 1, for any j € {1,...,r}, or equivalently, Ext% (F;,Y) = 0 and
Ext% (X, E;) = 0, for any j € {1,...,r} and for all modules X and Y in
mod A. We fix a module Y in mod A and we prove that Ext? (X,Y) = 0, for
any module X in £. If X is any of the modules E1, ... , E,, the assumption
gives the result. Assume that X is an arbitrary non-zero object of £. Then
X contains a submodule X isomorphic to one of the modules Fy, ... , E,,
because they are all simple objects in the category &£, up to isomorphism,
by (a). Then there exists an exact sequence 0 — Xo — X — X — 0 in the
category £ and dimyg X < dimg X. We derive the induced exact sequence

Ext3(X,Y) ——— Ext%(X,Y) —— Ext}(Xo,Y).
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By induction, the left hand term and the right hand term of the sequence
are zero. Hence we get Ext? (X,Y) = 0, and the required result follows by
induction on dimg X. The equality Ext% (X,Y) = 0, for any module X in
mod A and any module Y in €4, follows in a similar way.

(c) Apply the arguments used in the proof of (b). The details are left to
the reader. |

An object U in the category €4 = EXTa(F1,...,E,) is defined to be
uniserial, if U; C U, or Uy C Uy, for each pair Uy, Uy of subobjects of U
in £4. In other words, an object U in £4 is uniserial if all subobjects of U
in £4 form a chain with respect to the inclusion.

The length of the chain of subobjects of a uniserial object U of the
category € = €4 is called an £-length of U, and is denoted by £¢(U).

Our next objective is to show that, if r > 1 and Eq,... , E,. are pairwise
orthogonal bricks satisfying the following two conditions:

(a) TE;11 = By, for alli € {1,... ,r}, where we set E,;1 = Ej,

(b) Ext}(E;, E;) =0, for all 4,5 € {1,...,r},
(the condition (b) is always satisfied if the algebra A is hereditary) then
the indecomposable objects in the category £4 = EXTA(EL,... ,E,.) are
uniserial in £4 and form an Auslander-Reiten component in I'(mod A),
that is a stable tube of rank r. We start by constructing indecomposable
modules and almost split sequences in 4.

2.2. Theorem. Let A be an algebra, and (E1, ..., E.), withr > 1, be a
Ta-cycle of pairwise orthogonal bricks in mod A such that {F1,...,E.} is
a self-hereditary family of mod A. The abelian category

§=EXTA(E,... B,

has the following properties.

(a) For each pair (i,7), with 1 < i < r and j > 1, there exist a unis-
erial object E;[j] of E-length Le(E;[j]) = j in the category £, and
homomorphisms

wij  Bi[j-1—— Ei[j],  pij : Bilj] —— Eia[j-1],
for j > 2, such that we have two short exact sequences in mod A
0 B[l —“ Bl T Eivja[l] —0,
0— Bl s BU P Bl o0,

where pgj = Ditj—2,2...Dij and ugj = Ujj ... Uup. Moreover, for each
j > 2, there exists an almost split sequence
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Pij—1
Ui j

0— Eifj-1] = Binlj-2 @ Bilj) “2 2 p

ir1li-1] —0,

in mod A, where we set E;[0] =0 and E;yp,[m] = E;[m], form >1
and all k € Z.

(b) The indecomposable uniserial objects E;[j], with i € {1,... ,r} and
j > 1, of the category &€, connected by the homomorphisms u;; :
Ei[j-1] —— E;[j] and pi; : Ei[j] —— Ei1[j-1], form the infi-
nite diagram (2.3) presented below.

(c) Ext}(X,Y) =0, for each pair of objects X and Y of €.

To understand (and visualise) the above statement, some comments may
be useful. We first notice that the homomorphisms wu;; (and hence the u;;)
are necessarily monomorphisms, while the p;; (and hence p j) are necessarily
epimorphisms. We thus have the following diagram

E;[1] Eia1] Eito[1] e Eitjo[l] Eija[l]
SN e N e N\ SN e
E;[2] Eiy1[2] e - Eiyj—2[2]
NS e N 7N\

53]

7N NS
- Ei1[5-2] (2.3)

E;i[j-1] Ei1]j-1]
SONE A N\

where we set E;[1] = E;1xr[1], for all k € Z, all the arrows pointing down
represent monomorphisms, all the arrows pointing up represent epimor-
phisms, and each of the squares represents an almost split sequence (as well
as each of the triangles on the top).

If we set E;[1] = F;, for each i, then the first short exact sequence in (2.2)
implies that E;[j—1] embeds into F;[j] as a maximal subject in the category
E = EXT4(En,. .. ,E,), because the quotient F,;4;_1[1] = E;;,;_1 is one
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of the simple objects Fji,...,E, of the abelian category £€. Hence the
uniseriality of F;[j] would imply that E;[j—1] is the unique maximal sub-
object of E;[j] in &, or, equivalently, that fu,; = 0 for any homomorphism
f i Ei[j] — E, for any k such that 1 < k < r. The second short exact
sequence in (2.2) entails similar consequences. We are now ready to proceed
with the proof of the theorem.

Proof of the theorem. By our assumption, » > 1 and the modules
FE1,...,E,. are pairwise orthogonal bricks such that 7o F; = E,.,T4FEy =
Ei,...,7AE, = E,_; and Ext}(E;, Es) =0, for all i,s € {1,...,r}.

(a) We use induction on j. If j = 1, we set E;[1] = E;. Assume that
j = 2. By hypothesis, we have F; = 7F;;1 for each i, hence there is an
almost split sequence

0— Ei[1] =2 F;[2] 225 B [1] — 0
in mod A. Applying the Auslander—Reiten formulae (IV.2.13) yields

1 < dimgExt} (B 1[1], Ei[1]) = dimgx DHom 4 (E;[1], 7E;41[1])
= dimg DHom 4 (E;[1], E;[1]) < dimgEnd E;[1] = 1,

because, by hypothesis, F;[1] is a brick. Hence Exth (E;11[1], Ei[1]) & K,
so the above short exact sequence is (up to a scalar multiple) the unique
non-split extension of E;y1[1] by F;[1]. Moreover, for any homomorphism
[ Ei[2] —— Ej, with 1 < k <r, we have fu;2 = 0, because the modules
Ey, ..., E, are pairwise orthogonal bricks and w;s : F;[1] —— E;[2] is not
a section, that is, is not a split monomorphism.

Clearly, then, E;[2] is a uniserial object of E-length fg(F;[2]) = 2 in
E = EXTa(Er,... ,E,). Consequently, for each i with 1 < ¢ < r, the
objects E;[2] and the homomorphisms wu;s and p;o are defined, and there
exist the exact sequences required in the lemma.

Assume that k£ > 3 and that we have constructed all the E;[j], w;j, pij
with 1 < i <rand 1 < j <k —1. In particular, there exist short exact
sequences

(l) 0—>Ez+l[k*2] Ei—l—k—l[l] —>O,
(i) 0— B;[1] —=~=1 Bi[k-1] Eip1[k-2] —0.
Applying Hom 4 (—, E;[1]) to (i) yields an exact sequence

/
Uit1,k—1 Pit1,k—1

Ei1[k-1]

Pik—1

Ext} (wiy1,5—1,Fi[1])

oo — Exth (B [k — 1], Ei[1]) Exth (Eig1[k-2], E;[1])
— BExt} (Biyx—1[1], Bi[1]) — ...

Because, by hypothesis, Ext? (E;yx—1[1], Ei[1]) = 0, Extl (w1151, Ei[1])
is an epimorphism. Using (ii), there exist E;[k], wik, pir, ujy, = wirtj



X.2. STANDARD STABLE TUBES 19

and p;;, = P,y x_1Pik such that we have a commutative diagram with exact
rows and columns

0 0
0 — B[] —*  Ek-1] 2 Egak-2] — 0
’ Uik Uit1,k—1
0 — E[I]] —*—  Ek —2% Eak-1 — 0
Pk p;+1,k—1
Eitp]l] =——— Eitp-1[l]
0 0

In particular, we get the first two short exact sequences required in the
lemma for j = k. Further, the upper right corner of the above diagram
gives the short exact sequence
Pik—1
[Wit1,k—1 Pik ] Ei+1[k71] —0.

We now prove that Imwu;, & E;[k—1] is the unique maximal subobject of
E;[k] in £. Because, by the induction hypothesis, E;[k — 1] is uniserial, this
would imply that so is E;[k].

Let f : E;[k] — E; be a homomorphism in &, with 1 < 1 < r. We
claim that fu;, = 0. Because the module E; is a simple object of &, f
is an epimorphism. We observe that fu;ru;r—1 = 0, because the module
Imu; —1 = E;[k-2] is the unique maximal subobject of the uniserial object
E;[k-1] of £, and the target of fu; : E;[k-1] —— E; is a simple object of
E. Hence, there exists a homomorphism g : E;;_2[1] —— E; such that
fug = gp’i’k,l = gPi+k—2,2 - - - Di,k—1- Letting

I = gpith—22.. . pit1k—2: Bix1[k-2] ——— E;,

the last equation becomes fu;, = f'pir—1. Thus [—f" f] [plu";l} = 0.
The exactness of (iii) yields f” : E;41[k-1] —— E; such that [—f’ f] =
f'wit1, k=1 pik). But —f" = f"u;41 5,—1 = 0 because, by the induction hy-
pothesis, the image of ;41 ;—1 is the unique maximal subobject of F; [k —
1] in €. Hence fu;r = f'pix—1 = 0. This shows that Im wu; is the unique
maximal subobject of F;[k], and, consequently, the uniseriality of the latter.

We now prove that (iii) is an almost split sequence in mod A. Because

the middle term is the direct sum of two uniserial objects having £-lengths
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k—2 and k in &, while the extreme terms are uniserial of £-length k—1in &,
the sequence (iii) does not split. In particular, F;11[k—1] is not projective
and hence 7E;11[k-1] # 0. We claim that 7E;41[k-1] = E;[k-1]. By
the induction hypothesis, we have an almost split sequence (corresponding

toj=k—1) [Zi,kfz}
0— Bi[k-2] % By [k-3]® B [k-1] Ei1[k-2] —0
for any i. Replacing ¢ by 7 + 1, we get that the homomorphism w;; x—1 :
Eit1]k — 2] —— E;41[k — 1] is an irreducible morphism. It follows that
there exists an irreducible morphism 7E;1[k — 1] —— E;41[k — 2]. The
induction hypothesis yields that

o Fiy1[k-3]=0,if k=3, or

L] T_lEiJrl[k—?)} = Ei+2[k‘—3] % Ei+1[k‘—1]7 lf k‘ 7& 3
Therefore, there is an isomorphism 7F;q1[k-1] & FE;[k-1]. Because, by
(IV.3.2), an almost split sequence with the left term E;[k—1] and the right
term E;iq1[k-1] represents a non-zero element of the socle of
Exthy(E;y1][k-1], E;[k-1]), then it remains to show that, for every
non-invertible endomorphism f : F;[k-1] —— F;[k-1], the equality
EthlL‘ (Ei_;,_l[kfl], f) = 0 holds.

For, let f : E;[k-1] —— E;[k-1] be such a homomorphism. Then
Ker f # 0 and, because the module Imw;, , = E;[1] is a unique simple
subobject of the uniserial object £;[k-1] in £, we have fu;, , = 0. Hence
there exists a homomorphism f : E;1[k-2] —— E;[k-1] such that f =
f'pik—1. On the other hand, the Auslander—Reiten formulae (IV.2.13) yields

Exty(Eiy1[k-1], Biy1[k-2]) = DHomy (77  Ejy1[k-2], Eipa [k — 1))
& DHom 4 (Eip2[k-2], B [k-1]).

Now FE;11[k-1] is a uniserial object of £ and all its subobjects in £ are of
the form F;11[j], with j < k — 1, while all epimorphic images of the object
E;y2[k-2] in the category & are of the form F;4;11[k-1], with 1 <1 <k-—1.
Hence Hom 4 (E;42[k-2], E;+1[k-1]) = 0, and consequently

Ext)y (Ei1[k-1], Ei1[k-2]) = 0.
Applying the functor Ext}; (Ei+1[k-1], —) to the short exact sequence

0—s B[1] =2 By k-1] 220 By [k-2] — 0

yields thus Ext) (E;41[k-1],p;k—1) = 0. Hence Ext! (E;11[k-1],f) = 0,
because f = f'p; r—1, as required.

(b) The statement follows from (1.4), the discussion preceding the proof,
and the arguments given in the proof of (a).

(c) This is a consequence of (2.1). O

[Wit1,k—2 Pik—1]

Before starting (and proving) the main result of this section, we need two
further definitions, see Bongartz—Gabriel [34] and Ringel [215].



X.2. STANDARD STABLE TUBES 21

2.4. Definition. Let C be a component of the Auslander—Reiten quiver
I'(mod A)of an algebra A, and assume, for simplicity, that C has no multiple
arrows.

(a) The path category KC of C is the K-category defined as follows:
the objects of KC are the points in C, and the morphisms from
x € Cy to y € Cy are the K-linear combinations of paths in C from
x to y, with coefficients in K.

(b) We define an ideal M¢ in the category KC as follows: to every non-
projective point x € Cy corresponds a mesh in C of the form

and to this mesh, we associate an element m, of Homg¢ (72, z),
called the mesh element, and defined by the formula

t
. !
My = o0
i=1

We denote by M the ideal of KC generated by all the mesh elements
m, (where x ranges over all the non-projective points of C).
(¢) The mesh category is the quotient K-category K(C) = KC/Mc.

Note that, an arbitrary element of the ideal M is a finite sum of the

m

form > u;mg,,v;, where u;m,,v; is a morphism in KC from y; to z; (say)
i=1

such that z; is a non-projective point, u; is a morphism from y; to 7x;, and

v; is a morphism from z; to z;.
2.5. Definition. Let C be a component of the Auslander—Reiten quiver
I'(mod A) of an algebra A.

(a) C is defined to be a standard component of I'(mod A) if there
exists an equivalence of K-categories
K(C)=KC/M; = indC,
where indC is the full K-subcategory of mod A whose objects are

representatives of the isomorphism classes of the indecomposable
modules in C.
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(b) C is defined to be a self-hereditary component of I'(mod A) if,
for each pair of indecomposable A-modules X and Y in C, we have
Ext%(X,Y) =0.

It follows that the homomorphisms between two indecomposable modules
lying in a standard component C of I'(mod A) may be represented combina-
torially.

As we shall see, this allows an easy computation of the homomorphism
spaces between modules in C.

One can show that every postprojective component P(A) without multi-
ple arrows and every preinjective component Q(A) without multiple arrows
is standard, and consequently that the Auslander—Reiten quiver I'(mod A)
of a representation-directed algebra A is standard. We do not need this
fact, but we need that some stable tubes are standard.

The following important theorem is essentially due to Ringel [215].

2.6. Theorem. Let A be an algebra, and (Ey, ..., E.), withr > 1, be a
Ta-cycle of pairwise orthogonal bricks in mod A such that {F1,...,E,} is
a self-hereditary family of mod A. The abelian category

E=EXTu(E,... E,.),
has the following properties.

(a) Ewvery indecomposable object M of the category & is uniserial and is
of the form M = E;[j], where i € {1,...,r} and j > 1.

(b) All indecomposable objects of the category & = EXT(En,...,E,)
are uniserial in £, and they form a self-hereditary component Te
of T(mod A),

(¢) The component Tg is a standard stable tube of rank r.

(d) The modules Er, ... ,E, form a complete set modules lying on the
mouth of the tube T¢.

Proof. By our assumption, > 1 and the modules F1,... , F,. are pair-
wise orthogonal bricks such that T4y =2 E.,7aFEs = Fy, ... ,7AE,. = E,_4
and Ext?% (E;, Es) =0, for all i,s € {1,... ,r}.

We first prove that every indecomposable object M in the category
E=EXTa(Ey,...,E,) is isomorphic to one of the objects F;[j] (for some
i € {1,...,r}, and some j > 1), as constructed in (2.2). Clearly, this
implies that the indecomposable objects in £ are uniserial in £.

It follows from the definition of £ that M contains a subobject of the
form E; = E;[1]. Let j > 1 be maximal so that there exist i € {1,...,r},
and a monomorphism h : E;[j] — M. We claim that h is an isomorphism.
Assume that this is not the case. The almost split sequence
[uzpj«u} [Wit1,5 Pij+1]
I

0 — Ey[j] Eij-1]® Eifj+1 Eit1[j]—0
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yields a homomorphism
[h” h/] : Ei—i—l[j—l] D El[]-&-l] — M

such that o = h"p;; + h'u; j+1. Because Imuj; = E;[1] is the unique simple
subobject of F;[j] in &, and h : E;[j] — M is a monomorphism, we have
huj; # 0. On the other hand, the second short exact sequence of (2.2) yields
pijui; = 0. Hence
h'ug 1 = h'uggiug + B'pijui; = hug; # 0.

But E;[j+1] is a uniserial object of £ with unique simple subobject in £ equal
to Imu; ;4 = E;[1]. This implies that A’ : E;[j+1] — M is a monomor-
phism, which contradicts our choice of j. Therefore, there is an isomorphism
M = E;[j].

Let now &£’ denote the K-subcategory of £ generated by the indecompos-
able modules E;[j], the identity homomorphisms, and the homomorphisms
wij, pij between them. We claim that £ is a full subcategory of £ and the
equality & = &£ holds.

Let f : E;[j] —— E;[k] be a non-zero homomorphism in mod A. We
show by induction on j + k that f belongs to £’.

For j+ k =2, we have j = k =1, and f is a homomorphism from E; to
E;. Because f # 0, we have i = [ and, hence, f is an isomorphism of the
form A - 1g,, for some A € K \ {0}, thus f belongs to &’.

Assume that j + k > 2. Because Im f is a subobject of Ej[k], which is
uniserial in &, then Im f is indecomposable in £. Because any indecompos-
able object of £ is isomorphic to an object of £, we may assume that f is
an epimorphism or a monomorphism.

Suppose that f is an epimorphism. If f is not an isomorphism, then
Ker f # 0; hence fu;j = 0 and there exists a homomorphism
' Eija]j-1) — E[k] such that f = f'p;;. By our induction hypothe-
sis, f’ lies in &', hence so does f. The proof is similar if f is a monomor-
phism, but not an isomorphism. Finally, if f is an isomorphism, then ¢ = [,
j=kand f = X-1+ f’, where A € K is a non-zero scalar, and f’ is not
an isomorphism. As before, f’ lies in £ and consequently so does f. This
completes the proof of our claim that &' = £.

It follows easily from the description of the almost split sequences in
(2.2) that the indecomposable objects in £, namely the modules F;[j], form
a component T¢ of I'(mod A), and that this component is a stable tube of
rank r. By (2.1), the component T¢ is self-hereditary, because we assume
that {E1,..., E.} is a self-hereditary family of mod A.

There remains to prove its standardness. We thus consider the mesh
K-category K (Tg) of Tg and the K-linear functor

F:K(Te) —— ind Tz
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that assigns to the point E;[j] in the tube T¢ the module FE;[j], to the
arrow E;[j-1]—E;[j] in T¢ the homomorphism u;;, and to the arrow
E;[j]—E;41]j-1] the homomorphism p;;. The above discussion shows that
the functor F is full and dense. There remains to show that F' is faithful.

We say that a homomorphism F;[j] —— FE)[k] is standard provided it
is a composition of homomorphisms of the form p,g followed by homomor-
phisms of the form wu.s.

Because the functor F' is full, the standard homomorphisms from E;[j]
to Ej[k] generate the K-vector space Hom 4 (E;[j], Ei[k]) (for any i, j, k, I).

Now we prove that the standard homomorphisms in Hom 4 (E;[j], Ei[k])
are also linearly independent over K. Indeed, if f; is a standard homomor-
phism in Hom 4 (E;[j], Ei[k]) given as a composition of ¢ homomorphisms of
the form p,g followed by homomorphisms of the form wus, then it is easily
seen that there is an isomorphism Im f; & FE;[j—t].

Let now f = > At fi, with Ay € K. Assume that at least one of the

t

scalars A; is non-zero, and let s be the smallest integer such that A, # 0.
Then Im (A fs) is the unique subobject of E-length j — s in Ej[k], and the

module Im (> A f) is properly contained in Im (A4 fs). Hence f # 0. This
t#£s

shows that the standard homomorphisms in Hom 4 (E;[j], Ej[k]) form a K-

basis of Hom 4 (E;[j], Ei[k]). It follows that the functor F' is faithful, and

consequently, the tube T¢ is standard. a

The preceding theorem provides us with a tool for computing homomor-
phisms between indecomposable modules in standard stable tubes.

2.7. Corollary. Let A be an algebra, T a standard stable tube of rank
r > 1 of '(mod A), and {E1,...,E.} a self-hereditary family of pairwise
orthogonal bricks forming the mouth of the tube T .

(a) In the notation of (2.2), the only homomorphisms between two inde-
composable modules in T are K-linear combinations of compositions
of the homomorphisms w;;, pi;j, and the identity homomorphisms,
and they are only subject to the relations arising from the almost
split sequences in (2.2).

(b) In the notation of (2.2), giveni € {1,...,r} and j > 1, we have

e End E;[j] = K[t]/(t™), for some m > 1,

e End E;[j] =2 K if and only if j <r, and

o Extl (E;[j], Ei[j]) & DHomu(E;[j], 7E;[j]) = 0 if and only if
j<r—1.

(c) If the tube T is homogeneous then ExtYy (M, M) # 0, for any inde-
composable M in C.

Proof. Because the stable tube is standard and {Fi,...,E,} a self-
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hereditary family of pairwise orthogonal bricks forming the mouth of the
tube T then (2.2) and (2.6) applies to the extension category

§=EXTa(EL,... ,E,)

and 7 = T¢ is formed by the indecomposable uniserial modules of £. Then
(a) easily follows from (2.2) and (2.6), but (b) and (c) are an immediate
consequence of (a). O

It follows from (2.7)(a) that a simple combinatorial argument allows to
compute the Hom-spaces and the Ext-space between two indecomposable
modules in a standard stable tube T satisfying the conditions of (2.7). The
combinatorial technique is illustrated in the example (2.12) presented later.

We now prove two lemmata showing how modules in stable tubes and
modules that lie outside stable tubes map to each other. The first is a new,
more practical, version of (IV.5.1).

2.8. Lemma. Let A be an algebra, £ = EXTy(E1,... ,E,.) be as in
(2.6), Te be the tube of rank r formed by the indecomposable modules in &,
and let M be an indecomposable A-module that is not in Te.

(a) If there exist i € {l,...,r} and a non-zero homomorphism
[ E; — M then, for any j > 2, there exists a homomorphism
gj + Ei[j] — M such that f = gjuj;.

(b) If there emist i« € {1,...,r} and a non-zero homomorphism
f: M — E; then, for any j > 2, there exists a homomorphism
hj: M — E;_j1[j] such that f = p;_, 5h;.

Proof. We only show (a), because the proof of (b) is similar. This is done
by induction on j. Assume that j = 2. By hypothesis, there exists a non-
isomorphism f from E; = E;[1] to M, which must therefore factor through
the left minimal almost split morphism u}y = w;a : E;[1] —— E;[2]. This
gives go. Assume that j > 2, and that g; : E;[j] —— M such that
f= gjugj is given. Because M is not in 7g¢, g; is not an isomorphism.
Hence, it factors through the left minimal almost split morphism [ “;/*"] :
E;[j] ——— Ei[j+1] ® E;;+1[j-1], that is, there exists a homomorphism
[9j+1 9j11) + Eilj+1] @ Eia[j-1] —— M such that

9j = gi+1Uij+1 + j1Pij-
Now it follows from the first exact sequence in (2.2) that p;;uj; = 0. Thus
f= gjuij = gjmati g1y = g jia- 0

2.9. Lemma. Let & = EXTy(E,... ,E,.) and T be a standard stable

tube as in (2.6), and M be an indecomposable A-module that is not in Te.

(a) If there exists an indecomposable module L in the tube Tg such that
Homu (L, M) # 0, then there exists an index i € {1,...,7} such
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that Homy (E;, M) # 0 and, consequently, Hom 4 (E;[j], M)# 0, for
any j > 1.

(b) If there exists an indecomposable module L in the tube Tg such that
Homa (M, L) # 0, then there exists an indexi € {1,... ,r} such that
Homyu (M, E;) # 0 and, consequently, Homa (M, E;_j11[j]) # 0, for
any j > 1.

Proof. We only prove (a), because the proof of (b) is similar. Let L
be an indecomposable module in Tg¢, and f : L — M be a non-zero ho-
momorphism. There exist ¢ and j such that L & E;[j], so that we have a
monomorphism u;; : E; ——— L = E;[j], with E; lying on the mouth of
Te. If fuj; # 0, we are done. Assume that this is not the case, and consider
the second exact sequence of (2.2)

Uij Pij

0 Ei[1] —— Ei[j]

Ei+1 []71] —0.

Because fuj; = 0, there exists f': E;11[j — 1] — M such that f = f'p;;.
Our first claim thus follows by induction on j. The second claim is a direct
consequence of the first, and of (2.8)(a). O

In a characterisation of tilted algebras of Euclidean type given in Chap-
ters XII and XVII, we essentially use a special class of stable tubes, namely
the hereditary tubes in the following sense, see [238].

2.10. Definition. Let A be an algebra and 7 a stable tube of the
Auslander—Reiten quiver I'(mod A) of A.

(a) The tube T is defined to be hereditary, if pd X <1 and id X <1,
for any indecomposable A-module X of T.

(b) The tube T is defined to be self-hereditary, if Ext%(X,Y) = 0,
for each pair of indecomposable A-modules X and Y of 7.

We remark that the standard stable tubes constructed in (2.2) and (2.6)
are self-hereditary. Note also that, given a hereditary stable tube 7T,
the additive subcategory add7 of mod A is hereditary in the sense that
Ext% (M, N) = 0, for each pair of the objects M and N of add 7. Obvi-
ously, every stable tube T of the Auslander—Reiten quiver I'(mod A) of a
hereditary algebra A is hereditary and, clearly, every hereditary stable tube
T is self-hereditary, but the converse implication does not hold in general.
We show in Section 4 that faithful standard stable tubes are hereditary.

The following lemma shows that the hereditariness and the self-heredit-
ariness of a stable tube T of rank r > 1 of I(mod A) is decided on the level
of the set of all mouth modules of 7.
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2.11. Lemma. Let A be an algebra and T a stable in T'(mod A).

(a) The tube T is self-hereditary if and only if the finite family of mouth
modules of T is self-hereditary.

(b) The tube T is hereditary if and only if the finite family of mouth
modules of T is hereditary.

Proof. We only prove (a), because the proof of (b) is similar. The
necessity is obvious. To prove the sufficiency, we assume that 7 is a stable
tube of rank r > 1 in I'(mod A) and (X1,...,X,) is a 74-cycle of mouth
modules of 7 such that Ext?(X;,X;) = 0, for all 4,5 € {1,...,r}. We
show that Ext%(X,Y) = 0, for each pair of indecomposable A-modules X
and Y lying on the tube 7. Assume that X and Y are such modules. By
(1.4), X = X;[m] and Y = X,[n], for some i,j € {1,...,r} and some
integers m,n > 1. First we assume that n = 1, that is ¥ = X,[1] = X;.
We prove by induction on m > 1 that Ext?(X;[m],Y) = 0. If m = 1 then
X;[m] = X; and we are done by our assumption. Assume that m > 1 is such
that Ext? (X;[m],Y) = 0 and Ext? (X;[m-1],Y) =0, for all i € {1,...,r}.
By (1.4), there exists an almost split sequence

0—— Xz[m] — X [m+1] ) X7;+1[m—1] Emm— Xi+1[m] —0

in mod A, where we set X;[0] = 0 and X, [t] = X;[t], foralli € {1,...,r},
t > 1, and k € Z. Hence we derive the induced exact sequence

Ext? (Xit1[m],Y) — Ext?% (X;[m+1] @ Xi1[m-1],Y) — Ext% (X;[m], Y).

The induction hypothesis yields Ext% (X;1[m-1],Y) = 0, the left hand
term and the right hand term of the sequence is zero. It follows that
Ext% (X;+1[m+1],Y) = 0, for i € {0,...,r — 1}. By the induction prin-
ciple, we conclude that Ext%(X,Y) = 0, for Y and any indecomposable
A-module X lying on the tube 7. Applying the same arguments, we prove
by induction on n > 1 that Ext? (X, X;[n]) = 0, for any indecomposable
A-module X lying on the tube 7. This finishes the proof. g

We end this section with a few examples of stable tubes. The first ex-
ample shows that the vanishing of the second extension spaces of the brick
is necessary for the validity of Theorem (2.6). The second one illustrates
the use of Corollary (2.7), and the third one shows that there exist self-
hereditary standard stable tubes T of T'(mod A) that are not hereditary
and gl.dim A = 2.

The reader is also referred to Section 4 for more examples of stable tubes.
In particular, we construct there a standard stable tube T that is not self-
hereditary, and consequently, theorems (2.2) and (2.6) do not apply to that
tube T.
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2.11. Example. Let A = K[t]/(t?). Then A is a local self-injective
Nakayama algebra, S = K = K|[t]/(t) is a unique non-projective indecom-
posable A-module, and, by (IV.4.1), the Auslander-Reiten quiver I'(mod A)
of A is of the form

Observe that S is a brick and dimgExt’; (S,S) = 1, for any n > 1.

We show later that there exist algebras A such that the Auslander—Reiten
quiver I'(mod A) admits non-standard stable tubes, see (X.5.8).

2.12. Example. Let A be the path algebra of the quiver @

S
W N

Because the underlying graph of @ is a Euclidean diagram (and thus is not a
Dynkin diagram), the hereditary algebra A = K () is representation-infinite.
By (VIIL.2.1), T'(mod A) has a postprojective component and a preinjective
component, and all its remaining components are regular (VII1.2.12). The
straightforward calculation of the postprojective and the preinjective com-
ponents shows that the simple module S = S(3) is neither postprojective nor
preinjective. Hence S is regular. We compute the component of I'(mod A)
containing S. Applying the Nakayama functor v = DHom(—, A) to the
minimal projective presentation

0——P1l)®P2)——P(3)——S——0

and using that vP(a) = I(a), for any a € Qo, yields, by (IV.2.4), a left
exact sequence

0 TAS 1)@ 1(2) —— I(3)

thus, 745 = E is the indecomposable module (viewed as a representation

of Q)
K 1 1 K
‘\K‘/
K% XK

Computing again a minimal projective presentation for F, we get
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0 P(3) P(B)® P(4) —— E——0.
Applying the Nakayama functor yields a left exact sequence
0 TAE 1(3) I(5)® I(4)

so that 74 E = S. Because each of the modules S and E is clearly a brick,
and the algebra A is hereditary, then Ext%(—,—) = 0 and we are in the
situation of (2.6). Therefore the component C of I'(mod A) containing S is
a standard stable tube T of rank2 Which is of the form

l\/\/\
lf\f\\

I\/\/\

ThEn
i

lf\f\\

where the indecomposable modules are represented by their composition
factors (see (I1.3.10)) in the category EXTa(E,S), and one identifies along
the vertical dotted lines. The monomorphisms u;; and the epimorphisms
pi; of (2.2) are particularly easy to understand in the above picture. We
also show how to compute the indecomposable modules g and }g The
indecomposable module g is the middle term of the almost split sequence

S
0 E B S 0

in mod A, thus has a dimension vector equal to }2 1, has S as a summand
of its top, and FE as a maximal submodule. It is then easy to see that JSE

and g are given by the representations

) WK K< oy
A NG

respectively. We notice that dim g = dim g , but clearly g 2 g

It is particularly easy to compute the Hom-spaces between two modules
of C. This is done as for a Nakayama algebra (V.3), because the indecompos-
able objects of C are uniserial. Thus there exist two K-linearly independent

T
0

l“]/ K
T

[01]
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E
. ) . . . .
homomorphisms from E to }g having as images the unique maximal subob-
s
s

s
ject lg, and the simple object S in EXT4(F,S). This also implies an easy
computation of extension spaces, because, for M and N in EXTH(E, S), we
s

have Ext!y(M, N) = DHom(N,74M). For instance, taking M = £ and

E
E

N = 2, we have TgM = N, and End N is two-dimensional. Hence there

S
exist, up to scalars, two non-split extensions of M by N. One of them is
the almost split sequence

S

0— 8 ——5d8s ——E ——0.
s B E E
S

The second non-split extension of M by N is the canonical exact sequence

s
E £ s
0—— 8 ——epeor——E— 0

5
g A B
S

Now we give an example of an algebra C' such that gl.dimC' = 2 and
I'(mod C') admits a self-hereditary standard stable tube that is not heredi-
tary.

2.13. Example. Let C be the path algebra of the quiver

N g
N,

bound by one zero relation cap = 0. Then the quotient algebra A = C/CeoC
of C is isomorphic to the path algebra K@ of the full subquiver @ of Q2
given by the vertices 1, 2, 3, 4, and 5, that is A = K@ is the hereditary
algebra of Example (2.12). The canonical algebra surjection C —— A
induces fully faithful exact embedding mod A < mod C. It is easy to check
that the indecomposable projective C-modules P(0) = e¢,C = S(0) and
P(1) = e1C 2 I(0) are the unique indecomposable C-modules that do not
lie in mod A — mod C. The component P(C) of I'(mod C) containing the
module P(0) is postprojective and has the form

oo%o
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PA4) ———————— T7IP(4) ——————

5(0)=P(0) —————~— s1)y—————-- Tls}X—————/%u) /
1(0)=P(1) o P(3) \T””/flp(g)iﬁﬁ/; “P<3>\

S(2) \15% Tzs(z/ \

P(5) ———————— 7Py T

Tt is obtained from the unique postprojective component P(A) of I'(mod A)
by adding two points connected by one arrow corresponding to the irre-
ducible embedding P(0) = rad P(1) — P(1). The component P(C) con-
tains all the indecomposable projective C-modules, up to isomorphism.
Note that the indecomposable projective C-module I(0) = P(1) is also
injective.

It follows that the unique preinjective component Q(A) of T'(mod A) is
also the unique preinjective component Q(C) of I'(mod C). It contains all
the indecomposable injective C-modules, except the projective-injective C-
module 7(0) = P(1), and is of the form

————— I1) ——————— TI(1) ——————— I(1)

———7231(4) —————//721(4) —————/1(4) —————— I(4)

Tt mmmm ?I(3) —————- TI@3) ———————= 1(3)
Ry >

TTTONC I S 21 ST rIi(5) ST~ I(5)

————— TAI(2) TTTTTTTT OqI(2) TTTTTTTT L)

The standard stable tube 7 of rank r = 2 in I'(mod A) with the mouth
modules E and S = S(3), constructed in Example (2.12), remains a stan-
dard stable tube in I'(mod C), under the fully faithful exact embedding
mod A — mod C.

Now we show that

(i) pdS(3)=2,idS(3)=1,pdE=1,and id E =1,

(ii) id X =1, for any indecomposable module X lying in the tube T,

(iii) gl.dim C =2, and

(iv) the tube T is self-hereditary, but it is not hereditary.

To prove (i), we note that A-modules S(3) and E have minimal projective
resolutions in mod C of the forms
0— P(0)— P(1)® P(2)— P(3)— S(3)— 0,
0— P(3)— P(4)® P(5)— E— 0,
and the minimal injective resolutions of S(3) and of E are of the forms
0— SB)— I(3)— I4)®I(5) — 0,
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0—E—I1)®I(2)— I(3)— 0.

To prove (ii), we observe that the postprojective component P(C) of the
Auslander-Reiten quiver I'(mod C') contains all the indecomposable projec-
tive C-modules, up to isomorphism, and P(C) is closed under predecessors
in mod C, by (VIIL 2.5). It then follows that Home (75" X, Cc) = 0, for any
indecomposable C-module X that is not postprojective. Thus, (IV.2.7)(b)
yields id X < 1, for any indecomposable C-module X that is not postpro-
jective, and (ii) follows. Because one easily shows that pd S(j) < 1, for
all j # 3, then gl.dimC = 2. Because (ii) yields ExtZ (X,Y) = 0, for any
indecomposable modules X and Y in 7 then the tube T is self-hereditary.

Let C' = C°P be the algebra opposite to C. Because there is an isomor-
phism A°P = A of algebras then the preceding consideration implies that
the Auslander—Reiten quiver I'(mod C’) dual to I'(mod C') admits a stan-
dard stable tube 7" of rank r = 2, with the mouth modules E' = D(E) and
S'(3) = e3C’ =2 D(S), that has the following properties

(i) idS’(3) =2, pd S'(3) =1,id E' =1, and pd E' =1,

(ii") pdY =1, for any indecomposable module Y lying in the tube 77,

(iii") gl.dim C’' =2, and

(iv') the tube T is self-hereditary, but it is not hereditary.
that are dual to (i)-(iv).

It follows from (i)-(iv) and (I')-(iv") that, in the definition of hereditary
tube, neither of the two conditions pd X < 1 and id X = 1 can be dropped.

X.3. Generalised standard components

The aim of this section is to investigate tools for a study of standard
stable tubes of I'(mod A) in terms of the infinite radical rad of the module
category mod A of an algebra A. We do it by applying the following concept
due to Skowronski [246].

3.1. Definition. A connected component C of the Auslander—Reiten
quiver T'(mod A) of an algebra A is defined to be generalised standard if
rad® (X,Y) = 0, for each pair of indecomposable modules X and Y in C.

The following proposition provides examples of generalised standard com-
ponents.

3.2. Proposition. Let A be an algebra and I'(mod A) the Auslander—
Reiten quiver of A.
(a) If A is representation-finite then the finite quiver I'(mod A) is gen-
eralised standard.
(b) If P is a postprojective component of T'(mod A) then P is generalised
standard.
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(¢) If Q is a preinjective component of T'(mod A) then Q is generalised
standard.

(d) Let A = EndTy be a tilted algebra, where Ty is a tilting module
over a hereditary algebra H. If Cr is the connecting component of
I'(mod A) determined by T then Cr is generalised standard.

Proof. (a) Assume that A is a representation-finite algebra and let d > 1
be an integer such that dimx X < d, for every indecomposable A-module
X. Then the Harada-Sai Lemma (IV.5.2) yields rad’y = 0, for m = 2¢ — 1.
Then rad®’ = 0 and I'(mod A) is generalised standard.

(b) Assume that P is a postprojective component of I'(mod A) and let
M be an indecomposable A-module in P. It follows from (VIII.2.5)(a) that
M has only finitely many predecessors in P, and every indecomposable A-
module L such that Homa (L, M) # 0 is a predecessor of M in P. Hence
easily follows that rad%’(X,Y") = 0, for each pair of indecomposable modules
X and Y in P, that is, P is a generalised standard component.

(c¢) Apply (VIIL.2.5)(b) and dualise the arguments used in the proof of
(b).

(d) Assume that A = End Ty is a tilted algebra, where Ty is a tilting
module over a hereditary algebra H, and let Cr be the connecting com-
ponent of I'(mod A) determined by T. It follows from (VIIL.3.5) that the
images Hom 4 (74, ) of the indecomposable injective H-modules I, under
the functor Homa (T4, —) : mod H —— mod 4, form a section ¥ of Cr
such that

e any predecessor of ¥ in Cr lies in the torsion-free part Y(T'), and
e any proper successor of ¥ in Cr lies in the torsion part X' (7")

of the torsion pair (X (7),Y(T)) in mod A induced by T4.
Suppose, to the contrary, that there is a pair of indecomposable mod-
ules X and Y in Cp such that rad?(X,Y) # 0. Because rad¥(X,Y) =

rad’} (X,Y) then, for each ¢ > 1, there is a path of irreducible mor-
A

m=0

phims
X =202, vz sz, Iz,

between indecomposable modules in C7 and a homomorphism g; : Z;—Y
such that g; - f¢ - ... fo- f1 # 0. By applying the fact that the component
Cr is acyclic and has only finitely many 74-orbits, we conclude that there
exists an indecomposable module Z = Z; in Cr such that

o 7 lies in X(T),
e 7 is a proper successor of Y in Cr, and
e Homu(Z,Y) #£ 0.
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Hence, in view of (IV.5.1)(b), we conclude that, for each s > 1, there is
a path of irreducible morphisms

hs h h
Nye—Ng 1 — ... — N2—2>N1—1>N0 ZK

between indecomposable modules in Cr and a homomorphism ug : Z—> Ny
such that hy - hg - ... -hs - us # 0. Again, there exists an indecomposable
module N = N; in Cr such that N lies in Y(T) and Homa(Z,N) # 0.
This is a contradiction, because Z € X(T), N € Y(T) and there are no
non-zero homomorphisms from the torsion modules to torsion-free mod-
ules with respect to the torsion theory (X(T),Y(T)) in mod A and, hence,
Homa(Z,N) = 0. The contradiction proves that rad’(X,Y) = 0, for all
indecomposable modules X and Y in Cp. This finishes the proof. |

The following result shows that the generalised standardness of a stable
tube T is equivalent to the vanishing of the infinite radical rad%® on the
mouth of 7.

3.3. Proposition. Let A be an algebra and T a stable tube of rank
r > 1 of the Auslander—Reiten quiver I'(mod A) of A. Then T is generalised
standard if and only if rad¥ (E, E') = 0, for each pair of mouth modules E
and E' of T.

Proof. Assume that 7 is a stable tube of rank r > 1 of I'(mod A). Then
the mouth modules of T form a 7g-cycle (Ey,..., E,).

The necessity part of the proposition is obvious. To prove the suffi-
ciency, we assume, to the contrary, that the stable tube 7 is not generalised
standard, that is, there exist indecomposable modules X and Y in T such
that rad®(X,Y) # 0. By (1.4), there exist j,s € {1,...,r} and integers
n,m > 1 such that X = E;[n] and Y = E[m]. Throughout, we freely use
the notation of (1.4).

Choose two indices j,s € {1,... ,7} and two integers n,m > 1 such that
rady’ (Ej[n], Es[m]) # 0 and n + m > 2 is minimal, with respect to this
property.

We prove the proposition by showing that n +m = 2, that is, n = 1 and
m = 1, and therefore X = E;[1]| = E; and Y = E,[1| = E,. Assume, to the
contrary, that n +m > 3. Without loss of generality, we may suppose that
m > 2. Then, according to (1.4), there exists an almost split sequence

f u, v
0—s Ey[m-1] ol E,[m] ® Eyp1[m-2 12S B, 1 [m-1] — 0

in mod A, where we set Es[m-2] =0, g =0, and v =0, if m = 2.
Let h € rad¥(Ej[n], Es[m]) be a non-zero homomorphism. Because
uh € rady (E;[n], Esy1[m-1]) then the minimality of n 4+ m yields uh = 0.



X.4. GENERALISED STANDARD STABLE TUBES 35

Consider the homomorphism [} ] : E;[n] ———— E,[m] & E,1[m-2] and

note that [u, v]- [#] = uh = 0. It follows that there exists a homomorphism
W : Ej[n] —— E4[m-1] such that [!] = [m -h’ and, hence, h = fh'.
In the notation of (1.4), the homomorphism f : Eq[m—-1] ——— E[m] is
an irreducible morphism in mod A corresponding to an arrow of the ray (t)
of T starting at Es. Because the homomorphism h € rady (E;[n|, Es[m])
is non-zero then (1.9) yields 0 # h € rad¥’(E;[n], Es[m-1]), and we get a
contradiction with the minimality of n + m. It follows that n =1, m =1
and we get rad (X,Y) = rad¥ (E;[1], Es[1]) = rad¥ (E;, Es) = 0. O

X.4. Generalised standard stable tubes

The main objective of this section is to investigate standard stable tubes
of I'(mod A) in terms of the infinite radical rad% of the module category
mod A of an algebra A. We present a characterisation of standard stable
tubes of I'(mod A) in terms of rad% and we prove that a stable tube 7
of I'(mod A) is standard if the mouth of T consists of pairwise orthogonal
bricks. We also show that any faithful generalised standard stable tube is
hereditary. Our presentation is mainly based on [246], [247], and [254].

Let A be an algebra and M an A-module. We recall that the right
annihilator of M is the two-sided ideal Annga M = {a € A; Ma = 0} of A.
Recall also that the module M is said to be faithful if the ideal Ann4 M is
zero.

4.1. Definition. Let A be an algebra and C a component of the Auslan-
der—Reiten quiver I'(mod A) of A.
(a) The annihilator of C is the intersection AnnsC = [\ AnngX of

XecC
the annihilators of all indecomposable A-modules X lying in C.

(b) The component C is said to be faithful if AnnsC = 0.

We remark that if C is a component of I'(mod A) and B = A/AnnyC
then C is a faithful component of I'(mod B) under the fully faithful exact
embedding mod B < mod A induced by the canonical algebra surjection
A —— B.

The following simple lemma is very useful.

4.2. Lemma. Let A be an algebra, and C be a component of I'(mod A).

(a) There exists a module M in addC such that AnnsC = Anng M.
(b) The component C is faithful if and only if the category add C admits
a faithful A-module.
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Proof. (a) Given a module X in addC there is an isomorphism of A-
modules X 2 X190 XoP...HX,, where X1, Xo,... , X, are indecomposable
A-modules in C. Then

Anng X = Anny (X180 Xo®. . .2X) = Anng X;NAnng XoN. . .NAnn 4 X,.

Moreover, AnnaY DO AnnyZ if Y is a submodule of Z. Then the ideals
of the form Anna(X; ® Xo @ ... ® X,), where X3, Xs,... , X, are inde-
composable A-modules in C, form a partially ordered set, with respect to
the inclusion. Because the algebra A is finite dimensional then the family
contains a minimal element Anns(M; @ ... @ M;), for some indecompos-
able A-modules Mi,..., M, in C. It follows that Ann4C = Anny M, where
M =M &...® M, is a module in addC.

The statement (b) follows immediately from (a). O

4.3. Example. Let A = K(Q be the path algebra of the Euclidean quiver

e
o N

Then A has the lower triangular matrix form

KO0O0OO
0KOOO
A= |KKKOO0
KKKKO0
KKKO0K

Let C be the standard stable tube of rank 2 of I'(mod A) constructed in
Example (2.12). Then the mouth of C consists of two modules S and FE,
where S = 5(3) is the simple module at the vertex 3 and E is the regular

module
K - K
‘\K/
K % \ K.

It is clear that F is faithful, that is, Anng E = 0. It follows that Ann,C = 0,
that is, the tube C is faithful. Observe also that the annihilator Ann4S(3)
of the simple module S = S(3) is the two-sided ideal

K00O0oO

0K 0O O

Amny,S(B)=| KK 00 0| = AeA,
KKKEKO
KKKO0K
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where e = e;+es+eg+es and eq, ea, €4, and ey are the primitive idempotents
of A corresponding to the vertices 1, 2, 4, and 5 of the quiver Q.

Now we prove that any faithful generalised standard stable tube is hered-
itary.

4.4. Theorem. Let A be an algebra and T a faithful generalised stan-
dard stable tube of I'(mod A). Then pdX < 1 and idX < 1, for any
indecomposable module X of T, that is, the tube T is hereditary.

Proof. Assume that 7 is a faithful generalised standard stable tube of
I'(mod A) and let X be an indecomposable A-module in 7. We only prove
that pd X < 1, because the proof of the inequality id X < 1 is similar.

Assume, to the contrary, that pd X > 2. Then, it follows from (IV.2.7)
that Homa(D(4A),74X) # 0. Let f : D(4A) —— 74X be a non-zero
homomorphism in mod A. Because the stable tube 7 is faithful then the
category add T admits a faithful A-module M, by (4.2), and it follows from
(VI.2.2) that the A-module D(4A) is cogenerated by M, that is, there
exist an integer ¢ > 1 and an epimorphism h : M'—— D(4A) of A-
modules. Hence, there exists an indecomposable direct summand Z of M?
such that the composite homomorphism Z —%— D(4A) AN T4 X is non-
zero, where g is the restriction of h to the summand Z of Mt. Note that the
A-module D(4A) is injective and the tube 7 contains no indecomposable
injective A-modules. Then the indecomposable modules Z and 74X are not
injective, because they lie in the tube 7. This yields

o rads(Z,D(4A))=rad(Z, D(4A)), and

[ ] radA(D(AA), TAX) :radio(D(AA), TAX).
Consequently, we get 0 # fg € rad¥(Z,74X). This contradicts the as-
sumption that the tube T is generalised standard, and finishes the proof of
the theorem. O

Now we present a characterisation of (generalised) standard stable tubes.

4.5. Theorem. Let A be an algebra and let T be a stable tube of T'(mod A).
The following three statements are equivalent.

(a) T is standard.
(b) The mouth of T consists of pairwise orthogonal bricks.
(c) T is generalised standard.

Proof. Assume that 7 is a stable tube of rand » > 1 in I'(mnod A). Then
the mouth A-modules of T form a 74-cycle (Ey,... , E,).

(a)=(b) Assume that the stable tube T is standard, that is, there is
an equivalence of K-categories K(7) = KT /My = ind7T, where ind 7
is the full K-subcategory of mod A whose objects are representatives of
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the isomorphism classes of the indecomposable modules in 7 and K(7) =
KT /My is the mesh category of T. Therefore, it follows that, for each
i€{l,...,r} and j > 2, there exist irreducible morphisms
i Eilj-1] —— Ei[j] and  p;; : Bi[j] —— Eipa[j-1]
such that the following mesh relations are satisfied:
(i) pirus2 =0, for allé € {1,... ,r}, and
(i) wig1,jpij + Pij+1uij+1 =0, for all i € {1,... ,r} and j > 2.
Moreover, for each pair of indecomposable modules X and Y in the tube
T, any homomorphism f : X——Y is a K-linear combination of compo-
sitions of the irreducible morphisms w; ;, p; ;, and the identity homomor-
phisms; and subject to the relations (i) and (ii). It follows that
e End E;[1] 2 K, for all i € {1,...,r}, and
e Homy(E;, Es) = Homyu(E;[1], Es[1]) = 0, for all i,s € {1,...,r}

with ¢ # s,
that is, the mouth modules Fj, ... , E, are pairwise orthogonal bricks.
(b)=(c) Assume that the mouth modules FE4i, ..., E, are pairwise or-

thogonal bricks. Then, for all i,s € {1,...,r}, we have rads(E;, Es) =
Homy (E;, Es) = 0 and, hence, rad®(E;, Es) = 0. Then, it follows from
(3.3) that the stable tube T is generalised standard.

(c)=>(a) Assume that the stable tube 7 is generalised standard. Let
I = AnnuT be the annihilator of 7 and we set B = A/I. Then 7T is a
stable tube in I'(mod B), under the fully faithful exact embedding mod B <
mod A induced by the canonical algebra surjection A— B. Note also that
then 7T is a generalised standard stable tube in I'(mod B). Moreover, by
(3.2), T is a faithful tube of I'(mod B). Hence, by (4.4), T is hereditary,
that is, pdpX < 1 and idg X < 1, for any indecomposable module X in 7.
It follows that Ext%(E;, Es) =0, for all 4,5 € {1,...,7}.

Because the subcategory ind T of mod A lies in the subcategory mod B «—
mod A of mod A then, in view of (2.6), to show that 7 is a standard stable
tube of mod A it is sufficient to prove that the mouth modules F1,... , E,
of T are pairwise orthogonal bricks.

To prove the later statement, we apply (1.7). For each i € {1,...,r} and
J > 2, we choose irreducible morphisms

v Xilj-1] —— X;[j] and q;;: Xi[j] —— Xipa[j-1]
in mod A such that
® giov;o € rad’ (X;[1], X;41[1]), for alli € {1,...,r},

° vi+1,jqi’j+qi)j+1vi,j+1 S radi(Xi[j]’XiJrl[j]), for alli € {1, ... ,T} and
i>2
Now we fix 4,k € {1,...,r}. Without loss of generality, we may assume

that ¢« < k. Then E; = 73E), where s = £k —14 > 0. To prove that
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Homa(E;, Ex) = 0, for i # k, and Homu(F;, E;) = K, we show that
radA(E,;,Ek) =0.

It is easy to see that

e any non-trivial path in 7 from E; = E;[1] to Ej = Ej[1] is of length
25 + 20r, where £ > 0, s = k—14 > 0 and r > 1 is the rank of the
tube T,

[ radA(Ei, Ek) = rad?f(Ei, Ek), if 4 75 k‘,

e rada(E;, Ey) = rad¥ (E;, Ey), if i = k, and

o rady T TY(E Ey) = radif“(”l)r(Ei, E4), for any £ > 0, and

o rad¥(E;, Ey) = rad’} (E;, Ey) = 0, for some m > 0.

The final statement follows from (1.5) and the assumption that the tube T
is generalised standard.

Then, to prove the equality rad 4 (E;, Ex) = 0, it is sufficient to show that
the inclusion rad’(E;, E)) C radﬁ“(Ei, Ex) holds, for any pe{1,... ;m-1}.

Fix p € {1,...,m — 1} and choose a homomorphism h € rad’, (E;, Ey).
We may assume that h is non-zero, p > 2s (for ¢ # k), and p > 2r (for
i = k). Observe that rad’), viewed as a left ideal of the category mod A4,
is generated by the compositions of p irreducible morphisms between inde-
composable modules in mod A, apply (IV.5.1). Because rad’}(M,N) =0
then, according to (IV.5.1), the non-zero homomorphism A has the form
h=hi+hs+...+ h,, where the summand h; is the composite homomor-
phism

hy1, htp
E;, = th—t)XtQ — ... tit 4Xt,pt+1 = Ek,,
p¢ > p and hyi, ..., by, are irreducible morphisms between indecompos-

able modules in mod 4, for ¢ € {1,...,n}. It follows that, for each t €
{1,...,n}, there exists j; € {2,...,p; — 1} such that Xy j,4+1 = Eiq1[ji-1]
and Xy; & E;[j], for j € {1,...,7:}. Because we have

o dimg [rada(E;[ji], Eiy1lji-1]) /rad’ (Eilji], Eiy1[j:-1])] = 1, and
o dimg [rada(E;[j], Ei[j+1])/rad% (E;[j], Bs[j+1])] = 1, for all
jE {L ajt71}7

then there exist scalars /\gt)7 e ,/\g-? € K \ {0} such that

® hj, — )\;i)qz‘,jt € rad? (E;[ji), Ei1[ji-1]), and
o hyj — )\gt)vi,j € rad? (E;[j], Ei[j+1]) = 1, for all j € {1,...,j: — 1}.

Therefore, for each t € {1,... ,n}, we get the equalities
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h + radiH(Ei, Ek) = htpt cooorhgg s hy + radi+1(Ei,Ek)
= )\gt) R )\g?htpt e htjtJrl “Qig, Vi, -t Vg2 + radiJrl(Ei, Ek)
= A(lt) L )‘_g’f)htpt et htjt“l‘l CVig1,5,—1 - Vit1,2 G52 * V52

+radi+1(Ei, Ex)
=0+ rady"™(E;, Ey),

because ¢; 2 - v; 2 € radi.
It follows that hy,.. . , by, € rad ' (E;, Ey,) and, hence, h = hy+. .. +h,, €
rad’™(E;, Ei,). This shows that the inclusion

rad®, (E;, Ey) Crad’ (E;, Ey)

holds, for any p € {1,... ,m — 1}, and consequently, we get rads(E;, Ex) =
rad’} (E;, Ey) = rad® (E;, E)) = 0, because the component 7T is generalised
standard. Then the proof of the theorem is complete. (]

4.6. Corollary. Let A be an algebra, T a standard stable tube of the
Auslander—Reiten quiver T'(mod A) of A, and B = A/AunsT. Then T is
a hereditary standard stable tube of T'(mod B), under the fully faithful exact

embedding mod B — mod A induced by the canonical algebra surjection
A— B.

Proof. Apply (4.4) and (4.5) O

4.7. Corollary. Let A be an algebra and T a faithful stable tube of
['(mod A). The following three conditions are equivalent.

(a) T is standard.

(b) T is hereditary and the mouth modules of T are pairwise orthogonal
bricks.

(¢) T is self-hereditary and the mouth modules of T are pairwise or-
thogonal bricks.

Proof. The implication (a)=(b) is a consequence of (4.5), and the im-
plication (b)=-(c) is obvious.

To prove the implication (c)=-(a), we assume that T is a faithful stable
tube of rank r = r+ > 1 of I'(mod A), and (Ei,...,E,) is a T4-cycle
of mouth modules of 7. By our assumption, 7 is self-hereditary and the
modules E1, ... , E, are pairwise orthogonal bricks. Then, by applying (2.6)
to the extension category & = EXTa(F1,...,E,), we conclude that the
stable tube 7T is standard. O

We end this section with two examples of (generalised) standard stable
tubes. In the first one we construct an algebra B such that gl.dim B = 3 and
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I'(mod B) admits a (generalised) standard stable tube that is self-hereditary,
but is neither faithful nor hereditary. In the second one we construct an
algebra R, with gl.dim R = oo, such that I'(mod R) admits a standard stable
tube 7 that is not self-hereditary.

4.8. Example. Let B be the path algebra of the quiver

bound by two zero relations ap = 0 and py = 0. It is easy to see that the
quotient algebra A = B/Z, where 7 is the two sided ideal of B generated
by the arrow p, is isomorphic to the path algebra K Q of the quiver

LN
N

considered in Example (2.12). Then we have a fully faithful exact embedding
mod A — mod B induced by the canonical algebra surjection B — A. It is
easy to see that there is precisely one indecomposable A-module X, up to
isomorphism, such that X does not lie in the subcategory mod A of mod B.
The module X is isomorphic with the unique projective-injective B-module

P(1) =I(4): \ /
N

It follows that the standard stable tube T of rank 2 of I'(mod A) con-
structed in (2.12) remains a standard stable tube 7 of I'(mod B) and the
annihilator Anng7T of T is just the ideal Z of B generated by the arrow p.

The simple B-module S = S(3) at the vertex 3 lying on the mouth of
the tube 7 has a minimal projective resolution in mod B of the form

0— P3)— P(4)— P(1)® P(2)— P(3)— S(3)— 0,
a minimal injective resolution in mod B of the form

0— SB)— IB)— 1)@ I(5)— I(1)— I(3) — 0.
Hence, pd S(3) = 3 and id S(3) = 3. It follows that gl.dim B = 3, because
the simple B-module S(2) is projective and the remaining simple B-modules

S(1), S(4), and S(5) have minimal projective resolutions in mod B of the
forms
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0— P(3)— P(4)— P(1)— S(1)— 0,
0— P(3)— P(4)— S(4)— 0,
0— P(3)— P(5)— S(5)— 0.

Observe also that the quiver I'(mod B) admits a component C contain-
ing all the indecomposable projective B-modules and all the indecomposable
injective B-modules. The component C is obtained from the unique postpro-
jective component P(A) of A and the unique preinjective component P(A)
of A by a glueing with the projective-injective B-module P(1)p = I(4)5 as
follows

Q(4) P(A)

Now we show that T is a self-hereditary stable tube of I'(mod B). Recall
from (2.12) that the mouth module E of 7 has the form

K@K
A

and 745(3) &2 E = 755(3). Then the minimal projective resolution of F in
mod B is of the form

0— P(3)— P(4)® P(5)— E— 0,
and the minimal injective resolution of E in mod B is of the form
0—E—I1)®I(2)— I(3)— 0.
Hence, pd E = 1 and id E = 1. It follows that Ext%(E,S(3) ® E) = 0 and
Ext%(S(3) @ E, E) = 0. Moreover, the short exact sequence
0— S(1)®S(2)— P(3)— S(3)— 0
yields isomorphisms of vector spaces
Ext%(S(3),5(3)) = Exth(S(1) @ S(2),S(3)) = Exti(5(1), S(3)),
because the B-module S(2) is projective. By applying the Auslander—Reiten

formula and the shape of the component of I'(mod B) containing the module
S(1) (see the figure presented above), we get

E:
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ExtL(5(1),5(3)) =2 DHomp(S(3),755(1)) = DHomp(S(3),S(4)) = 0,
and, consequently, Ext%(5(3),5(3)) = 0. It follows that the two element
family {S(3), £} of mouth B-modules of the tube 7 is self-hereditary and
consists of pairwise orthogonal bricks. Then, by (2.1) and (2.2), the tube T
is self-hereditary. Because pd S(3) = 3 and S(3) lies on 7 then the tube T
is not hereditary. This finishes the example.

Now we give an example of an algebra R, with gl.dim R = oo, such that
I'(mod R) admits a standard stable tube T that is not self-hereditary.

4.9. Example. Let R = KQ/Z be the bound quiver algebra, where
40

and Z is the two-sided ideal of the path algebra K() generated by the ele-
ments

py—mnd, &y—od, ap—pBE, an—PBo, pyB, B0, oda, and dap.
Denote by J the two-sided ideal of R generated by the cosets p+Z, 0 + Z,

E+7T, and n+7T of the arrows p, o, £, and 7 of Q2. Then the quotient algebra
A = R/J is isomorphic to the path algebra K@ of the quiver

N 10&3/04
| AN

considered in Example (2.12). The canonical algebra surjection R — A
induces a fully faithful exact embedding mod A — mod R.
Let S = S(3) be the simple R-module at the vertex 3 of €2, and let E be

the indecomposable R-module
0
0 K\

1

1

1 K
1

24
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Because SJ = 0 and EJ = 0 then the modules S and F lie in the subcat-
egory mod A < mod R of mod R. We recall from Example (2.12) that the

Auslander-Reiten quiver I'(mod A) of A admits a standard stable tube T
of rank 2 of the form

\\f\/‘l
\/\/\I

\\f\/‘l

Thmn
NEny

\/\f\l

where the indecomposable modules are represented by their composition
factors (see (I.3.10)) in the extension subcategory EXT4(E,S) of mod A,
and one identifies them along the vertical dotted lines. In particular, the
R-modules S and FE are orthogonal bricks in mod A and (E, S) is a T4-cycle,
that is, T4 F =2 S and 745 & F.

Now we show that (E,S) is a Tg-cycle, that is, TR F = S and 7S = E.
Observe that the module S = S(3) admits the minimal projective presen-
tation

P(1) & P(2) —— P(3) S(3) 0

in mod R. Applying the Nakayama functor vr = DHompg(—, R) and using
the isomorphism vr P(a) = I(a), for any vertex a € g, we get, by (IV.2.4),
an exact sequence
0——7rSB)——I1)®I(2) —— I(3)
in mod R. Hence, TrS(3) = E = 745(3).
Note also that the minimal projective presentation of E in mod R has

the form

P3)——P(B)® P(4) ——E——0
and Kerm 2 P(3)/5(3). Applying the Nakayama functor vg yields a left
exact sequence

0 TrRE 1(3) I(5) @ 1(4)

and hence TpE 2 S(3) X 14 FE.
Because the R-modules S = 5(3) and E are orthogonal bricks in mod A
they are also orthogonal bricks in mod R and we can form the extension
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subcategory EXTr(E,S) of mod R that is abelian, exact and closed under
extensions in mod C, by (2.1). It follows that

Er = EXTR(E,S) = EXTA(E, S),

because the subcategory mod A < mod R of mod R is closed under exten-
sions. In particular, g consists entirely of A-modules and every simple
object in &g is isomorphic to E or to S. It follows that almost split se-
quences in mod A starting from indecomposable modules lying in 7 remain
almost split in mod R and all indecomposable summands of their terms lie
also in 7. Hence we conclude that the standard stable tube T of I'(mod A)
remains a standard stable tube T of I'(mod R).

Now we show that the tube 7 of I'(mod R) is not self-hereditary, by
proving that Ext%(E,S) # 0. By applying the functor Homg(—, S) to the
short exact sequence

0——P(3)/S(3) —— P(5) ® P(4) —— E——0

we derive an isomorphism
Ext%(E,S) = Exth(E, P(3)/5(3)).
Because the canonical exact sequence

0—S(3) P(3) —"— P(3)/S(3) ——0

in mod R does not split then ExtL(E, P(3)/S(3)) # 0 and, consequently,
Ext%(E, S) # 0.
The preceding two short exact sequences give a minimal projective pre-
sentation
0 S(3) P(3) P(5)® P(4) ——E-—0
of length 3 of the module E. Hence, using the minimal projective presen-
tation of S(3), we get a non-split exact sequence

0— = E—P1)aP2) P(3) S(3) 0

in mod R. By combining these two exact sequences, we get a periodic
infinite minimal projective resolution of the module E. This shows that
gl.dim R = co. One can also show that the algebra R is self-injective, see
Section V.3. This finishes the example.
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X.5. Exercises

1. Under the notation and assumption of (2.2), show that:

(a) if f : E;[j] — FEk[l] is a homomorphism, which is a composition of
t homomorphisms of the form p,s followed by the homomorphisms
of the form w.s, then there is an isomorphism Im f = E;[j~t], and

(b) if Hom (E;[j], Ex[l]) #0, then i <k <i+j—landi+j—k < 1.

2. Let M be an indecomposable regular module over an arbitrary algebra
A lying in a standard stable tube of I'(mod A). Show that there exist an
integer m > 1 and an isomorphism of K-algebras Enda M = K[t]/(t™).
Hint: Apply (2.6) and (2.7).
3. Let A = KQ be the path K-algebra of the following quiver
2 3
O — O
/! N

Q: 10 04.
N\ v

O<—— O
6 5

(a) Show that the following four indecomposable A-modules

K——0 0 ——0
a N
Ei= 0 0, Ey= K 0,
hV v 1\ v
0 «—0 K+———0
0—— 0 00— K .
A N a N
E3: O 0) E4: 0 K,
hV v e v
0+—K 0+———0

(viewed as the representation of the quiver @) form the mouth of a
standard stable tube 7j of I'(mod A) of rank 4 such that 7E4 & Ej3,
TE3 = E27 TEQ = El, and TE1 = E4.

(b) Show that the following two indecomposable A-modules

K- K 0 —— 0

I
=
o
&
Il
o
=

Iy
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form the mouth of a standard stable tube 7; of I'(mod A) of rank 2
such that TF2 = Fl, and TF1 = FQ.
(¢) Show that the following indecomposable A-module
L KoK
/! N
R= K K,
1\ 1
K % K

forms the mouth of a standard homogeneous tube T of I'(mod A).

4. Let n > 1 be an integer and let C' = C(n) be the path algebra of the
following acyclic quiver

0o On

AN\ v

o o) ]
1 2 n—1

of the Euclidean type A,. Note that the algebra C'(1) is isomorphic to the

K 0
the Kronecker algebra [ K2 K]'

(a) Show that the simple C-modules
E1 = S(l), E2 = 5(2), cee ,En,1 == S(TL - 1),

together with the indecomposable C-module
1

B= K /

0 0 0

lr{

(viewed as the representation of the quiver A(n)) form the mouth
of a standard stable tube 7y of I'(mod C) of rank n.
(b) Show that the indecomposable C-module
0

F =
RK ; K ; ; Klﬁ

forms the mouth of a standard homogeneous tube 7; of I'(mod C).
(¢) Show that the indecomposable C-module
1
=\ A

1 1 1

forms the mouth of a standard homogeneous tube T3 of I'(mod C').

K

K
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5. Let A = K@ be the path K-algebra of the following quiver

of the Euclidean type Ds.

(a) Show that the simple A-modules S(3), S(4), and the indecomposable
A-module

(viewed as the representation of the quiver @) form the mouth of a
standard stable tube 7g of T'(mod A) of rank 3 such that 7.5(3) = E,
T7S5(4) = 5(3), and TE = S(4).

(b) Show that the following two indecomposable A-modules

form the mouth of a standard stable tube T; of I'(mod A) of rank 2
such that 7F} =2 F, and 7F, & F.
(¢) Show that the following two indecomposable A-modules

form the mouth of a standard stable tube 75 of I'(mod A) of rank 2
such that TRy = Ry and TRy = R;.

6. Let B be the path K-algebra of the following quiver

1 4
o o
N AN
o 06
e 3 S
5 5

bound by the commutativity relation ay = 34.
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(a) Show that the following three indecomposable B-modules

0 K K 0
NN NN
E, = K 0, Ey= K 0,
Yoo N
K 0 0 K
0 0
NN
Es = 0
v N
0 0

form the mouth of a standard stable tube Ty of I'(mod B) of rank 3
such that 7E; = FE3, TFEy = Ey, and TE3 = Fs.
(b) Show that the following two indecomposable B-modules

0 K K 0
NN NN\
F = K K, F= K 0
oy 1 Vo<
0 K K 0

form the mouth of a standard stable tube 77 of I'(mod B) of rank 2
such that 7F; & F5 and 7Fy & FY.
(¢) Show that the following two indecomposable B-modules

K K 0 0
NEOLSONS N\
K K, Ry = K
1/ 1N 1 2 / \/0
K K 0 0

R’

form the mouth of a standard stable tube 73 of I'(mod B) of rank 2
such that TRy &2 Ry and 7Ry & R;.

7. Prove that the algebra C = KA/T of Example (4.9) is self-injective.
8. Let A be the path K-algebra of the following quiver

e'e)
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bound by the three relations a? = 0, 82 = 0, and a3 = Ba. For each integer
d > 1, denote by E[d] the A-module

e GO

where the K-linear endomorphisms fg, (@ f () g2y K2 gpe given,
in the canonical basis of K? = K4@ K?, by the 2d x 2d square matrices

(d) _ <d> 010
fa E}—} and |:Jd0 0 }

Here E={001... 0| € My(K) is the d x d identity matrix and

01 0 ..0O
00 1 ..00
Jd,OZ EMd(K)
0.. 0 O 1
0.. 0 O0O0O

is the the d x d Jordan block correspondlng to the eigenvalue A = 0.
Prove that:
( ) there is a K-algebra isomorphism A = K[t,t]/(t3,13),
( ) the A-module E[d] is indecomposable, for each d > 1,
(d) the Auslander-Reiten quiver I'(mod A) of A admits a homogeneous
stable tube 7, with the unique ray of the form

E[1ll—E[2l —E[3] — ... —E[d| — E[d+1] — ...,
(e) the exact sequence 0— E[1]—= E[2] 2+ E[1]—0 is almost split in

mod A, where u : K?—K* and p : K*—K? are the linear maps
10

given by the matrices u = [8 (1)] and p=[34§09],
00

(f) the endomorphism h : E[2]— E[2] defined by the linear map h :
K*—K* (21,79, 73,74) — (0,0,0, 1), has a factorisation through
the unique simple A-module S and belongs to rad (E[2], E[2]),

(g) the homomorphism v = u + hu : E[1]—E[2] is an irreducible mor-
phism in mod A, the composition pv = phu of p and v is non-zero,
and pv € rad (E[1], E[1)),

(h) the tube T is not standard.



Chapter XI

Module categories over concealed

algebras of Euclidean type

The main aim of this chapter is to describe the structure of the cate-
gory add R(B) of regular modules over a (representation-infinite) concealed
algebra B of Euclidean type, and hence the structure of the whole cate-
gory mod B of finite dimensional right B-modules over such an algebra B,
because of the disjoint union decomposition

I'(mod B) = P(B) UR(B) U Q(B)

of the Auslander—Reiten quiver I'(mod B) of B, where P(B) is a unique
postprojective component containing all the indecomposable projective B-
modules, Q(B) is a unique preinjective component containing all the inde-
composable injective B-modules, and R(B) is the family of the remaining
components being called regular (see (VII1.2.12), (VIIL.4.5) and Chapter X).

In particular, we show that the category add R(B) over a concealed al-
gebra B of Euclidean type is abelian and serial, and the family R(B) of
regular components of the Auslander—Reiten quiver I'(mod B) of B is a
disjoint union of a family

T5 = {TB}rer

of pairwise orthogonal standard stable tubes 7y, all but a finite number of
them being homogeneous.

We recall that B is a concealed algebra of Euclidean type if B is the
endomorphism algebra of a postprojective tilting module over a hereditary
algebra A = KQ of Euclidean type.

In Section 1 we collect the main properties of the Coxeter transforma-
tion ®4 : Ko(A) —— Ky(A) of a hereditary algebra A = KQ of Eu-
clidean type @, where @ = (Qo, Q1) is an acyclic quiver, whose underly-
ing graph @ is one of the Euclidean diagrams &m, ]ﬁ)m, IEG, ]E7, IEg, and
Ko(A) is the Grothendieck group of A. In particular, we prove the pe-
riodicity of the action @, : Ko(A) —— Ko(A) induced by ®4 on the
quotient group Ko(A) = Ko(A)/rad g4 of Ko(A) modulo the radical rad g4

51
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of the Euler quadratic form g4 : Ko(A) —— Z of the algebra A. This
allows us to introduce the concept of a defect

aA : K()(A) — 7

of A, being an important tool for the study of the module category mod A
of a hereditary algebra A of Euclidean type.

In Sections 2 and 3 we collect main properties of the category add R(A)
of regular modules over a hereditary algebra A of Euclidean type, and then
of the category add R(B) over a concealed algebra B of Euclidean type.
In particular, we prove that, given an indecomposable A-module M, the
following holds:

e M € P(A) if and only if 94(dim M) < 0.
e M € R(A) if and only if 94(dim M) = 0.
o M € Q(A) if and only if 04(dim M) > 0.
In Section 4 we study in detail the case when A = K@ and @ is the
Kronecker quiver

10— —o 2

of the Fuclidean type A; and we give a complete description of the cat-
egory of finite dimensional indecomposable modules over the Kronecker
K-algebra
a=% 7]
K? K

In other words, we give a solution of the well-known Kronecker problem,
that is, the problem of classifying the indecomposable K-linear representa-
tions of the Kronecker quiver o ¥——o.

In Section 5 we prove a useful characterisation of concealed algebras of
Euclidean type, that we frequently use in Chapter XII.

XI.1. The Coxeter matrix and the defect of
a hereditary algebra of Euclidean type

Throughout this section, we denote by
A=KQ
the path K-algebra of an acyclic quiver @), with n points, whose underlying

graph Q is one of the Euclidean graphs listed below. They are also called
Euclidean diagrams.
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The Euclidean graphs

o 0O—- -+ —0 o
o 0]
]]S)m \o o— .:—o0 o/ m >4
e N
o
Eg o
o o O o) o
e
Er
o o ] o) o ] ]
]
Es
o o ) (] o o (] o)
The Euclidean diagram 1&1 : oo is called the Kronecker

graph, or Kronecker diagram.

We recall from (VIII1.2.2) that an indecomposable A-module M is called
postprojective (or preinjective) if M belongs to the postprojective com-
ponent P(A) (or to the preinjective component Q(A), respectively). Our
objective is to describe the additive full subcategory add R(A) of mod A
whose objects are the regular modules, that is, finite direct sums of in-
decomposable modules that are neither postprojective nor preinjective (see
(VII1.2.12)). In particular, we describe the shape of the regular components
of T'(mod A).

We recall from (II1.3.5) of Volume 1, that the Grothendieck group Ko(A)
of the algebra A = KQ is isomorphic to the free abelian group Z™, where
n = |Qo|. As usual, we denote by eq,... ,e, the canonical Z-basis of Z".
We know from (IT1.3.11) that under the isomorphisms Ko (A) = ZI@! = 7",
the Euler quadratic form

qa " —— 17
of the algebra A is defined by the formula
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x1

ga(x) = x(C;")'%, with x = [

T,

where C4 € M, (Z) is the Cartan matrix of A = KQ and C" is the transpose

of a matrix C. Note that, because the quiver @ is acyclic, the Cartan matrix

C, is invertible in M, (Z), that is, the inverse C;‘l of C4 has integral
coefficients.

We recall from Section VII.4 that, under the group isomorphisms
Ko(A) = ZIQl = 7" the Euler form g4 : Ko(A) —— 7Z is equal to the
quadratic form gq : Z" —— Z of the graph @, the form g4 = ¢ is positive
semidefinite of corank 1, and the radical

radga = {z € Ko(A); ga(z) = 0}

of q4 is an infinite cyclic subgroup of Ko(A) = Z™ of the form

] = [xl, - 7xn]t ez” = KO(A)’

rad qgA = Z - hQ7
where hg € Z" is the positive vector
1 1 1
Y 22 193,y 123i321 and 9ufsaz0n (1.1)
in case Q is the graph &m, f)m7 IE(;, ]E7, and Eg, respectively, see (VI1.4.2).
We note that at least one of the coordinates of hg equals 1.
For each vector x € Z™, we have ga(x) = (x,X) 4, where

Ny /By ——

is the Euler (non-symmetric) Z-bilinear form defined in terms of the Cartan
matrix C4 of A by (x,y)a = x'(C ")y, for x,y € Z". We also recall from
(II1.3.14) that the Coxeter matrix ®4 of A is the matrix

o, =-CLC,' e M,(Z).

Because, by (I11.3.10), C4 € Gl(n,Z), then we have ® 4 € Gl(n,Z) as well.
Here Gl(n,Z) = {A € M,,(Z); det A € {—1,1}}, is the general linear group
over Z. The group homomorphism

D,y:2" —— 71"

defined by the formula ®4(x) = ®4 - x, for all x = |27 ... z,|" € Z", is
called the Coxeter transformation of A.

It follows from (VIL.4.7) that the Coxeter matrix ®4 of A = KQ is the
matrix of the Coxeter transformation ¢ : Z" —— Z™ of the quiver @ in
the canonical basis of Z™, where

€ =Sq, ---SaySay : L' ———— 1"
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is defined with respect to a fixed admissible numbering a4, ... ,a, of the
points of the quiver @), and s,, : Z" ——— Z" is the reflection homomor-
phism with respect to the point a; of Q. We recall from (VIL.4) that the
Coxeter transformation ¢ does not depend on the choice of the admissible
sequence ai, ... ,an, because the quiver @ is acyclic. However, as shown
in Examples (1.6) and (1.7) below, the Coxeter matrix ®4 of A = KQ
depends on the orientation of the quiver Q.

The Coxeter matrices ® 4 of the path algebras A = KA of canonically
oriented Euclidean quivers A are presented in Section XIII.1.

Throughout we identify the group homomorphism ¢ : Z" —— Z" with
the Coxeter transformation ® 4 : Z" — Z".

We start with a result for an arbitrary acyclic quiver.

1.2. Proposition. Let Q be an arbitrary acyclic quiver, A = KQ be the
path K-algebra of Q and let ® 4 : Z" —— Z'™ be the Coxeter transforma-
tion of A. If M is an indecomposable A-module which is not postprojective
then, for each m > 0, we have

dim "M = ®7(dim M).

Proof. Assume that M is an indecomposable A-module which is not
postprojective. By (VIIL.2.1), for each m > 0, the module 7™M is non-zero
and non-projective. It follows that Hom 4 (M, A) = 0, because the algebra A
is hereditary. Then the equality dim 7™M = ®(dim M) is a consequence
of (IV.2.9). O

1.3. Proposition. Let QQ be an acyclic quiver whose underlying graph
1s Buclidean, let A = KQ and let ® 4 : Z" ——— Z™ be the Cozeter trans-
formation of A, where n = |Qo| and Z™ = ZI?| = Ky(A).

(a) Ifqa : Z" ——Z is the Euler form of A and hg € Z™ is a positive
generator of the group rad ¢4, then ® s(hg) =hg and @ 4(radga) =
radqa.

(b) There exists a least d = dg > 0 such that, for each x € Z", we have
®4(x) —x €radqa.

Proof. Let h = hg € Z" be the positive generator of the group radga,
see (1.1).

(a) Because the Coxeter matrix ® 4 is the matrix of the Coxeter trans-
formation ¢ : Z" — Z™ and (VIL.4.11) yields ¢(h) = h, then ®4(h) =h
and (a) follows.

(b) We consider the quotient group Ko(A) = K¢(A)/Z-h of the Grothen-
dieck group Ky(A) = Z" of A modulo the subgroup Z-h = rad g4, where h =
hg, is the positive generator of rad g4, see (1.1). Let m : Ko(A) —— Ko(A)
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be the canonical group epimorphism defined by the formula 7(v) = v :=
v+ Z - h, for each v € Ky(A). Because the canonical group embedding
Ko(A) = Z" — Q" induces an embedding K(A) —— Q"/Q-h = Q!
of abelian groups and the group K((A) is generated by the cosets €1, ... ,€,
of the canonical Z-basis vectors ey, ... , e, of the group Ky(A4) = Z", then
the group Ky(A) is torsion-free of rank n — 1; that is, there is a group
isomorphism Ko(A) = Z"~ 1.

The Coxeter transformation ® 4 : Ko(A) —— Ko(A) of A induces the
group automorphism

EA : K()(A) — K()(A)

defined by the formula ®4(7) = ®4(v), for each v € Ky(A), because
P4(h) = h and radgy = Z - h is an P 4-invariant subgroup of Ky(A).
Moreover, the Euler (non-symmetric) Z-bilinear form bs(—, —) = (—, —)a :
Ky(A) x Ko(A) —— Z of the algebra A induces the Z-bilinear form

ba(—,—): Ko(A) x Ko(A) —— 7Z

defined by the formula ba(v,w) = ba(v,w), for each pair of vectors v, w €
Ko(A) =Z"™, because (h,h) 4 = ga(h) = 0. Consequently, the map

qA : KO(A) — 7

defined by the formula g4 (v) = ba(v,7) = ba(v,v) = qa(v), for each v €
Ko(A) = Z", is a quadratic form on the group Ko(A) = Z"~ 1.

By our assumption, the quiver @ is acyclic and the underlying graph Q
of Q is Euclidean. It follows that the quadratic form g, : Z" ! ——Z is
positive definite, because G 4(7) = ga(v) > 0, for each v € Ky(A) = Z", and
the equality g4 (7) = ga(v) = 0 yields v € rad g4 = Z - h, that is, 7 = 0.
Hence we conclude that the set

R={v€ Ko(A); 7(v) =1} C Ko(A)=2Z"""

of all roots of the quadratic form g4 is finite, because one shows that the
Euclidean norm |[v|| of any vector v € R (viewed as a vector of the Euclidean
space R"~1) is bounded by ﬁ, where p = inf{g 4 (u); v € R" 1, ||ul| = 1}is
the minimum of the values g4 (u) of the quadratic function g, : R*~! — R
restricted to the unit sphere "2 = {u € R"™1, ||u|| = 1}; compare with
(VIL.3.4) and its proof, see also Exercise (XI.6.1).

Now we show that the finite subset R of Ko(A) = Z"~! is ® 4-invariant,
that is, ®4(R) = R. For, if v € R then

G4(®A(0) = qa(Pa(v)) = qa(v) =74 (0) =1,

because the definitions of g4 and of the Coxeter matrix yield
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ga(®a(x) = Pa(x)" - (CL1)" - Pa(x)
:(¢A~x)t~(C;‘1)t~<I>A~x
=x"- @, (CH - P4 x
=x'(=Cy-C)"-(C1)" - (-CLCL) -x
=x'-(C3N)" x = qa(x),

for each vector x € Z" = Ky(A), see (I11.3.16). It follows that G, (®4 (X)) =
G 4(X), for any vector X € Z"~! = Ky(A).

The cosets €1, ... ,€, € Ky(A) of the canonical Z-basis vectors eq, ... , e,
of the group Ky(A) = Z" are roots of the quadratic form g4, because
Ga(€j) = qalej) = 1, for j = 1,...,n. In other words, the vectors
€,...,e, belong to the set R.

It follows that the group automorphism ®4 : Ko(A) —— Ko(A) is of

finite order dg > 2, because the finite set R is ® 4-invariant and contains

the set {€1,... ,€,} of generators of the group Ky(A). If we set d = dg then

Ei (v) =, for each v € K((A), and it follows that, for any x € Z"™ = Ky(A),
the vector ®%(x) — x belongs to Z-h = rad 4. This finishes the proof. O

From now on, we denote by dg = da the least integer d > 1 satisfying
the condition of (1.3)(b). This allows us to introduce an important concept
of defect of A.

For this purpose, we note that by (1.3)(b), for each x € Z" = Ky(A),
there exists an integer d4(x) € Z such that

392 (x) = x + da(x) - h,

where A = K(Q is the path algebra of a Euclidean quiver ) and hg € Z" is
the positive generator of the subgroup rad g4 of Z™, see (1.1).

A straightforward computation shows that the function 94 : Z" —7Z
thus defined is an abelian group homomorphism (Z-linear). We are thus led
to the following definition introduced by Gelfand and Ponomarev in [97] for
the four subspace type quiver }5)4, and extended by Dlab and Ringel in [63]
to arbitrary path algebras of quivers whose underlying graph is Euclidean.

1.4. Definition. Let ) be an acyclic quiver whose underlying graph is
Euclidean. Let A = K@ be the path algebra of Q, n = |Qo|, let Ko(A) = Z"
be the Grothendieck group of A,

(I)A : Ko(A) —)KQ(A)

be the Coxeter transformation of A, hg € Z™ be the positive generator of
radga (see (1.1)).
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(a) The defect number dg of @ is the least integer d > 1 satisfying
the condition of (1.3)(b). The defect number d4 of the Euclidean
algebra A = K@) is defined to be the defect number d4 = dg of the

quiver Q.
(b) The defect of the algebra A is the abelian group homomorphism

042" ——Z
such that ®%* (x) = x + da(x) - hg, for any x € Z", where da = dg
is the defect number of A.

Now we show that the defect 04 : Z™ — Z is a ® 4-invariant homomor-
phism.

1.5. Lemma. Let Q be an acyclic quiver whose underlying graph is Eu-
clidean. If 0p : 2" —— 7 is the defect of the path algebra A = KQ and
Ko(A) = Z"™ is the Grothendieck group of A, then 04(x) = 0a(P®a(x)), for
any x € 2.

Proof. Let h = hg € Z" be the positive generator of the group rad g4
and d = dg the defect number of Q. By (1.3)(a), we have ®4(h) = h, and,
hence, we get the equalities

P 4(x) + 0a(®a(x)) - h = 24(Pa(x))
=&, P4 (x)
= ®4(x) + 0a(x)®a(h)
=P 4(x) +0a(x) - h.
The statement follows. |

The following two examples show that the defect 04 and the Coxeter
transformation ® 4 : Ko(A) —— Ky(A) of the path algebra A = KQ of a
Euclidean quiver ) depend on the orientation of (.

1.6. Example. Let A be the path algebra of the quiver Q

"
N

as in (X.2.12). We show that the defect 94 : Z° —— Z of A is defined by
the formula 04(x) = x5 + x4 — x2 — 1.

First we note that (1,2,3,4,5) is an admissible ordering of the vertices
of @ and, by (VIL.4.7), the Coxeter matrix ® 4 of A = K@ is the matrix of
the Coxeter transformation ¢ = s5s4838951 : Z° —— Z5 of the quiver Q
in the canonical basis of Z°.
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We easily compute, as in (VIL.4.7), the matrices of the reflections
s; 1 Z° — 75, with 1 < i < 5. It follows that the matrices of s1, 59, 53, 54, 55,

in the canonical basis e1, ... ,e5 of Z°, are of the form
(=1 01007 1 0 0007 10 0 00
0 1000 0—1 100 01 0 00
sg=1| 0 o100, so=10 0 100], s3=|11-1 11/,
0 0010 00 010 00 0 10
L 0 0001 Lo 0 001] 00 0 01
r100 0 07 r1000 0 T
010 0 0 0100 0
s4=|001 0 of, S5= /0010 0
001—-1 0 0001 0
Looo o 1] L0010 -1 |
Hence the Coxeter matrix ® 4 = s5548382571 is given by
-1 0 100
0 —1 100
Py =|-1 -1 111
-1 -1 101
-1 -1 110

It follows from (VIL.4.2) that radgg = Z - h, where h = hg = 121 is the
positive generator of the group rad ga, see (1.1). By applying ®4 to the
basis vectors, we obtain

‘1’124(61) = €] — h7 <I>124(e2) — €2 — h, ‘1’34(83) = e3,

{)?4(64) :e4+h, 4)124(65) :e5+h, @B(e5) — €5 QZh

We can also compute the Coxeter matrix ®4 = —C?, - C;ll of A by using
the Cartan matrix of A and its inverse:
10111 10-1 0 0
01111 L 01-1 0 0
Chp= 00111, C, =001 -1 -1
00010 00 0 1 0
00001 00 0 0 1

Thus, ifx = r1€1 + Toes + T3€3 + r4€y + I5€e5, We gCt
®4(x) =x+ (x5 + 24 — 29 —21) - h.

It follows that dg = 2 and the defect 94 : Z° ——7Z of the algebra
A is given by the formula 0a(x) = x5 + x4 — x5 — 21, for any vector
X = [1}1,I27$37l‘4,$5]t € Z5'

Now we show that the Coxeter transformation ® 4 and the defect 94 of
the path algebra A = K@ depend on the orientation of the quiver Q.

1.7. Example. Let Q' be the quiver

N
N
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obtained from the quiver @ of Example (1.6) by reverting the orientation
of the two arrows ending at the points 1 and 2. It follows that the path
algebra B = K@Q' of Q' is isomorphic to the algebra

KOKOO
0KKO O
B=|loo0oKo0o
00KKDO
00KOK
Then the Cartan matrix Cg of B and its inverse Cgl have the forms
10000 1 0 0 0 0
01000 . 01 0 0 0
Cg=|11111 and Cz = |-1-1-1-1-1
00010 00 0 1 0
00001 00 0 0 1
Hence the Coxeter matrix ®5 = —Cl; - Cgl of B is of the form
01-111
10-111
Pp=|11-111
11-101
11-110

Note also that (3,4,5,2,1) is an admissible ordering of the vertices of @’ and,
by (VIL4.7), ®p = s152558453, for the reflections s1, s9, s3, 4, 85. Recall
also that rad qg: = Z - h, where h = hg = 121 is the positive generator of
the group rad¢g, see (1.1). By applying the matrix ®p5 to the canonical
basis vectors, we obtain

@23(81) = €] + h7 (I)QB(GQ) = €9 —+ h, @23(63) = e3 — 2h,

®%(e4) = ey +h, Pp(es) =es;+h, ®p(es) —es €Z-h.
Then, for any x = |21, 72, T3, 24, 75]" € Z5, we get

®Z(x) =x + (21 + 22 + 24 + 5 — 223) - h.

It follows that dg =2 and the defect 9 : Z°—7Z of B is given by the formula
Op(x)=mx1 + 29 + 24 + 25 — 223, for any vector x =[xy, T2, T3, 14, 5]" € Z°.
In particular, we get ® 4 # ®p and 04 # Jp, where A = K(Q is the algebra
of Example (1.6).

XI.2. The category of regular modules over
a hereditary algebra of Euclidean type

We now recall from (VIII.2.12) that, for a representation-infinite hered-
itary algebra A = K@ as in (1.3), the Auslander—Reiten quiver I'(mod A)
of A is the union of the postprojective component P(A), the preinjective
component Q(A), and the union R(A) of regular components. We may
visualise the shape of I'(mod A) as follows.
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2.1. Figure

P(A)

By (VIIL.2.9), the regular part R(A) of I'(mod A) is not empty, and it
follows from (VIIL.2.13) that, in the above picture, the non-zero homomor-
phisms can only go from the left to the right, that is, we have

Homy (R(A),P(A)) =0,Hom(Q(A),P(A))=0 and Hom4(Q(A),R(A))=0.
We also recall from (VII1.2.14) that the mutually inverse equivalences

mod A <i—1 mod A,

(IV.2.11) induced by the Auslander—Reiten translations 7 and 771, induce
mutually inverse equivalences of categories

add R(A) ———— add R(A), (2.2)

where add R(A) is the full subcategory of mod A whose objects are all the
regular A-modules.

Now we characterise the components of I{mod A) in terms of the defect 04.

2.3. Proposition. Assume that Q is an acyclic quiver whose underlying
graph is Fuclidean. Let A = KQ be the path algebra of Q, let 04 : 2" — 7
be the defect of A, and let M be an indecomposable A-module.

(a) M € P(A) if and only if 04(dim M) < 0.
(b) M € R(A) if and only if 04(dim M) = 0.
(¢) M € Q(A) if and only if da(dim M) > 0.

Proof. Let ®4 : Z" ——7Z" be the Coxeter transformation of A,
where n = |Qo|, let h = hg € Z™ be the positive generator of the group
rad ga, see (1.1).

Assume that the indecomposable module M is not postprojective. It
follows from (1.2) that, for any m > 0, we have

dim 7™M = &7 (dim M).
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Suppose now d4(dim M) < 0. Applying (1.5), we get
0A(dim 7" M) = 04(®} (dim M)) = 04(dim M) < 0
for any m > 0. On the other hand, for any s > 1, we have
dim M = ®5!(dim M) = dim M + s - da(dim M) - h,
where d = dg, see (1.4). Hence we obtain the inequalities

dim M > dim %M > ... > dim 7'M > dim 7CTVIN >

and we get a contradiction with the inequality dim 75¢M > 0, for any s > 1.
Therefore, d4(dim M) > 0. On the other hand, if M belongs to Q(A), then
04(dim M) > 0. Indeed, if we assume to the contrary that 94 (dim M) = 0,
then

dim 7M = &9 (dim M) = dim M + d4(dim M) - h = dim M,

and we get a contradiction to the fact that all indecomposable modules in
preinjective components are directing (by (IX.1.1)) and hence are uniquely
determined, up to isomorphism, by their dimension vectors (by (IX.3.1)).
Dually, we have 04 (dim M) <0, for any M in R(A), and 94 (dim M) <0,
for any M in P(A). In particular, d4(dim M) = 0, for any M in R(A). O

2.4. Proposition. Let Q be an acyclic quiver whose underlying graph
is Euclidean, and let A = KQ. The full subcategory add R(A) of mod A is
abelian and closed under extensions.

Proof. Let U, V be two objects from add R(A), and f : U —V be a
non-zero homomorphism. We first claim that Im f € add R(A). Indeed, let
M be an indecomposable summand of Im f. There exist indecomposable
summands L of U and N of V, respectively, such that Homa (L, M) # 0
and Hom 4 (M, N) # 0. By (VIIL.2.13), this implies that M belongs to R(A).
Therefore, Im f, being a direct sum of indecomposable regular modules, is
itself regular. In particular, 04(dimIm f) = 0, where 04 : Z" —— Z is
the defect of A, n = |Qol, and we identify Z™ with the Grothendieck group
KQ (A) of A.

The short exact sequence

0—Kerf—U-—Imf—0
gives that dim Ker f = dim U — dim Im f. Hence we get

da(dimKer f) = d4(dimU) — 94(dimIm f) = 0.
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Let M be an indecomposable summand of Ker f, then Hom(M,U) # 0.
By (VIIL.2.13), this implies that the module M is postprojective or regu-
lar. By (2.3), 0a(dim M) < 0. Because this holds for any indecompos-
able summand M of Ker f, the vanishing of 94(dimKer f) implies that
04(dim M) = 0 for any such direct summand, which is therefore regular;
hence, so is Ker f. Similarly, the short exact sequence

0 — Imf—V — Coker f —0
gives that Coker f is regular. 0

The above proposition allows us to introduce an important numerical
invariant of regular A-modules.

2.5. Definition. Let ) be an acyclic quiver whose underlying graph is
Euclidean, and let A = KQ@Q. A non-zero regular A-module E having no
proper regular submodules is said to be simple regular. Then, for any
regular module M, there exists a chain

M=MypM 2...2M =0

of regular submodules of M such that M;_;/M; is simple regular for any ¢
with 1 <4 <, and [ is called the regular length of M, which we denote
by ré(M).

We need two more definitions.

2.6. Definition. Two components C and C’ of the Auslander—Reiten
quiver of an algebra A are said to be orthogonal if Homy4(C,C’) = 0 and
Homy (C',C) = 0, that is, Hom(C,C’) = 0 and Hom4(C’,C) = 0, for any
module C' in C and any module C” in C'.

2.7. Definition. The category add R(A) is said to be serial if every
indecomposable object of add R(A) is uniserial.

We are now able to prove the main result of this section.
2.8. Theorem. Let Q be an acyclic quiver whose underlying graph is

Euclidean, and let A = KQ.

(a) The components of R(A) form a family T* = {T*}xen of pairwise
orthogonal standard stable tubes 7;\A.
(b) The category add R(A) is serial.
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Proof. By (VIIL.2.14), the Auslander—Reiten translations 7 and 77! in-
duce mutually inverse self-equivalences of the abelian subcategory add R(A)
of mod A. Thus, they preserve the regular length of objects in add R(A).

Let E be a simple regular module. The 7-orbit

OF)={r"E|mecZ}

of E consists of simple regular modules. We claim that O(F) is a finite
set. Indeed, suppose that the modules 7" F, with m € Z, are pairwise non-
isomorphic. Then Homa(7°F,7'E) = 0 whenever s # t, because 7°F and
7tE are non-isomorphic simple objects of add R(A). Consider the regular
module

M=EsrEerEs®...0r""E,

where n = |Qp|. Then Hom4 (M, 7M) =0, and M is the direct sum of n+1
pairwise non-isomorphic indecomposable A-modules. Because n > 2 is the
rank of the Grothendieck group Ky(A) of A, this contradicts (VIIL.5.3).
Thus O(E) is finite, that is, there exists a positive integer r such that O(E)
consists of the modules

E.=E,E,_,=7E,..., B, =7"'F

(so that 7By = 7"F = E = FE,). Because Ei,... ,E, are simple regular
modules, it follows from Schur’s Lemma (I1.3.1) that their endomorphism
algebras are division K-algebras, and consequently are equal to K, because
K is an algebraically closed field. Thus FE1, ..., E, are bricks. Moreover,
Ext%(—,—) = 0, because A is hereditary. It follows from (X.2.1) that
E = EXTy(EL,... ,E,) is an abelian subcategory of mod A, and clearly
also of add R(A), whose indecomposable objects are uniserial and form a
component T¢ of mod A, which is a standard stable tube of rank r.

We have proved that I'(mod A) contains a family T4 = {T;}ea of
standard stable tubes such that the modules lying on the mouth of the
tubes T)\A, with A € A, form a complete family of the simple objects in
addR(A). Observe also that, if M and N are indecomposable modules
lying in two different tubes, then M and N have pairwise distinct simple
regular composition factors. Hence Homy4 (M, N) = 0. Thus the tubes in
the family 7% = {7"}rea are pairwise orthogonal.

Let now L be an arbitrary indecomposable regular A-module. Then there
exists a chain of regular submodules L = Lo D Ly D ... D L; = 0, with
L;_1/L; simple regular, for each ¢ such that 1 < ¢ < [. Consequently,
L belongs to one of the tubes T2, Hence the stable tubes in the family
T4 = {T}en are all the regular components of T'(mod A). O
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We notice that, if M is an indecomposable regular module lying in a
tube Tg, with & = EXTA(E, ..., E,), then there exist i and j such that
1<i<r j>1, and M = E;[j]. In this situation, r¢(M) = j, and the
modules Fi,... , F, are simple regular.

The preceding theorem gives no information on the ranks r, of the stan-
dard stable tubes T, with A € A, in I'(mod 4). We now show that almost
all of them are homogeneous (that is, of rank one).

2.9. Proposition. Let QQ be an acyclic quiver whose underlying graph
18 Buclidean, let A = KQ, and let

T4 = {T hrea
be the family of the standard stable tubes in T'(mod A) as in (2.8).
(a) If, for each A € A, r{! > 1 is the rank of the tube T in R(A), then

Z(Ts\qfl) S n— 23
AEA
where n = |Qo].
(b) All but finitely many of the tubes T in R(A) are homogeneous, and
there are at most n — 2 non-homogeneous tubes Ty .

Proof. Consider the subset Ag = {\ € A | r{! > 2} of A. We claim that
Ao has at most n elements. Indeed, assume to the contrary that |Ag| >
n+1, and let A\1,..., Ay, App1 be pairwise distinct elements of Ag. For each
ie{l,...,n+1}, 1let E; € 7;‘? be a simple regular module, and let

E=F&...® Epi1.

Because each 7}\‘? is a standard stable tube of rank at least two, then we have
Hom 4 (E;, TE;) = 0. Moreover, Homy (E;, TE;) = 0, for ¢ # j, because the
tubes ’T)\‘?, . ,’TA‘?LH are pairwise orthogonal. Therefore, Hom 4 (E,7E) = 0,
and we get a contradiction with (VIIL.5.3). Hence |Ag| < n and, without
loss of generality, we may assume that Ag = {1,... ,m}, where m < n.

We next prove that > (r{~1) < n — 1. For each i € {1,... ,m}, we
A€EA
choose a ray

Wi rs—1

Ei[1] 2 E;[2] X% B3] — -+ — Eji[ry — 2] —— Ej[ri-1]

in 7,4, with E;[1] lying on the mouth of 7;#4, and we set

M =

i

E;ilj].

m ri-1

1 j=1
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For each i € Ag, we have

TA

% 71 m—l
i, @ TEim) ~,
=1 j=1

Jj=

HomA(

because each of the tubes 7;* is standard. Moreover, Hom4(M,7M) = 0,
because the tubes ’7;‘4 are pairwise orthogonal. Hence, (VIIL.5.3) yields
ST (r#-1) < n. If the equality holds, then M is the direct sum of n pair-
i=1

wise non-isomorphic indecomposable A-modules, pd4 M < 1 (because A is
hereditary), and Extl(M, M) = DHoma(M,7M) = 0. By (V14.4), M
is a tilting A-module. Moreover, B = End M is a product of hereditary
algebras of Dynkin type A,a_;, with 1 < ¢ < m. Then, by (VL.5.6), M
is a separating tilting module. Because B is representation-finite, so is A.
But this contradicts the fact that A = K@ and the quiver @ is Euclidean.

m
Therefore, we get > (rf-1) <n — 1.
i=1

m

Finally, suppose, to the contrary, that 3" (r/*~1) = n — 1, and show that
i=1
this leads to a contradiction. Because M is a partial tilting module, and
M is the sum of n — 1 pairwise non-isomorphic indecomposable A-modules,
there exists, by (VI.2.4) and (VI.4.4), an indecomposable A-module N such
that T = M @ N is a tilting A-module. In particular, Homa (T, 77T) =
DExtY (T, T) = 0.

We claim that the module N is not regular. Because Ext! (N, N) = 0,
the module N does not belong to a homogeneous tube. Assume now that N
lies in 7,4, for some i € {1,...,m}. Because the tube 7;* is standard and of
rank rlA, then N must be of regular length at most 7';4 — 1. But this implies
the existence of some j € {1,...,r# — 1} such that Hom (N, 7E;[j]) # 0;
a contradiction. This establishes our claim.

Let B =EndT4. We claim that the algebra B is hereditary. We already
know that End M is the direct product of hereditary algebras of Dynkin
types ATZA717 with 1 <¢ < m. Because N is postprojective or preinjective, it
is directing, hence End N = K (by (IX.1.4)). Assume that N is preinjective.
Then Hom4 (N, M) = 0 and Hom(N,7M) = 0. On the other hand, by
(1.3), we have a short exact sequence

0—s E[j-1] % E;[j] 2% E — 0,

for each j € {2,...,r/~1}, where E = FE;;;_1[1]. Applying the functor
Hom 4 (—, N), we get an exact sequence

0 — Homa(E, N) — Hom 4 (E;[j],N) — Hom(E;[j-1], N) = ExtL (E, N).
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Because Homy (77 E;[j-1], N) = 0, and E is the simple regular top of
the module 771 E;[j-1], we have Hom4(FE,N) = 0. Also Ext!(E,N) =
DHom (N, 7E) = 0. Thus we have an isomorphism

Hom 4 (uij, N) : Homa(E;[j], N) —— Homa (E;[j-1]), N),

for each j € {2,...,r*~1}. It follows that the algebra B = EndT}4 is
hereditary and isomorphic to the path algebra K'A of the following quiver

(1,1) < (1,2) — - — (1,78 =2)+— (1,71 —1)

N

A (]71) <1(‘772) — (—(],7’3472)(— (jarj 71)< .

4

(m,1) ¢— (m,2) ¢— - <— (m,r-2)¢— (m,r2-1)

W,

where the number of arrows from the source vertex w to the vertex (7, .;-471)
equals n; = dimgHomy(E; [r;‘—l], N), for j € {1,...,m}. In fact, we
have n; > 1, for any j € {1,...,m}, because the algebra B = End T}y is
connected, see (VI.3.5).

Assume now that the module N is postprojective. Then Hom 4 (M, N) =
0 and Homy (N, 7M) = Ext! (M, N) = 0. Now, if Hom4 (N, E;[j]) # 0, for
some j, then a non-zero homomorphism from N to E;[j] must, by (IV.5.1),
factor through 7M, or else j = r#—1. It follows that j = r/A~1 and the al-
gebra B = End T4 is hereditary. More precisely, B = End T4 is isomorphic
to the path algebra KA’ of the following quiver

(1,1) +— (1,2) +— -+ +— (L,rt = 2)— (1,711 1)

N

A (j,l) <_(j?2) — "'<—(j,7“}4—2)<— (jvr}q_l) , le
A
(m,1) «— (m,2) «— -+ +— (m, 1 -2)— (m,ri-1)

where the number of arrows from the vertex (7, rjA—l) to the sink ver-
tex w’ equals n} = dimKHomA(N,Ej[rffl}), for j € {1,...,m}, and
again n; > 1, for any j € {1,...,m}, because the algebra B = End T4
is connected.

Applying again (VI.5.6), we infer that T is a separating tilting mod-
ule. Therefore, any indecomposable A-module belongs either to F(T) or
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to 7(T). Because F;[1] € T(T), and any module in 7; is a successor of
E;[1], we deduce that 7,4 C T(T). On the other hand, Homa(T,7M) = 0
implies that 7E;[1] € F(T), a contradiction. This completes the proof that

S>> (rf-1) < n — 2. This finishes the proof of the proposition, because the
i=1
statement (b) is an immediate consequence of (a). O

2.10. Example. Let A be a K-algebra given by the quiver

e,
W N

as in Examples (X.2.12) and (1.6). We have constructed in (X.2.12) a stable
tube 74 of rank r{* = 2 containing the simple regular modules S = S(3)
and F given by dim E = 11 ! On the other hand, the indecomposable

module "
0 K
N
K ‘% \ 0

is regular. Indeed, using the defect 94 computed in Example (1.6), we have
0a(dim E7) = 0. An easy computation shows that

K&K}/O
O/KK.

Moreover, Ey = 7F5 and each of the modules F; and FEs is a brick. Hence,
by (X.2.2) and (X.2.6), the indecomposable modules in EXTy(E1, E2) are
uniserial and form a standard stable tube 75 of rank 73! = 2 in T'(mod A).

Similarly,
K K 0 0
) "\K % L ‘\K /
= =
0 / \ 0 K % \ K

are regular bricks such that 7F{ & FE} and 7F} 2 F{. Again, the indecom-
posables in EXT4(E}, Ej) are uniserial and form a standard stable tube T3
of rank 74! = 2 in T'(mod A).

Ey

E2 =~ TE1 =

2
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3
Because n = |Qo| = 5 then, by (2.9), we get > (rA-1)=3=n—2
i=1
and, hence, all the remaining tubes in I'(mod A) are homogeneous. It fol-
lows that I'(mod A) = P(A) UR(A) U Q(A) consists of a postprojective
component P(A), a preinjective component Q(A), and the regular part
R(A); consisting of the three tubes T;*, 751, T3 of rank 2, and a family

{T8 e \ {T{4, T4, T} of homogeneous tubes.

XI.3. The category of regular modules over

a concealed algebra of Euclidean type

We start this section by deriving some consequences for concealed alge-
bras. As seen in Chapter VIII, the module category over a concealed algebra
is very close to the module category over the hereditary algebra it originates
from.

Throughout this section we assume that @ = (Qo, @1) is an acyclic quiver
whose underlying graph is Euclidean, n = |Qq],

A=KQ

is the path K-algebra of @, and B is a concealed K-algebra of Euclidean
type @, that is, B is the endomorphism algebra

B =EndTy4 (3.1)

of a postprojective tilting A-module 7" in mod A, see Chapter VIII.

We recall from (I11.3.13) that, for an algebra R of finite global dimension,
the Euler Z-bilinear form (—, —)g : Ko(R) x Ko(R) — Z of R coincides
with the Euler characteristic xr : Ko(R) x Ko(R) —— Z of R defined
by the formula

Xr(dim M,dim N) = > " (~1)*dimx Ext{, (M, N), (3.2)
s=0
for any pair M, N of modules in mod R.
Because, by (VIIL.3.2), any concealed algebra B of Euclidean type has
gl.dim B < 2, then its Euler characteristic reduces to the first three terms,
that is,

x5 (dim M, dim N) = dimgHomg(M, N) — dimgExtL (M, N)

+ dim g Ext% (M, N),

for any M and N in mod B.
The following theorem collects the main facts on concealed algebras of
Euclidean type we use throughout this chapter.
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3.3.

Theorem. Let Q be an acyclic quiver whose underlying graph is

Euclidean, let A = KQ be the hereditary path K -algebra of Q, and let B be
a concealed algebra (3.1) of the Euclidean type Q.

(a)

(b)

gl.dim B < 2. Moreover, pdZ <1 and id Z < 1, for all but finitely
many non-isomorphic indecomposable B-modules Z that are post-
projective or preinjective.
The Euler Z-bilinear form (—,—)p : Ko(B) X Ko(B) ——Z of B
is Z-congruent to the Euler form (—, —)a : Ko(A)x Ko(A) —— Z
of A, and the Euler quadratic form qp : Ko(B) —— Z of B is Z-
congruent to the Euler form qa : Ko(A) —— Z of A, that is, there
exists a group isomorphism f : Ko(A) — Ko(B) = Z™ making the
following two diagrams commutative
Ko(B) x Ko(B) =78 7 Ko(B)
fxfT% /‘<7,7>A and T%
Ko(A) x Ko(A) Ko

The Euler quadratic form qp : Ko(B) — Z is posztwe semidefinite
of corank one.
The Auslander—Reiten quiver T'(mod B) of B has the disjoint union
form

I'(mod B) = P(B) UR(B) U Q(B)
of Figure (2.1), with A and B interchanged, where P(B) is a post-
projective component, Q(B) is a preinjective component Q(B), and
R(B) is a family of reqular components. The non-zero homomor-
phisms can only go from the left to the right, that is, we have

Homp(Q(B),P(B)) =0, Homp(R(B),P(B)) =0, Homp(Q(B),R(B))=0.

()
(f)

The regular part R(B) of \mod B) is not empty. Moreover, pd Z <1

and id Z < 1, for any regular module Z in R(B).

Let add R(B) be the full subcategory of mod B whose objects are all

the reqular B-modules. The functor Hom4 (T, —) : mod A— mod B

restricts to the equivalences Hom 4 (T, —) : add R(A) — add R(B)

of categories such that the following diagram is commutative
L)

addR(4) &=——= addR(A)
Ta
HomA(T,—)l%’ %lHomA(T,—)
addR(B) &——= addR(B),

B
where the horizontal functors are mutually inverse equivalences of
categories induced by the Auslander—Reiten translates T4 in mod A
and T in mod B, respectively.
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Proof. For the convenience of the reader, we prove the statements (b)
and (c). For the proof of the remaining statements the reader is referred to
(VIIL.3.2), (VIIL.4.5), (VIIL.2.9), (VI.4.7) and (VI1.4.2).

Assume that B is a concealed algebra (3.1) of the Euclidean type Q,
n = |Qo|, and A = KQ. Because gl.dimA = 1 and gl.dimB < 2, by
(VIIL.3.2), then the Euler Z-bilinear form (—, —) g : Ko(B)xKo(B) ——Z
of B coincides with the Euler characteristic xp : Ko(B) x Ko(B) —— Z
(3.2) of B, and the Euler Z-bilinear form (—, =) 4 : Ko(4) x Ko(A) ——Z
of A coincides with the Euler characteristic x4 : Ko(4) X Ko(A) —— Z
of A, by (ITL.3.13).

By (VI.4.5), there exists a group isomorphism f : Ko(A) — Ko(B) = Z"
such that

xa(dim M, dim N) = xg(f(dim M), f(dim N)),
for any pair M, N of modules in mod A. It then follows that the equality

(dim M,dim N) 4 = (f(dim M), f(dim N))p
holds, for any pair M, N of modules in mod A, and the Cartan matrices
C4 and Cp are Z-congruent, see (V1.4.6). Consequently, the equality

<X7Y>A = <f(X), f(y)>B
holds, for all vectors x,y € Ky(A) = Z", or equivalently, the two diagrams
in (b) are commutative. Hence easily follows that the Euler form ¢p of B
is positive semidefinite of corank one, because so is the Euler form ¢4 of A,
by (VIL.4.2). O

Then we have the following immediate consequences of (2.4), (2.8), and
(2.9).

3.4. Theorem. Let B = End T4 be a concealed algebra of a Euclidean
type Q, where Q is an acyclic Euclidean quiver, A = KQ the path algebra of
Q, and T4 a multiplicity-free postprojective tilting A-module. Let add R(B)
be the full subcategory of mod B whose objects are all the reqular B-modules
in R(B).

(a) The subcategory add R(B) of mod B is serial, abelian and closed
under extensions.

(b) The components of R(B) form a family T® = {TBYren of pair-
wise orthogonal standard stable tubes. Fvery tube '7j\A i mod B
is the image of a tube in mod A under the functor Homa (T, —) :
mod A —— mod B. Moreover, if r¥ > 1 denotes the rank of T,P
and n = |Qo|, then

Z(Tf—l) <n-2.

AEA
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(c) All but finitely many of the tubes T,2 in R(A) are homogeneous, and
there are at most n — 2 non-homogeneous tubes T,5.

(d) For each X € A, the tube T,P consists of the indecomposable objects
which are uniserial in an abelian subcategory of mod B of the form

Ea=EXTo(EL,... ,E,),

where E1, ... , E,, are pairwise orthogonal bricks in mod B such that
there is an isomorphism TE; 11 = E;, for all i € {1,...,r\}, and
Ey=FE.11. O

We prove later, in (XII.3.5), that for any concealed algebra B of Euclidean

type the equality Y (rZ —1) = n—2 holds, and that the index set A is the
AEA
projective line Py (K) over K.

3.5. Lemma. Let B be a concealed algebra of Euclidean type, T be a
stable tube of rank v > 1 in R(B), and M be an indecomposable module
from T.

(a) If k > 0 is an integer such that k-r < ré(M) < (k+ 1) - r, then

dimgEnd M =k + 1.
(b) If k > 0 is an integer such that k-r < ré(M) < (k+ 1) -r, then
dim g Extl (M, M) = k.

Proof. Because M lies in R(B), we have pd M < 1. Hence
Exth (M, M) = DHomp (M, TM).
The required equalities follow then from the standardness of the tube 7. O

The following two facts are frequently used.

3.6. Corollary. Let B be a concealed algebra of Fuclidean type, qp :
Ko(B) —Z the Euler quadratic form of B, T a stable tube of rank r > 1
in R(B), and M be an indecomposable module from T .

(a) ¢p(dim M) € {0,1}.

(b) ¢p(dim M) = 0 if and only if the regular length r¢(M) of M is a

multiple of the rank r of T.
(¢) If T is a homogeneous tube, then gp(dim M) = 0.

Proof. Because B is a concealed algebra and M is an indecomposable
module from T, then (VIIL4.5) yields pd M < 1. Tt follows that

gp(dim M) = dimgEnd M — dimgExth (M, M).

Hence we get (a) and (b), by applying (3.5). The statement (c) follows
from (b). O
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3.7. Proposition. Assume that Q is an acyclic Fuclidean quiver, n =
|Qol|, and A = KQ is the path algebra of Q. Let B be a concealed algebra of
the Fuclidean type Q.

(a) The Euler quadratic form qp : Ko(B) — Z is positive semidefi-
nite of corank one, and there exists a unique positive vector hg €
Ko(B) = Z™ such that the radical rad qg = {z € Ko(B), gg(z) = 0}
of qp is an infinite cyclic subgroup of Ko(B) of the form

rad qp = Z - hB.
Moreover, all coordinates of the vector hg are positive.

(b) If f : Ko(A) — Ko(B) is a group isomorphism making the dia-
grams of (3.3)(b) commutative, then the following diagram

N

Ko(A) —2% Ko

)
fl% fle
Ko(B) —225 Ko(B)

is commutative, where ® 4 and ® g is the Cozeter transformation of
the algebra A and B, respectively.

Proof. (a) Assume that @ is an acyclic Euclidean quiver, n = |Qo|, and
A = KQ is the path algebra of Q. Let B = End T4 be a concealed algebra of
the Euclidean type @, where T is a postprojective tilting module in mod A.

Then, by (VI1.4.7) and (3.3), the Euler quadratic form ¢p : Ko(B)—Z
of B is Z-congruent to the Euler form ¢4 : K¢(A)—Z of the hereditary
algebra A. By (VIL.4.2), the form g4 is positive semidefinite of corank one
and rad g4 = Z - hg, where hg is a corresponding positive vector shown in
(1.1). By the commutativity of the right hand diagram in (3.3)(b), with a
group isomorphism f : Ko(A)— Ky (B), the Euler form ¢p is also positive
semidefinite of corank one and rad g = Z-h, where h = f(hg) € Ko(B) =
7.

On the other hand, we know from (VIIL.2.9) and (3.3)(c) that the regular
part R(B) of I'(mod B) is not empty, and, according to (3.4), R(B) contains
at least one stable tube T, say of rank r > 1. By (1.3) and (3.5), there exists
an indecomposable module M[r] in 7 of regular length r > 1; and then

gp(dim M[r]) = dimgEndp(M[r]) — dimgExtp (M[r], M[r]) =1 -1 = 0.

Hence dim M|r] € radgp = Z - h, that is, there exists m € Z such that
dim M[r] = m - h. Because dim M|[r] # 0 and all coordinates of dim M|r|
are non-negative, then there exists a positive vector hp such that rad qp =
Z - hpg. It is clear that such a positive vector hg is unique.
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Now, we show that all coordinates of the vector hp are positive by proving
that the regular B-module M|r| is sincere. By (3.3)(f), there exists an
indecomposable regular A-module E[r] of regular length > 1 in a stable
tube 77 of rank r in I'(mod A) such that

M|[r] = Homu (T, E|r]).

Let T3, ... ,T, be the indecomposable pairwise non-isomorphic direct sum-
mands of T, and

Py =Homyu(T,Ty), ..., P, =Homu(T,T,)

be the associated indecomposable projective B-modules. To prove our
claim, it is sufficient to show that Hompg(P;, M[r]) = Homa (T}, E[r]) is
non-zero, for any j € {1,... ,n}.

We know that dim E[r] = s - hg, for a positive integer s, and all co-
ordinates of the vector hg are positive, see (1.1). This shows that the
indecomposable A-module E[r] is sincere. Fix an index j € {1,... ,n}. Be-
cause T} is a postprojective A-module, then there exist an indecomposable
projective A-module P and an integer t; > 0 such that T} = 77% P, see
(VIIL.2.2).

Observe also that 7% E[r] is an indecomposable regular A-module of reg-
ular length » > 1 in the stable tube T’ of rank r containing the module
E[r]. Then, by applying (3.5) again, we get ¢a(dim 7% E[r]) = 0, that is,
dim 7% E[r] = p - hg, for a positive integer p > 1. It then follows that the
module 7% E[r] is sincere. Then, by applying (IV.2.15), we get

Hom 4 (T}, E[r]) = Homa (7% P, E[r]) = Hom4 (P, 7% E[r]) # 0.

This finishes the proof of (a).

(b) Let f : Ko(A) — Ko(B) be a group isomorphism making the di-
agrams of (3.3)(b) commutative. It follows that there exists a matrix
U € M,(Z), where n = |Qol, such that det U € {-1,1}, f(x) = U - x,
for any x € Ko(A) = Z"™, and the equality holds

Cp=U-C,-U"
Hence we get the following matrix equalities
®,=-C,4-C,'=-U"'Cp-Czl-U=U" @5 U.

This implies the equality ®5-U = U - ® 4 of matrices and, equivalently, the
commutativity of the diagram in (b). This finishes the proof. O
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3.8. Definition. Assume that B is a concealed algebra of Euclidean
type and let gg : Ko(B)——Z be the Euler quadratic form of the algebra
B. The unique positive vector hp € Ky(B) such that

rad qB = Z - hB
is called a positive generator of the group radgg.

The following corollary is an immediate consequence of the proof of (3.7).

3.9. Corollary. Let B be a concealed algebra of Euclidean type. If T
is a stable tube in T'(mod B) of rank r > 1 and M|[r] is an indecomposable
regular module in T of regular length r then M{r] is sincere and dim M|r| €
rad qg = Z - hg, where hp is the positive generator of rad qp. O

We show in Chapter XII that, for any concealed algebra B of Euclidean
type and for each B-module X of regular length 7 lying in a stable tube T
of R(B) of rank r, we have in fact dim X = hp.

For the final result of this section we need the following description of
the dimension vectors of indecomposable regular modules over concealed
algebras of Euclidean type.

3.10. Lemma. Assume that B is a concealed algebra of Euclidean type.
Let T be a stable tube in the Auslander—Reiten quiver I'(mod B) of B of rank
r > 2 with the Tp-cycle (E1, Ea, ..., E,) of modules lying on the mouth of
T. We seth =dimF; +dim Ey + ... +dim E,..

If X is an indecomposable regular module in T, E; is the regular socle of
X and rl(X) =mr + s, where m >0 and 0 < s < ry, then

s—1
(a) dim X = m-h+ ) dim E;,,, where we set E; 1, = E; and E_; = 0.

p=0
(b) for a positive integer m' > 1, rf(X) = m/-r if and only if dim X =
m’ - h.
Proof. (a)Because (E1, Es,... , E,) is a Tg-cycle then there are isomor-
phisms TE; £ FE,., TE; 2 Fy, ..., TE,. &£ E,._1. Let X be an indecom-

posable regular B-module in the tube 7 with the regular socle F;. In the
notation of (X.2.2), there is an isomorphism X 2 E;[mr + s].

If r4(X) =1, then X @ E; = E;[1], m = 0, s = 1, and the required
equality holds. Assume that r¢(X) > 2. Then, by (X.2.2), there exists a
short exact sequence

0 — E;[1] —— E;[mr+s] —— E;41[mr+s-1] — 0.
Hence we get dim X = dim E;[mr+s] = dim E; 1 [mr+s—1]+dim E;. Then
the required formula follows by induction on the regular length of the mod-
ules in the tube T, because rl(E;i[mr+s-1]) < r¢(X) and the module
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E;41 is the regular socle of the module F;ii[mr+s—1]. This finishes the
proof of (a).
Because (b) is an immediate consequence of (a), the proof is complete. O

3.11. Corollary. Let B be a concealed algebra of FEuclidean type, T a
stable tube T'(mod B) of rank r > 2, and X, Y two indecomposable reqular
modules in T, such that r¢(X) = m -r = rl(Y), for some m > 1. Then
dim X =dimY.

Proof. Apply (3.10). O

We show in Chapter XII that if B is a concealed algebra of Euclidean
type such that the rank of the group Ky(B) is at least 3, then I'(mod B)
contains at least one non-homogeneous tube, and hence, by (3.11), it con-
tains two non-isomorphic indecomposable modules X and Y such that
dim X = dimY. Moreover, we show in the following section that this

is also the case for the Kronecker algebra A = [ II({Q IO(} . On the other hand,

we have the following result.

3.12. Proposition. Let B be a concealed algebra of Fuclidean type, let
qB : Ko(B)——Z be the Euler quadratic form of the algebra B, and X,
Y a pair of indecomposable B-modules such that dim X = dimY. If X is
reqular and qp(dim X) =1, then X 2 Y.

Proof. Assume that X and Y are indecomposable regular B-modules
such that dim X = dimY and ¢p(dim X) = 1. By (3.6), the module X
belongs to a standard stable tube 7 in I'(mod B) of rank r > 2 and the
regular length r¢(X) of X is not a multiple of r. Moreover, by (VIII1.3.2),
(VIIL.4.5), and (XI.3.3) we have gl.dim B < 2, and pdZ <1 and id Z < 1,
for any indecomposable module in 7. By applying this to Z = X, we get
pd X <1 and id X < 1, and hence Ext%(X,Y) = 0 and Ext%(Y, X) = 0.
Then, by applying (II1.3.13) and (3.2), we get

1=¢p(dimX) = (dim X,dim X)p = (dim X,dimY)p

= dimgHomp(X,Y) — dimgExth (X, Y),

1=¢p(dimX) = (dimX,dim X)p = (dimY,dim X)p

= dimgHomp (Y, X) — dimgExth(Y, X),
where (—, —)p : Ko(B) x Ko(B) —— Z is the Euler Z-bilinear form of
B. Tt follows that Homp(X,Y) # 0, Homp(Y, X) # 0, and therefore the
module Y also belongs to the tube 7, because Hompg(R(B),P(B)) = 0,

Homp(Q(B),R(B)) = 0, and the regular part R(B) of I'(mod B) is a dis-
joint union of pairwise orthogonal standard stable tubes, see (3.3) and (3.4).
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Let (E1, Ea,..., E,) be a 7g-cycle of B-modules lying on the mouth of
the tube T, that is, 7E1 2 E,.,7Es 2 Ey, ... ,7E. &2 E._1. We set
h=dimF; +dimEs +... +dimE,.
Let r0(X) = mr+sand rf(Y) = m'r+s', wherem,m’ > 0and 0 < 5,5’ <1y
Assume that E; is the regular socle of X and E; is the regular socle of Y.
By (X.2.2), there are isomorphisms X = E;[mr + s] and Y = E;[m/r + §].
By applying (3.4), we get

dimX =m-h+a and dimY =m'-h+a’,

where
s—1 s'—
. / .
a= E dimF;,, and a = E dim E;,
p=0 q=0

and we set Ey, = E; and E_; = 0. Because, by our assumption, dim X =
dimY, a < h, and a’ < h, then m = m’ and, consequently, a = a’.
Moreover, by (3.6)(b), the equalities 1 = ¢p(dim X) = ¢p(dimY’) imply
that the regular ranks 7¢(X) and r4(Y) of X and Y are not multiples of r;

hence s > 1 and s’ > 1. Observe also that
dim E;[s] = a=a’' = dim E;[s'].

Further, M = E;[s] and N = E,[s'] are modules in the tube 7 of regular
length smaller than r; hence gp(dim M) = 1. Hence we conclude, as in the
first part of the proof, that Hompg (M, N) # 0, Hompg(M, N) # 0. Because
the tube T is standard, we get the inequalities ¢ < 7 < ¢4+ s — 1 and
j<i<i+s —1. It follows that i = j and s = s’, because a = a’.
Consequently, there are isomorphisms X = E;mr+s] = Ejim'r+s'] 2Y,
and the proof is complete. O

XI.4. The category of modules over
the Kronecker algebra

In this section, we classify all indecomposable modules over the Kro-
necker algebra
_[K o
A= ]
that is, the path algebra of the so-called Kronecker quiver

10#02.

The indecomposable projective A-modules are
1
Pl)=(K&———0) and P(2)=(K? é% K)
1
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and the indecomposable injective A-modules are

[10]

I1)= (K &——K? and I(2)=(0$&—— K),

[01]

viewed as K-linear representations of the Kronecker quiver. Computing the
Cartan matrix Cy, its inverse 0217 the Coxeter matrix ® 4 = —CfLXCZl
and its inverse <I>;11 yields

ca=[oi] e =[] ea=[0i] e =10

The Euler quadratic form q4 : Z? — Z of the Kronecker algebra A is
defined on a vector x = [’ ] € Ko(A) = Z? by the formula

qa(x) = xt(C;&l)tx = [x1 22] [_; ﬂ [iﬂ =22+ ol — 20110 = (z1 —29)2.

Hence rad g4 = Z - h, where h = [” Moreover, for x = [iﬂ € Ko(A), we
have

@alx) = [23]-[] = [S55]

= [2] + (=221 + 2x2) {” =x+ (=221 + 225) - h.
Hence the defect 94 : Z2 — Z is given by the formula 9 (x) = 2(x5 — x1).

(4.1) Postprojective modules. By (VII.2.3), the postprojective com-
ponent P(A) of A is of the form

P1l) ——— 717lP1) ———  T7ZP1) ——— ...

It follows that, for each m > 0, the postprojective A-modules 7~ P(1)
and 7™ P(2) are directing and, according to (IX.3.1), they are uniquely
determined by their dimension vectors. Since dim P(1) = {(1)], dim P(2) =

[ﬂ, we get, from (IV.2.9), for any m > 0,

dim 7 ™P(1) = &, (dim P(1))

ALl =)
EEIRHE AL

dim 7" P(2) = & (dim P(2))
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Now, it is easy to check that, for each ¢t > 0, the A-module
Pay

P = (K™ &2= KY),
with ¢,, and g, given by the matrices '

100 ... 0 000 ... O
010 ... 0 100 ... 0
001 ...0 010 ... 0
<p(¥t: . s (pﬁt: s
000 ... 1 000 ... O
000 ... O 000 1

is a brick, and therefore indecomposable. Because, for each m > 0, we have
dim 7 ™P(1) = dim Py, and dim 7" P(2) = dim Py, 11, then there are
isomorphisms

TﬁmP(l) = Pgm and TﬁmP(Q) = P2m+1
of A-modules.

(4.2) Preinjective modules. By (VIII.2.3), the preinjective compo-
nent Q(A) of A is of the form

_ 7-2](2) ——— 7I(2) ———— 1(2)

- 72I(1) ——=— 7I(1) ——— I(1)

It follows that, for each m > 0, the preinjective modules 7™I(1) and
7™mI(2) are directing and, according to (IX.3.1), they are uniquely deter-

mined by their dimension vectors. Because dim I(1) = [;}7 dim(2) =
{O], we deduce from (IV.2.9) that, for each m > 0,

dim"1(1) = ®(dim (1) = [33]"- [}] = (3213,

1 2m—+1
It is easy to check that, for each ¢ > 0, the A-module

dim7™1(2) = 7% (dim [(2)) = [52]™- [0] = { 2m }

Pay
I, = (K' &———= K't!)

PBe

with ¢, and ¢g, given by the matrices
100 .. 00 010...00
010 ... 00 001...00
_|oo1 .00 000...00

Por = | 0L,

’ P =000 L
000 . 10 000...01
is a brick, and therefore indecomposable. Because, for each m > 0, we
have dim 7™ (1) = dim I5,, 1 and dim 7™1(2) = dim I5,,, then there are
isomorphisms of A-modules

TmI(l) = I2m+1 and TmI(Q) = Igm.
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(4.3) Regular modules. By (II1.3.5), the Grothendieck group Ky(A)
of A is free abelian of rank n = 2. It then follows from (2.8) and (2.9) that
the regular part R(A) of T'(mod A) consists of a family T = {T;3}ca of
pairwise orthogonal standard homogeneous tubes. We show that A is the
projective line Py (K) and, for each A € P;(K), we give an explicit form of
the A-modules in the tube 7,4.

Let M be an indecomposable regular A-module. Then M lies in a homo-
geneous tube and therefore there is an isomorphism M = 7M. Note also
that if dimM = x = [2], then z; = z2. Indeed, because (2.3) yields
0 =0a(dim M) = 2(xy — x1), then we get z; = xs.

Now we describe all the indecomposable regular A-modules lying in a
given homogeneous tube. We start by defining a P;(K)-family of simple
regular A-modules.

For each vector p = {Z;] € KQ\{{S]}, let
Pri
E,=(K é% K),

where ¢, (or ¢,,) denotes the multiplication by the scalar p; (or uo,
respectively). Clearly, E, is indecomposable. Moreover, for any pair of

vectors pu = [Z;] and p = [Z:l] in K2\ {[8}}, we have £, = E,/ if
2

and only if there exists v € K \ {0} such that p} = vuy, psb = vus or,

equivalently, if and only if 4 and p' define the same point (11 : ug) on the

projective line P (K). Here we identify P;(K) with K U {co} via
(4.4) K={1:))ePi(K)|Axe K} and oo=(0:1).

For X = (p1 : pe) in P1(K), we set Ey = E,. Then, for each A € K, we
have

Ey=(K&-K) and E. = (KE=K).

The reader might notice that this construction was performed in the
proof of (VII.2.3) for a family of indecomposable representations of a quiver
Q of the Euclidean type &m, where m > 1.

Note that, for each A € P1(K), the module E) is simple regular. Indeed,
because obviously 04(dim Ey) = 2(1 — 1) = 0 then, by (2.3), the module
FE), is regular. Moreover, if Y is an indecomposable regular submodule of
FEy and dimY = [zi}, then y; = yo and, because 0 < y; < 1, we get
y1 = y2 = 1 and, consequently, Y = E. This shows that the module FE is
simple regular.

For each A € P;(K), we denote by T4 the homogeneous tube of R(A)

containing the simple regular module E). Because, for A # p in Py (K),
Homu(Ey, E,,) = 0 then, by (2.8), the tubes 7T and THA are orthogonal.
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By the results of Section X.2, for any A € P;(K), the simple regular
modules F) lie on the mouth of the homogeneous tube 7;‘4, and all inde-
composable modules in ’7')\‘4 lie on the ray

Ex=E\[1]— E\2]— E\[3] — -+ — E)\[d|— E\[d+ 1] — ---

such that E\[d + 1]/E\[d] & E,, for any d > 1. Using the short exact
sequence

0 E)\[d] E)\[d—l- 1]—>E,\—>0

and the uniseriality of Ey[d+ 1] in R(A), we see easily that, if A= (1: ) €
K, then

and, for A = oo, we get

r010... 07

00L... 0

888:: 4
gL 0l 4
Eyldl=(K*&——— K*%).

rto0... 07

010. 0

001. 0

Lo00 ... i

4.5. Proposition. Let A be the Kronecker K-algebra, and let Ey and
E,[d] be the A-modules defined above.

(a) For any indecomposable reqular A-module M, there exist A € P1(K)
and d > 1 such that M = E,[d].

(b) Every simple regular A-module is of the form Ey, up to isomorphism,
where A € P1(K).

Proof. Assume that M is an indecomposable regular A-module and

dimM = [2] Then 1 = zo and therefore M, viewed as a represen-

tation of the Kronecker quiver, has the form M = (K¢ é:i:; K9, up to
isomorphism, where d = 1 = 5.

Because the modules Ey, with A € P;(K), are simple regular and, by
(2.8), the regular part R(A) of I'(mod A) consists of pairwise orthogonal
stable tubes, it suffices to show that Hom 4 (Fx, M) # 0 for some A € P (K).
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Suppose first that ¢, is not an isomorphism, and let z € K¢ be a non-zero
vector in Ker ¢,. Then there is a non-zero morphism f : Fo, — M given
by the commutative square

K é# K
| |
Kd é“’:“ K

with fi; and f; defined by the fornﬁfllae fi(1) = ¢p(z) and fo(1) = =z,
respectively.

Assume now that ¢, is an isomorphism, and let z € K¢ be an eigenvector
of pgprt: K4 —— K¢ say with eigenvalue A\. Then, for A = (1: \), we
get a non-zero morphism f : Ey — M given by the commutative square

K é# K
h l lfz
Kd é: Kd

with f; and fo defined by the formulae i) =z and fo(1) = p 1 (z). O

We summarise these considerations in the following theorem.

4.6. Theorem. Let A = {K2 } be the Kronecker K-algebra, P(A) be

the postprojective component (4.1) and Q(A) be the preinjective component
(4.2).
(a) The A-modules Py, I, (for t > 0), and E\[d] (for A € P1(K) and
d > 1), form a complete set of representatives of the isomorphism
classes of indecomposable A-modules.
(b) Every simple reqular A-module is of the form E, up to isomorphism,
where X € P1(K).
(¢) The Auslander—Reiten quiver T'(mod A) of A consists of the postpro-
jective component P(A), the preinjective component Q(A), and the
Py (K)-family TA = {7')\‘4},\6?1(;() of pairwise orthogonal standard
homogeneous tubes defined above.

In view of (4.6), the Auslander-Reiten quiver I'(mod 4) of mod A may
be visualised as follows.

— — . e —— o —_ o

NN

— o — . c.. 0 - o — o
P(A)

TA:{TAA}AEJI(K)
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The following proposition expresses what is known as the separation
property of the family 7% = {T:*}rep, (i) of tubes defined above.

4.7. Proposition. Let A = [;((2 IO(] be the Kronecker K-algebra, P be
a postprojective A-module, I be a preinjective A-module, and f: P— 1 be
any homomorphism. Then, for any A € P1(K), there evists Ry € add T
such that f factors through R .

Proof. We first show that any non-zero postprojective A-module P
maps non-trivially into a module from 7;‘4. The module P has an inde-
composable direct summand of the form 7~*P(i), with i € {1,2} and ¢t > 0.
On the other hand, the homogeneity of 7:\A implies that 7E) = F). Hence,
by applying (IV.2.15), we get the isomorphisms

Homa(77tP(i), Ex) & Homa (7t P(i), 7 'E)) & Homu (P(i), E\) # 0.
We next prove that P may in fact be embedded into a module from add ’T/\A.
Let u : P— E) be a non-zero homomorphism. We proceed by induction on
the dimension of P’ = Keru. If P’ = 0, there is nothing to prove. Assume
that P’ # 0. By induction, there is a monomorphism v’ : P’ — R, with
R, € add 7;‘4. Consider the induced commutative diagram with exact rows

0 — P — P — P/P — 0

]

0O — R, — M — P/PP — 0.
Applying the snake lemma yields that v’ is a monomorphism. If u is an
epimorphism, then P/P’ = E) and consequently M € add 7%, because
add T is closed under extensions, thus ¢’ is the required embedding.

If u is not an epimorphism, then P/P’ is a proper submodule of E}.
Because E) is simple regular, we have P/P’ € add P(A), hence

Exthy(P/P', R\) = DHom4 (R}, 7(P/P')) = 0.
Therefore the lower exact sequence yields M = R\ @ P/P’, and the em-
bedding P/P" —— E induces an embedding P —— M —— R\ ® E},
with R’/\ @ E\ € add T/\A. This establishes our claim.

Let now f : P— I be a non-zero homomorphism with P postprojec-
tive and I preinjective. We may clearly assume that [ is indecompos-
able. Assume first that I is injective. We have shown that there is a
monomorphism j : P— Ry, with Ry € add 7')\‘4. The injectivity of I
yields a non-zero homomorphism g : Ry — I such that f = gj, so we
are done in this case. If, on the other hand, I is not injective, there exist
t > 1 and i € {1,2} such that I = 7'I(:). But then the homomorphism
77tf 77t P ——— 77t = I(4) factors through a module Ry € add T4,
and so f factors through 7'Ry = R). d
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XI1.5. A characterisation of concealed algebras
of Euclidean type

The main aim of this section is to establish the following useful charac-
terisation of concealed algebras of Euclidean type in terms of properties of
their module categories. The section ends with an important consequence
of the criterion.

5.1. Theorem. An algebra B is a concealed algebra of Euclidean type if
and only if the quiver T'(mod B) contains two different components P and
Q satisfying the following conditions:

(a) P is a postprojective component containing all indecomposable pro-
jective B-modules,

(b) Q is a preinjective component containing all indecomposable injec-
tive B-modules, and

(¢c) one of the components P or Q contains a section & of FEuclidean

type.

Proof. To prove the necessity, assume that B is a concealed algebra of
type @, where @ is an acyclic quiver whose underlying graph is Euclidean.
Then, by definition (VIIL.4.6), B = End T4 is the endomorphism algebra of
a postprojective tilting A-module T' over the path algebra A = KQ of the
quiver Q.

Applying (VIIL.4.5)(c), we easily conclude that the connecting compo-
nent Cr of I'(mod B) determined by T is a preinjective component Q(B)
containing all indecomposable injective B-modules but no projective B-
module.

Moreover, Q(B) = Cr contains the section ¥ = Q°P of Euclidean type
given by the indecomposable B-modules Hom 4 (7', I), where I runs through
the pairwise non-isomorphic indecomposable injective A-modules. Further,
by (VIIL.4.5)(e), the images under the functor Homy4 (T, —) of the postpro-
jective indecomposable A-modules in the torsion class 7 (7") form a postpro-
jective component P(B) of I'(mod B) containing all indecomposable projec-
tive B-modules but no injective B-module. Clearly then P(B) # Q(B).

Finally, we note that P(B) contains a section of Euclidean type Q°P.
Indeed, by (VII1.4.5)(a), the torsion class 7(T) contains all but finitely
many non-isomorphic indecomposable A-modules, and any indecomposable
A-module not in 7(T) is postprojective. Then the postprojective compo-
nent P(A) of T'(mod B) contains a full translation subquiver P’(A), isomor-
phic to (—=N)Q°P, closed under successors in P(A), and consisting entirely
of modules from 7 (7). Then the image P’(B) of P'(A) under the functor
Hom 4 (T, —) is a full translation subquiver of the postprojective component
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P(B) which is closed under successors. Obviously, P’(B) is isomorphic to
(=N)Q°P, and hence P(B) contains a section of type Q°P. This finishes the
proof of the necessity part.

To prove the sufficiency, assume that B is an algebra such that the quiver
I'(mod B) contains two different components P and Q satisfying the condi-
tions (a), (b), and (c). The condition (c¢) forces two cases to consider.

Case 1° Assume that the preinjective component Q contains a section
3 of Euclidean type. Observe, that the section X is faithful, that is, the
direct sum T of all modules lying on X is a faithful B-module. Indeed,
the preinjective component Q contains, by (b), all indecomposable injective
B-modules, which are clearly successors of 3 in Q.

To show that T is faithful, it is enough to prove that the module D(B) is
generated by T (see Section VI.1 and (VI.2.2)). For, consider a projective
cover f: P — D(B) of D(B) in mod B. Because P # Q, the preinjective
component Q has no projective B-module, is acyclic, and admits only a
finite number of Tz-orbits. Then, by applying (IV.5.1)(b), we conclude that
f factorises through a direct sum M of indecomposable modules lying on
the section X. Therefore, the module T generates the module D(B).

Observe also that Hompg (U, 78V) = 0, for all modules U and V from X,
because X is a section of the preinjective component Q, that is closed under
successors in mod B, see (VII1.2.5)(b).

Applying now the criterion (VIIL.5.6) we conclude that T is a tilting
B-module such that A = EndTg is a hereditary algebra, Q is the con-
necting component Cr- determined by the tilting A-module T = D(4T).
Moreover, A is the path algebra K@ of the Euclidean quiver Q = X°P.

Further, because @ = Cp+ has no projective B-module, applying
(VIIL.4.1)(a), we conclude that T has no preinjective direct summand.
We claim that in fact T is a postprojective A-module, and consequently
B = EndT} is a concealed algebra of Euclidean type. Because the connect-
ing component Cr-~ = Q is preinjective, it follows from (VIIL.4.2) that T* is
not a regular A-module, and consequently admits at least one postprojective
direct summand.

Assume that the module T admits also a regular direct summand. We
know that B = End T} is a connected algebra, because A is the path algebra
of the connected quiver @ (see (VI.3.5)). Moreover, Hom 4 (R(A), P(A))=0.
Therefore, there are two indecomposable direct summands 77 and T3 of T
such that T} € P(A), Ty € R(A), and Hom4 (75, Ty) # 0. It follows from
(2.8) and (2.9) that the regular part R(A) consists of pairwise orthogonal
standard stable tubes, and only finitely many of them are non-homogeneous.
Denote by m a common multiple of the ranks of stable tubes in R(A). Then,
for any indecomposable module X 4 € R(A), we have, 77X = X. Applying
now (IV.2.15), we obtain



86 CHAPTER XI. MODULE CATEGORIES OVER CONCEALED ALGEBRAS

Hom (r, "1}, T5) = Homa (T7, 74" T3 ) = Homa(T7, T3) # 0,

for any p € N.

On the other hand, the modules 7,”" T} belong to the postprojective
component P(A). Then, because the quiver P(A) is acyclic, there exists a
positive integer s such that no postprojective indecomposable direct sum-
mand of T* is a successor of a module of the form 7,7 T} with p > s.

Denote also by T, the direct sum of all regular direct summands of 7™.
Then, applying the Auslander—Reiten formula (IV.2.13) and (IV.2.15), we
obtain

DExth (T, T, TY) = Homg (7, "™ Ty, 7aT™) = Homy (7,717, TaT )
>~ Homx (17, T£m+1T* ) = Homy (77, TATr’;g)

reg
> DExt14(Th, T5) = 0,

for any p > s. Hence, the postprojective modules 7, " T}, for p > s, belong
to the torsion class T (7T'), and they are predecessors of T5 in T(T). Then,
by (VL3.8), the B-modules Homu (T, 7,""Ty), p > s, are pairwise non-
isomorphic and predecessors of the indecomposable projective B-module
Homy (T, T5) in mod B. But, by the assumption (a), all indecomposable
projective B-modules belong to the postprojective component P, and hence
have only finitely many predecessors in mod B, see (VIII.2.5)(a). Therefore,
the module T’} is indeed postprojective, and A is a concealed algebra of
Euclidean type.

Case 2° Assume that the postprojective component P contains a section
Y of Euclidean type. Then Hompg(U,75V) = 0, for all modules U and V
from ¥. Because P # Q and (b) holds, the component P has no injective
B-modules. Then taking the injective envelope f : B — I(B) of B in mod B
and applying (IV.5.1)(a), we conclude that B is cogenerated by the direct
sum T’p of all modules lying on ¥. Hence, applying (VI.2.2), we obtain that
the section ¥ is faithful.

In view of the criterion (VIIL.5.6), it follows that T is a tilting B-module
such that A = End Tp is a hereditary algebra, and P is the connecting com-
ponent Cp« determined by the tilting A-module T4 = D(4T). Moreover, A
is the path algebra of the Euclidean quiver @) = X°P.

Applying dual arguments to the above ones, we conclude that 7% is a
preinjective A-module. Applying now (VIIL.4.7)(a), we deduce that the
torsion-free part F(T*) contains all but finitely many non-isomorphic in-
decomposable A-modules and any indecomposable A-module not in F(7*)
is preinjective. Moreover, by (VII1.4.7)(e), the images under the functor
Extly (T*, —) of the preinjective torsion-free A-modules form a preinjective
component Q(B) containing all indecomposable injective B-modules but no
projective B-module, and consequently @ = Q(B).
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Further, the preinjective component Q(A) of I'(mod A) contains a full
translation subquiver Q’(A), isomorphic to NQ°P = N3, closed under pre-
decessors in Q(A), and consisting entirely of modules from F(7T*). Then
the image Q'(B) of Q'(A) under the functor Ext!(T*,—) is a full trans-
lation subquiver of the preinjective component @@ = Q(B) which is closed
under predecessors. Clearly, Q'(B) is isomorphic to NQ°P, and hence the
component Q(B) contains a section of Euclidean type Q°P = X. Therefore,
it follows (as in the proof above) that A is a concealed algebra of Euclidean
type. This finishes the proof. O

The following useful fact is an immediate consequence of (VIIL.4.5),
(VII1.4.7), and the above proof.

5.2. Corollary. Let Q be an acyclic Fuclidean quiver. Then an alge-
bra B is a concealed algebra of type @Q if and only if B = End T4 for a
preinjective tilting A-module over the path algebra A = KQ. d

We finish this section by the following two simple corollaries.

5.3. Corollary. Let B be a concealed algebra of a Euclidean type Q.
Then the algebra B°P opposite to B is a concealed algebra of type Q°P.

Proof. Let @ be an acyclic Euclidean quiver, A = K@ the path algebra
of @, T a postprojective tilting A-module, and B = EndT4. Then there is
an isomorphism A°P = K(Q°P) of algebras, T* = D(T) is a preinjective tilt-
ing A°P-module, and there is an isomorphism B°P? = End T'}., of algebras.
It follows from (5.2) that B°P is a concealed algebra of type Q°P. O

We also note that a tilted algebra B of a Euclidean type Q is representa-
tion-finite if and only if there is an isomorphism B = End T4, where T is
a tilting A-module having both a postprojective and a preinjective direct
summand, see (VII1.4.3) and (VIIL.4.4).

In (XII.5.12) and (XII.5.13), we present examples of representation-infi-
nite tilted algebras of Euclidean type that are not concealed.

XI.6. Exercises

1. Assume that ¢ : Z" ——— Z is a positive definite quadratic form on
the free abelian group Z™ and let || —|| : R —— R be the Euclidean norm
on R™.

Prove that

(a) the set Ry = {v € Z"; ¢(v) = 1} of all roots of ¢ is finite and
(b) ||| < #, for any vector v € R,, where p = inf{q(u); u €
R™,|Ju|| = 1} is the minimum of the values g(u) of the quadratic
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function ¢ : R —— R restricted to the unit sphere "~ ! = {u €
R™, [jul| = 1} of R™.

2. Let @ be an acyclic quiver whose underlying graph is Euclidean,
A = KQ the path algebra of Q, n = |Qq|, ®a : Z" —— Z"™ the Cox-
eter transformation of A, n = |Qo|, 04 : Z" —— Z the defect of A, and
dg > 1 the defect number of (). Show that, for any m > 1 and x € Z", the
following equality holds

B (x) =x+m-da(x) hg

3. Let A denote the Kronecker algebra. Show that, for any A € Py (K),
and for an arbitrary preinjective A-module M there exists an epimorphism

h:X1®...0 X, — M,
where X1,...,X,, are indecomposable modules in the tube TAA.

4. Let A = K|t1,t2]/(t3,13), see Exercise (X.5.8).

(a) Prove that dimgA =4, Ko(A) 2 Z, and gl.dim A = co.

(b) Compute the Cartan matrix C 4 of the algebra A and note that C 4
is not invertible (over Z).

5. Let Q be an acyclic quiver Q = (Qo, Q1), whose underlying graph Q is
one of the Dynkin diagrams A,,, D,,, E¢, E7, and Eg, or one of the Euclidean
diagrams D,,, Eg, E7, and Eg. Let m = |Qg|, and define the incidence matrix

Cq = [eijlijeqo € Min(Z)
of the quiver @ by setting

1, if 1=y,
cij =« 1, if there is a path from the vertex i to the vertex j in @,
0, otherwise.

Let A = K(Q be the path K-algebra of Q.

(a) Show that the Cartan matrix C4 € M,,,(Z) of the algebra A is the
transpose of the matrix Coq.

(b) Show that the inverse of Cg is the matrix Cg = [¢};]i jeq, € Min(Z)
defined by the formula

1, if i=j,
ci; =< —1, if there is an arrow i — j in Q,
0, otherwise.
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6. Let A be the path K-algebra of the following Euclidean quiver

of type Ag.

(a) Compute the Coxeter matrix ®4 € M;5(Z) of A and the defect
0475 — Z of A.

(b) Compute the Auslander—Reiten quiver I'(mod A) of A. In particular,
show that the regular part R(A) of I'(mod A) consists of a Py (K)-
family T4 = {7;‘4},\6@1(1() of tubes 7,4, and two of them are non-
homogeneous of rank 2 and 3.

7. Let A be the path K-algebra of the following Euclidean quiver

1 5
o o
(e} a
ey &
YN EN
o o
2 6

(a) Compute the Coxeter matrix ®4 € Mg(Z) of A and the defect
Oa 7% — 7 of A.

(b) Show that the regular part R(A) of I'(mod A) contains two tubes of
rank 2, one tube of rank 3, and the remaining tubes of R(A) are of
rank 1.

8. Let B be the path K-algebra of the following quiver

1 4
o o
N AN
o 06
i 3 3
5 5

bound by the commutativity relation ary = 3.

(a) Show that B is a concealed algebra End T4, where A = K@ is the
hereditary algebra of Exercise 5 and T is a postprojective module
in mod A.

Compute the Euler quadratic form ¢p : Z6 —— Z of B.

Find the positive generator hp of rad ¢g.

Describe the non-homogeneous stable tubes of I'(mod B).

I~ —~
Qo T
—
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9. Let B be the path K-algebra of the following quiver
! 4
“’/ N ﬁ/ \a

70

5\/3\/7

bound by the two commutativity relations wé = Ay and ay = 39.

(a) Show that B is a concealed algebra of Euclidean type D.
(b) Compute the Euler quadratic form ¢p : Z" —— Z of B.
(¢) Find the positive generator hp of rad ¢p.

(d) Describe the non-homogeneous stable tubes of I'(mod B).

10. Let B be the algebra given by the quiver
5 S

1%
N

O
Bl 06
M
YR BN
o (@]
4 7
bound by the commutativity relation £6n = 4.

(a) Show that B is a concealed algebra of Euclidean type Eg.
(b) Compute the Euler quadratic form ¢qp : Z" —— Z of B.

(¢) Show that the vector
1,1
121
is the positive generator hp of rad gp.

(d) Show that I'(mod B) admits a stable tube of rank 2, whose modules
on the mouth have the dimension vectors

1

0 1 0 1 and 1 1 1 0-
1t 0o'o
(e) Show that I'(mod B) admits a stable tube of rank 3, whose modules

on the mouth have the dimension vectors
Tyt 1

1t 0lo 0%0

(f) Show that I'(mod B) admits a stable tube of rank 3, whose modules

on the mouth have the dimension vectors



Chapter XII

Regular modules and tubes
over concealed algebras
of Euclidean type

The main aim of this chapter is to describe the structure of the family of
stable tubes in the Auslander—Reiten quiver

I'(mod B) = P(B) UR(B) U Q(B)

of any concealed algebra B of Euclidean type (over an algebraically closed
field K). A prominent role is played by the class of canonical K-algebras
introduced and studied by Ringel in [215].

In Section 1 we introduce the canonical algebras of Euclidean type and
we prove that they are concealed algebras of the form Endga(T'), where T
is a postprojective tilting module over the path algebra KA of a canonically
oriented quiver A of Euclidean type.

In Section 2 we provide a detailed description of the indecomposable
regular modules over any canonical algebra C' of Euclidean type, and the
structure of the stable tubes in the regular part R(C') of I'(mod C').

In Section 3, by applying the tilting theory, we prove general results on
the structure of the module category mod B over an arbitrary concealed
algebra B of Euclidean type. In particular, we show that

e the regular part R(B) of the Auslander-Reiten quiver I'(mod B) is
a disjoint union of the Py (K)-family

T" = {7;3},\61131(1()
of pairwise orthogonal standard stable tubes 7,2, where Py (K) is
the projective line over K,
e the family 77 separates the postprojective component P(B) of
I'(mod B) from the preinjective component Q(B),
e the module category mod B is controlled by the Euler quadratic
form qp : Ko(B) —— Z of the algebra B.

Throughout, we assume that K is an algebraically closed field, and by
an algebra we mean a finite dimensional K-algebra.

91
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XII.1. Canonical algebras of Euclidean type

In this section we describe the category of regular modules over a spe-
cial type of concealed K-algebras of Euclidean type, called the canonical
algebras of Euclidean type.

For each pair of integers ¢ > p > 1, we define C(p,q) to be the path
algebra

C(p,q) = KA(p,q) (1.1)
of the following acyclic Euclidean quiver

(D] Ap—1
aq as . ap7 1

Alp,q) = AA,,) 0? N
b,q) = D,q) * w
AN o

b b by
! 62 2 qul 1 !

Observe that C(1,1) is isomorphic to the Kronecker algebra
K 0
K*K|"°
For any triple (p, q,r) of integers such that » > ¢ > p > 1, we set

C(pvQ7T) :KA(pvqar)/I(p7qu)v (1‘2)

that is, C(p,q,r) is the bound quiver algebra KA(p,q,7)/I(p,q,r), where
A(p, q,r) is the quiver

a9 Qp—1
ai a9 oo a’p—l
a1 Ap
A . O% b B2 b Bq—1 b ’\q
(paq7r) . 1 2 Q*l w
™N o
C1 C2 e Cr—1
72 Yr—1

and I(p,q,r) is the two-sided ideal of the path K-algebra KA(p,q,r) gen-
erated by the element oy, ...00 +B¢... 81+ v ... 1.

In this chapter we are only interested in the triples (p,q,r) of integers
such that r > ¢ > p > 2 and %—i— % + % > 1. Tt is easy to check that (p, q,7)
is such a triple if and only if it is one of the following triples

(2,2,m —2),withm >4, (2,3,3), (2,3,4) or (2,3,5).
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1.3. Definition. The following finite dimensional algebras
e C(p,q), with g > p > 1,
e ((2,2,m—2), with m >4, and
e ((2,3,3), C(2,3,4), C(2,3,5)
are called the canonical algebras of the Euclidean type &pyq, ﬁ)m, ]EG,
IE;, IEg, respectively.

Clearly, the canonical algebra C(p, q) is a hereditary path algebra of the
quiver A(p,q) = A(‘&pyq) whose underlying graph is the Euclidean graph
&zﬂrqfl‘ It follows from the following four propositions that the remaining
canonical algebras are concealed of Euclidean type defined in Chapter VIII.
In contrast to the algebra C(p,q), each of the algebras C(p,q,r) is not
hereditary, because of the following lemma.

1.4. Lemma. Let C = C(p,q,r) be the algebra (1.2), where
r>qzp>2.
(a) The projective dimension pd S(w) of the unique simple injective C'-
module S(w) equals 2.
(b) gl.dimC = 2.

Proof. (a) It is easy to see that the projective cover of the simple injec-
tive C-module S(w) has the form € : P(w) — S(w) and Ker ¢ is isomorphic
to the C-module

Kot ot 0t K
(o] 0
N 1 L
i K S K <% o,
; i
[ﬁ\ Kol golo 1 g

viewed as a linear representation of the bound quiver

(A(p,q,7), I(p,q,7))-

It follows that the minimal projective presentation of the C-module Kere
is of the form

0 P(0) Play_1) & P(by_1) & P(c,—1) Kere 0.

This shows that pd S(w) = 2.

(b) Similarly as above we show that pd S(j) = 1, for each vertex j of
the quiver A(p,q,r) such that j # 0 and j # w, because the kernel of the
projective cover P(j) — S(j) of the simple C-module S(j) is projective. It
follows that gl.dim C' = 2 (see (A.4.8) of Volume 1), because the remaining
simple C-module S(0) is projective. O
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1.5. Proposition. For each m > 4, the canonical algebra (1.3)
C =C(2,2,m —2) is concealed of the Fuclidean type

1 m

Ve

A(D,,) : 3+— - +—m-—1

AN
vd
2 m+1

and gl.dimC = 2.

Proof. Let A = A(]ﬁ)m). The standard calculation technique shows that
the left hand part of the component P of I'(mod C') containing the simple
projective module S(0) = P(0) looks as follows

1 0
P(al)ZIOO. 0 000 _____ 110. 1 000 ______
0 /‘ 0 \‘ 1 /‘ 1 \‘ 1 /‘
1 0 0 — 1 1 0 — 2 1 0o — 1 4] 0 — 2 1 0o —
00. . .00 00. . . 00 10. . . 00 10. . . 00 210. . . 00
I
N Py S N\ / N\
1
P(cl)ZIw J 00 - 2110. 1 0 -
N\ / N\ N\
1
P(CZ):IHO ? 000 - - 221. 1 110 -
N\ N\ / N\
————2} 2 1 1—3 2 1
11...11 11...11 21 11
N\ /! N\ /
P(p"'_")_lu T T 100. ! 000 T
where

and the indecomposable modules are represented by their dimension vec-
tors. Observe that P is a postprojective component containing all the inde-
composable projective modules and a section of the form A°P given by the
modules
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P(w) (1.6)
a
P(a))—771P(0)—7"tP(c))—>...... — 7 P(ep_a)—7 1P (cm_3)
/!
P(b1)

Dually, T'(mnod C) has a preinjective component Q containing all the in-
decomposable injective modules and a section of the form A given by the
modules

I(a1)

/

TI(c1) — TI(c2) — ...... — 7I(Cm—3) — TI(w) — I(b1)

Hence, by applying (X1.5.1), we conclude that C'is a concealed algebra of the

Euclidean type A(D,,). Finally, by (1.4) and (VIIL.3.2), gl.dimC =2. O

The reader may have observed that we have shown in the course of the
proof the following useful fact.

1.7. Corollary. Let C = C(2,2,m — 2) be the canonical algebra of type
A(D,,).

(a) The family (1.6) is a section in the postprojective component P(C)
of the quiver T'(mod C) containing all the indecomposable projective
C-modules.

(b) The module

T=Pla)®Pb) @7 'PO)@ 7 'P(c) @... 07 'Plcm_3) ® P(w)

is a postprojective tilting C-module and A = EndT¢ is a hereditary
algebra isomorphic to the path algebra of the quiver A(D,,). O

1.8. Proposition. The canonical algebra C = C(2,3,3) is concealed of
the Fuclidean type

A(Es) :

— B

3—2 —1 +—6<+—171.
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and gl.dimC = 2.

Proof. Let A = A(IE(;). The standard calculation technique shows that
the left hand part of the component P of I'(mod C) containing the simple
projective module S(0) = P(0) looks as follows

0 1 0
Pba)=1110— — — — —— 1000— — — — —— 1100 — —
/‘00\ /‘ 10\N /(11\
0 1 1 1
P(b1)=1100— — — — —— 2110———— —— 2100 21 11=P(w)
00 10 21 11

/!

P(0)=1000— 1000
00 00

N

0 1 1
P(e1)=10 00— — — — —— 2100——— — —— 2210— —— — ——
10 11 10

where

and the indecomposable modules are represented by their dimension vectors.
Hence P is a postprojective component containing all the indecomposable
projective modules and a section of the form A°P given by the modules

TﬁZP(bg)

/!

7'_2P(b1)

72P(0) — 72P(a1) — P(w) (1.9)
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Dually, I'(mnod C) has a preinjective component Q containing all the in-
decomposable injective modules and a section of the form A given by the
modules

TQI(bl)

N\

T2I(b2)
1(0) — 72I(a1) —7%(w)

721(cg)

/!

T2I(Cl)

Hence, by applying (XI.5.1), we conclude that C is a concealed algebra of

the Euclidean type A(Eg). Finally, by (1.4) and (VIIL.3.2), gl.dim C = 2. O
We have shown in the course of the proof the following useful fact.

1.10. Corollary. Let C = C(2,3,3) be the canonical algebra of type
A(Eg).

(a) The family (1.9) is a section in the postprojective component P(C)

of the quiver T'(mod C) containing all the indecomposable projective

C-modules.
(b) The module

T =7 2P(a1) ©7 *P(b1) &7 *P(b2) &7 *P(0) & 7 *P(cy)
® 7 2P(cz) ® P(w)

is a postprojective tilting C'-module and A = End T is a hereditary
algebra isomorphic to the path algebra of the quiver A(Eg). O
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1.11. Proposition. The canonical algebra C = C(2,3,4) is concealed
of the Euclidean type

A(E;) :
4 —3—2—1+—6+—7<«—8.

and gl.dimC = 2.

Proof. Let A = A(E;). The standard calculation technique shows that
the left hand part of the component P of I'(mod C) containing the simple
projective module S(0) = P(0) looks as follows

1
Pw)=2111
111

N

0 1 0
P(by)= 1110 - — 1000 - — 1100 ———2110———
111
P(b1)=1100 - —— 2110 - —— 2100 - —— 3210———
000 221

AN AN NN

1000—)1000—>2100—)1100—)3210—>2110—)4210—)2100

00 21
\ f \ / \ f \ /‘
P(cl)11000————2100————3210————3221100———
N O N N S N /
P(¢2)1000————2100————2210————2110———
11 210
NN /‘ N S NS
P(03)1000————1100————1110———1000
111 000 100 110
where

0 1
P0)=1000, P(a;)=1000,
000 000

and the indecomposable modules are represented by their dimension vectors.
Hence P is a postprojective component containing all the indecomposable
projective modules and a section of the form A°P given by the modules
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773P(0) — 773P(a1) (1.12)

773P(c3)

Dually, I'(mnod C) has a preinjective component Q containing all the in-
decomposable injective modules and a section of the form A given by the
modules

3 I(w), T31(ay), T31(bs), T31(b1), I(0), T31(c3), 731I(cz), and 731(cy).
Hence, by applying (XI.5.1), we conclude that C'is a concealed algebra of the
Euclidean type A = A(E7). Finally, by (1.4) and (VIIL.3.2), gl.dim C = 2.0

We have shown in the course of the proof the following useful fact.

1.13. Corollary. Let C=C(2,3,4) be the canonical algebra of type A(E7).

(a) The family (1.12) is a section in the postprojective component P(C')
of the quiver T'(mod C) containing all the indecomposable projective
C-modules.

(b) The module

T=73Play) 7 3P(b) @17 2P(bs) ® 7 2P(0) 7 3P(cy)

® T3P (c2) ® T 3P(c3) ® P(w)
is a postprojective tilting C'-module and A = End T is a hereditary
algebra isomorphic to the path algebra of the quiver A(Er7). O
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1.14. Proposition. The canonical algebra C = C(2,3,5) is concealed

of the Euclidean type 4

A(Es) : |
3—2—1<+—5+—6<+—7+—8+—9
and gl.dimC = 2.

Proof. Let A = A(Eg). The standard calculation technique shows that
the beginning part of the component P of I'(mod C') containing the simple
projective module S(0) = P(0) is that one presented in Figure 1.15a below,
where

1
P(a;)=1 00 o0
0000

and the indecomposable modules are represented by their dimension vectors.
Hence P is a postprojective component containing all the indecomposable
projective modules and a section of the form A°P given by the modules

775P(0) (1.15)

N

75 P(c1) l 75 P(b)

v N\

TﬁSP(CQ) T75P(a1) TﬁSP(bQ).

Ve

775P(c3)

Ve

T75P(cy)

V4

P(w)

Dually, I'(mod C') has a preinjective component Q containing all the in-
decomposable injective modules and a section of the form A given by the
modules

T I(w), 7°1(ar), T°1(ba), T°I(b1), T°1(cs), T21(c5), T°I(ca), T°1(c1), 1(0).
Hence, by applying again (XI.5.1), we conclude that C'is a concealed algebra

of the Euclidean type A(Eg). Finally, by (1.4) and (VIIL.3.2), gl.dim C'=2.
(|
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Figure

1.15a.
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We have shown in the course of the proof the following useful fact.

1.16. Corollary. Let C = (C(2,3,5) be the canonical algebra of type
A(Eg).
(a) The family (1.12) is a section in the postprojective component P(C')

of I'(mod C') containing all the indecomposable projective C-modules.
(b) The module

T =717°P(a1) @7 °P(b1) ® 7 5P(by) ©® 7 °P(0) & 7 °P(c1) ® 7 °P(cz)
<) 7—_5P(03) @ T_5P(C4) ® P(w)

is a postprojective tilting C-module and A = End Tc is a hereditary
algebra isomorphic to the path algebra of the quiver A(Eg). |

1.17. Definition. Let C' = C(p, ¢, ) be a canonical algebra of Euclidean
type, where we agree that C(p, q) is the algebra C(p,q,1). By a canonical
radical vector of C' we mean the vector

he = (hy) € Ko(C) = zptatr—!

in the Grothendieck group Ko(C) & ZPT4T"=1 of C given by h; = 1, for
each point j of the quiver A(p,q,r) of C.

Now we show that radgc = Z - he.

1.18. Proposition. Let C be a canonical algebra of Euclidean type
and let qo : Ko(C) —— Z be the Euler quadratic form of C.

(a) The canonical radical vector he of C is the generator of the group
rad go C Ko(C), that is, radgqc = Z - he.

(b) If C is one of the canonical algebras C(2,2,m — 2), with m > 4,
C(2,3,3), C(2,3,4), and C(2,3,5), then the Cartan matriz Co of
C' has the form (1.19), (1.20), (1.21), and (1.22), respectively.

Proof. First, we assume that C' = C(p, q). Then the algebra C is hered-
itary of FEuclidean type A&I,Jrq_l and (VIL.4.2) applies. It follows that the
canonical vector he is just the generator of the radical of the Euler qua-
dratic form g¢ : Ko(C) — Z of C presented in (VII1.4.2) and (XI.1.1), with
Q = Aerqfl-

Next, we assume that C' = C(p, ¢, r) is of one of the types C(2,2,m —2),
with m > 4, C(2,3,3), C(2,3,4), and C(2,3,5). By (1.5), (1.8), (1.11), and
(1.14), the algebra C is concealed of Euclidean type. It follows from (X1.3.7)
that there exists a unique vector h € Ky(C), with all coordinates positive,
such that rad go = Z-h. Then, it remains to show that ¢o(he) = 0, because
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this yields he = m - h, for some m € Z, and hence we easily conclude that
m = 1 and, consequently, h = hg and radgqe =Z - he.

To finish the proof, we recall from (II1.3.11) and Section XI.1 that the
Euler quadratic form

qgo : Ko(C) —— Z

is given by the formula
qc(x) = mt(cg’l)tx’

where C¢ is the Cartan matrix of the algebra C. For each of the types
C(2,2,m—2), withm >4, C(2,3,3), C(2,3,4), C(2,3,5), we now compute
the Cartan matrix C¢o and the Euler quadratic form ¢¢, and then we show
that rad qc = Z - ho. Now we do it by a case by case inspection.

Case 1° Assume that C' is the algebra

C(2,2,m—2) = KA2,2,m —2)/1(2,2,m — 2),

where m > 4. We compute the matrices Cc and (Cg')* with respect to
the following ordering

Oaalablacla cee 5, Cm_3,W

of vertices of the quiver A(2,2, m—2). Because, by (IIL.3.8), the j-th column
of the matrix C¢ is the dimension vector dim P(j) of the indecomposable
projective right C-module P(j) = e;C corresponding to the j-th vertex of
A(2,2,m — 2), with respect to the ordering fixed above, then the square
(m+ 1) x (m + 1) matrices Cc and (Cg')* have the forms

r100 0 0O 0 0 0007
rbill b 11124 -110 0 0 0 0000
0100 0 ... 0001 ~101 0 0 0 0000
0010 0 ..0001 100 1 0 0 0 000
0001 1 ..1111 0001 1 6 0 000
0000 1 ..1111 vt .

Ce=|..... ... . [,(Cs)=loo0o0 0-1 o 0o0o00]| (1.19)
00000 ..1111 - : T
0000 0 .. 0111 0000 0 "~=1 1000
00000 ..0011 0000 0 0-1100
Loooo 0 .. 00014 000 0 0 0 0-110

[ 1110 0 .. 0 0 0-11]

We note that the coefficient ¢ 4,11 of the matrix C¢ equals 2, because it is
the dimension of the K-vector space

e,Ceo™=(Kay...0n®KpB,...516Ky ... m)/K(ap...c1+48 ... i+7r ... 7).
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Then the Euler quadratic form g¢ : Ko(C) — Z of C is given by the
formula

qc(a}) = xt(cal)t‘r = .Z‘(2) + 3331 + x%l + ‘/1’31 +oF xim—?, + mi
- SCo(IL'al + Thy + Ley — xw) — T T — Ty T
T LeyTey T Legleg = -0 T Tep_aTem—s — Lep_zlw
1 1 1
= (20 = 5% = 5T — 5T, + 570)°

3 1 1 1 2 1 1

+ Z(xal ~ 5%~ 3%~ gxcl)Q + g(acbl — 5w 53301)2
1 1 1

+ i(xq - xcz)Q + i(xc‘z - .1303)2 +. i(xcm 4 ‘rcmfa)Q
1

+ i(xcm—s - IW)Q'

It follows that ¢o(he) = 0 and, given x € rad g¢, there is an integer m such
that x = m - heo. This shows that rad go = Z - he, and we are done.
Case 2° Assume that C is the algebra

C(2,3,3) = KA(2,3,3)/1(2,3,3).
We compute the matrices C¢, (Cal)t with respect to the following ordering
0) a, b17 b2a C1,C2,W
of vertices of the quiver A(2,3,3). Because the j-th column of C¢ is the
dimension vector dim P(j) of the right C-module P(j) = e;C corresponding
to the j-th vertex of A(2, 3, 3), then the square 7x 7 matrices Cc and (Cg')*
have the forms

1111112
0100001 -
0011001

Cc=|o0001001 |, (Cih)'=
0000111
0000011
0000001

Hence, the Euler quadratic form g¢ : Ko(C) —— Z of C' is given by the
formula

qo(x) = xt(Cal)tz = ;L"(Q) + zil + xgl + 17%2 + :Cil + 1‘32 + Ii

—20(Tay + Tby + Tey —Tw) —Tay Tw— Thy Ty — Ty Loy — Loy Leg — Loy Lo

|
= o o

= O = O R = =

eM;(Z). (1.20)

I

|

L o000 RO
ooo,‘_.

I
LooROOO
oL»—-oooo
I

L mROoOO0O0O0O
—ooocooo

1 1 1 1 ., 3 11 1,
= (550—5%1 T5Th T g% T 5%) + Z(mal—gww—gmcl —gxbl)
2 3 1 1 5 3 2
+'§($b1—'1$b2—'§$c1+'1$w)2+'§($@ T pTe T 5$cJ2

2 5 1
+-g(x01_'1$02+_1xw)2+_§($62__mw)z
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Tt follows that go(he) = 0 and, given x € rad ¢¢, there is an integer m such
that x = m - he. This shows that rad go = Z - he, and we are done.
Case 3° Assume that C' is the algebra

C(2,3,4) = A(2,3,4)/1(2,3,4).

We compute the matrices Co and (Cal)t with respect to the following
ordering
0) a, bla b27 C1,C2,C3,W

of vertices of the quiver A(2,3,4). Because the j-th column of C¢ is the
dimension vector dim P(j) of the right C-module P(j) = e;C corresponding
to the j-th vertex of A(2, 3,4), then the square 8 x8 matrices Cc and (Cg')*
have the forms

11111112
01000001
00110001 -
00010001 1t

Ce= 00001111  (Co)' =
00000111
00000011
00000001

HOOLO»—-»'—H—\
= O O

o O© O

= O O OO

o O O

o O O

o O O

€ Ms(Z). (1.21)

LOOOOOD—‘O
oooo»l—t
LOOO»—‘
OO»'—-
O)I—‘HOO
»‘—-)—tooo
—oooo

Hence, the Euler quadratic form g¢ : Ko(C) —— Z of C' is given by the
formula

_otre—INt. 2 2 2 2 2 2 2 2
QC(.’L') _x(CC )‘T —$0+$a1+$b1+$b2+$cl+(b62+$c3+l‘w
—x0(Tay + T, + Ty —Tw) — Ty To — Ty Ty — Thy Lo

T Ty Teyg — LegLeg — Teg Ty

1 1 1 3 1 1 1

= (a}‘o 2 53?171 —5.1301 + §Z‘w)2 + z(l‘al —gﬂfcl —gl'bl —gl'w)Q
2 3 1 1 5 3 2
3(xb1 bez - §xcl + wa)Q + g(xbz - gxw - 5.1301)2
2 5 1 3 4 1 1
g(xm 4x02+ixw)2+§(zm_3x03+§zw)2+§(1’%_zw)2-

It follows that go(he) = 0 and, given x € rad ¢¢, there is an integer m such
that x = m - he. This shows that rad go = Z - he, and we are done.
Case 4° Assume that C' is the algebra

C(2,3,5) = A(2,3,5)/1(2,3,5).

We compute the matrices Co and (Cal)t with respect to the following
ordering
0,a1,b1,b2,c1, o, 3, C4,w
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of vertices of the quiver A(2,3,5). Because the j-th column of C¢ is the
dimension vector dim P(j) of the right C-module P(j) = e,;C corresponding
to the j-th vertex of A(2, 3, 5), then the square 9x 9 matrices Cc and (Cg')*
have the forms

1
Ju

111111112
010000001
001100001
000100001
0ooo11111 [, (C5H)i=
000001111
000000111
000000011
000000001

= o O

|
LR

Cc (1.22)

coocococoro

OO OO =OOO
coolrococoo
colroocooo
OLHOOOOOO

~cooococoo
_H O OOOOOOoOOo

| (.
O OO RO~
L
o O O oo

|
L

|
LR

Hence, the Euler quadratic form g¢ : Ko(C) —— Z of C is given by the
formula

tr—1\t 2 2 2 2 2 2 2 2 2
qo(z) = 2"(Co')'w = wg +x;, +xp, + x5, + g, + L, + 22, + 2L, + T
— 20(Ta, + Ty, + Tey — Tw) — Tay Tws

— Xy Thy — LoyLy — Loy Leg — LegLeg — LegLey — Loy Lo

= (zo— lxal —lxbl —lmcl +—x,)? + §(xa1 —lmcl —lxbl —lxw)z
2 2 2 2 4 3 3 3
3lam = g = 5o+ 32+ glan g = 520’
+ %(mcl 2%2 + ixw)Q + %(%2 %xQ + %xw)z
+ é(azc4 gxc3 + %xw)Q + %((ECS z,)?

It follows that ¢o(he) = 0 and, given x € rad g¢, there is an integer m such
that x = m - he. This shows that rad gqo = Z - h¢, and we are done. This
completes the proof of the proposition. O

XII.2. Regular modules and tubes over
canonical algebras of Euclidean type

Our next aim is to give a precise description of connected components
of the Auslander—Reiten quiver I'(mod C') of any canonical algebra C' of
Euclidean type.

It follows from (VIIL.4.5), (X1.3.4), and the preceding propositions that,
if C' is a canonical algebra of Euclidean type, then T'(mod C') consists of the
following three types of connected components:
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e the postprojective component P(C') containing all the indecomposable
projective modules,

e the preinjective component Q(C) containing all the indecomposable
injective modules, and

o the family R(C) of pairwise orthogonal standard stable tubes.
Moreover, we know from (XI.3.4) that the full subcategory add R(C) of
mod C' is abelian and serial. In the proofs of (1.5), (1.8), (1.11) and (1.14)
we also have indicated the structure of the components P(C) and Q(C).

To describe a detailed structure of the components in regular part R(C)
of C', we establish a relationship between the regular C-modules and the
regular modules over the Kronecker algebra C(1,1).

Let C be a canonical algebra of Euclidean type. Denote by A the algebra
eCe defined by the idempotent e = ey + e,, € C, where ey and e, are the
primitive idempotents corresponding to the vertices 0 and w. It is easy to
see that there is a K-algebra isomorphism

A=eCe= {f; 10(} (2.1)

of A with the Kronecker algebra given by the Kronecker quiver

0F——w.

We may then consider the idempotent embedding functors (see (1.6.6))
Te,Le
mod A m——— modC
reSe

given by the formulae

res.(X)=Xe, T.(Y)=Y ®useC, L.(Y)=Homu(CeY)

for X € modC and Y € mod A. By (1.6.8), res. is the restriction functor,
T. and L. are full and faithful embeddings, L. is right adjoint to res., T is
left adjoint to res., and reseTe =2 1yoq 4 =2 rese Le.

We also need the following two lemmata.

2.2. Lemma. Let C' be a canonical algebra of Fuclidean type and let

A = eCe, where e = ey + e,,. Let X be an indecomposable C-module.

(a) If X € P(C), then res.(X) € add P(A).
(b) If X € Q(C), then res.(X) € add Q(A).

Proof. (a) Assume that X € P(C). To prove that res.X € addP(A),
it is enough to show that every indecomposable direct summand of res.(X)
has only finitely many indecomposable predecessors in mod A. Let

M, — M,y — --- — M;
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be a path in mod A with Hom 4 (M7, res.(X)) # 0. Then we have a path
T.(M,) — Te(My—1) — -+ — To(My)

in mod C' with Home (Te (M), X) = Homa (M, rese(X)) # 0. Because X
has only finitely many predecessors in mod C' and any indecomposable A-
module M is of the form M 2 res.(T.(M)), the required claim follows.
Hence the A-module res.(X) lies in add P(A).

(b) If X € Q(C) then, applying the functor L., we show similarly that ev-
ery indecomposable direct summand of res, X has only finitely many succes-
sors in mod A, and consequently the A-module res.(X) lies in add Q(A). O

We prove later that X € R(C) also implies res.(X) € add R(A).

2.3. Lemma. Let C be a canonical algebra of Fuclidean type, let hg €
Ko(C) be the canonical radical vector of C' (1.17), and let A = eAe, where
e =eyg+e,. If E is a simple reqular C-module satisfying the following three
conditions:

e dim FE =m - h¢ for somem > 1,

o res.(E) € addR(A), and

e Homg(E,M) = 0, for any indecomposable C-module M, with
rese M = 0,

then dim E = h¢.

Proof. Because the functor L, : mod A —— mod C is right adjoint to
the restriction functor res, : mod C' ———— mod A, then there is a functorial
isomorphism of K-vector spaces

Home(E, L. (reso (E))) —i—> Hom 4 (res. (E), res, (E)).

Take the unique homomorphism 1 : E —— L.(res.(E)) in mod C' such
that ¥ (n) is the identity homomorphism of res.(F). Clearly, n # 0.

We claim that L(res.(E)) belongs to add R(C). To prove it, suppose
to the contrary that L.(res.(E)) admits a postprojective indecomposable
direct summand P. Then, by (2.2), the module res.(P) is a postprojective
direct summand of res.(E), and we get a contradiction with our assumption.
Similarly, we prove that the module L.(res.(E)) has no preinjective direct
summands. Therefore, L (res . (E)) is a regular C-module, and consequently
1n: E —— L.(resc(E)) is a monomorphism, because F is a simple object
of the abelian category add R(C).

Consider now the induced exact sequence

0— E —" Lo(res.(E)) —— M — 0,
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where M = Cokern. Because the functor res, is exact and res.(n) is the
identity on res.(F), we get res, M = 0. Hence, invoking our assumption, we
have Home(E, M) = 0. Take now ¢ € End 4(res.(E)). Because £L.(p)n =
0, we get a commutative diagram with exact rows

0 E —"% L.rese(E)) —— M —— 0
@/J/ J/Le(‘P) J/SON
0 E —1% L.resc(E)) —— M —— 0.

Suppose that ¢’ = 0. Then L.(p) = o€, for some 9 : M —— L.(res.(E)).
But

Home (M, Le(rese(E))) = Homa(res.(M),res.(F)) = 0,
and so L.(¢) = 0. Then ¢ = 0, because the functor L. : mod A — mod C
is a full and faithful embedding. Therefore, we get an injective algebra

homomorphism
End4(res.(F)) ———— End¢(E)

which assigns to ¢ € Enda(resa(E)) the endomorphism ¢’ € Ende(E),
defined above. Because E is a simple object of add R(C), we know that E
is a brick. Hence res.(FE) is a brick. Finally, observe that the hypothesis
dim F = m-h¢, where m > 1, implies dimres.(E) = [m,m|'. By (X1.4.5),
rese(E) is isomorphic to the Kronecker module Ey[m] for some A € Py (K).
Because the module res.(E) is a brick, then m = 1 and, consequently,
dim F = h¢. O

2.4. An identification

(a) Throughout, we identify any C(p,q)-module M with the K-linear

representation o
Pag Xp—1
Mg, M,, e M,,_,
@a\/ W"‘p
My M,
<,o;1\ lz"ﬁq
My, My, e My,_,

PBo PBg—1
of the quiver A(p, q), see (1.1).

(b) Similarly, we identify any C(p,q,r)-module M with the K-linear
representation
Mal Pag Ma2

e e

Pay,_;

$B1 PBg PBg—1 $Bq
My — My, My, My, ., <— M,
Pyr
Py
M., M., e M., ,

Pz Py 1
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of the quiver A(p, q,r) satisfying the relation (see (1.1))
Pay -+ Pa, T 9By Py T Py -+ - Pry, =0.

Denote by C one of the algebras C(p,q) or C(p,q,r). Let e =
K 0
K? K
algebra, see (2.1). Then, under the preceding identifications, the
restriction functor

eo +e, € C, and let A = eCe = be the Kronecker

res, : mod C —— mod A

assigns to each C-module M, viewed as a K-linear representation,
the A-module

Pay Lpa2“.<'0‘11)
res.(M) = (M()é:Mw) ,

PB1LPB2 " PBp

viewed as a K-linear representation of the Kronecker quiver

103I——o 2

We exhibit now a class of indecomposable modules over the canonical
algebras of Euclidean type and show that they are periodic with respect to
the action of the Auslander—Reiten translation 7¢ = DTr of C, and, as a
consequence, they belong to stable tubes. To formulate the results we need
a family of canonical forms of modules presented in the following table.

2.5. Table

Indecomposable C(p,q)-modules of the dimension vector < h¢

Let p and q be integers such that ¢ > p > 1. Consider the following
family of indecomposable C(p, q)-modules:

0¢—0¢—---+—0

(1) EP=8(a;), with1 <i < p—1, ES: K K,

(2) BV =8(b), with1 <j<q-1, B %

VKKK
) K gt . Kk )
Y N
N

0+—0¢—---+—0
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(3) for each s,t such that 1 < s <p anodl <t < q, the modules
K& o g Fee™ gt g

v N

R* : K K,
N A
K+— K «—— i, «—— K +— K
1 1 1 1
K& g & PRI "SI e
v N
Rﬁf K K

K<— <—K<—K<— 4— K

=0
(4) for each X\ € K \ {0}, the modules
| KKK

1
z) N N
EW: g K.

1
S GRGK <

We now state the following useful fact.

2.6. Lemma. Let p and q be integers such that ¢ > p > 1, let C =
C(p,q) and let he € Ko(C) be the canonical radical vector of C. The C-
modules R*, with 1 < s < p, R%, with 1 <t < q, and the modules E®),
with A € K \ {0}, presented in Table (2.5), form a complete set of pairwise
non-isomorphic indecomposable C-modules of the dimension vector he.

Proof. (a) Because the vector he has the identity coordinate over each
vertex of the quiver A(p, q) of C then any module M (viewed as a K-linear
representation of A(p,¢q)), with dim M = h¢, has M; = K for all points j
of A(p,q). Hence the lemma easily follows. O

Assume that C = C(p,q) and let P;(K) = K U {oo} is the projective

line over K. Consider the following Py (K)-family
T = {T herixo) (2.7)

of connected components of the Auslander—Reiten quiver I'(mod C) of C,
where

e 7L is the component containing E(>) = E,(,OO),

e 7L is the component containing E(®) = E,go), and

e foreach A € K\{0}, T.C is the component containing the module E*).

The following proposition shows that the P (K')-family T consists of stable
tubes lying in R(C).
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2.8. Proposition. Let p and q be integers such that ¢ > p > 1, let
C =C(p,q) and let TC = {T. Y sep, (i) be the Py (K)-family (2.7).
(a) The component TS of I'(mod C) is a standard stable tube in R(C)

of rank r$, = p and, for eachi € {1,... ,p}, there is an isomorphism
TCEl(_T_CJl) = Ei(oo), where we set Ef,ofl) = E;Do),

(b) The component T of T'(mod C) is a standard stable tube in R(C)
of rank r§ = q and, for each j € {1,... ,q}, there is an isomorphism
TCE](&)I = Ej(-o), where we set Eé(jr)l = E§O).

(c) For each A € K\ {0}, the component T.C of I'(mod C) is a standard
stable tube in R(C) of rank v{’ = 1 and there is an isomorphism
TcEM =2 EX,

(d) Each tube in R(C)\ (TS UTE) is of rank 1.

e) The C-modules B, ... B, B .. E® and EXV, with X €

1 P 1 q
K\ {0}, are simple regular.

Proof. By a direct calculation of the Auslander—Reiten translations of
the modules
B, B B EY, and BV, with A € K\ {0},
we easily get the isomorphisms TCEZ-(i? = EZ-(OO)7 TCEJ(-(J)F)1 o E](.O) and
1 EX = EA) ag follows.
First, we prove that T7c E) = EQX) | for any X # 0. Note that, for each
A # 0, there exists an exact sequence in mod C

0— eoC % e,C " EW — 0.
We know from (I11.2.4) that the indecomposable projective C-module e,,C,
viewed as a representation of the quiver A(p, q), is given by the diagram

KK LK

The epimorphism 7 = (7;) : e,C — EW is defined by setting m; = 1k,
forj #0,and my =[1 A : K? —— K. Further, u : ¢gC — e,,C is given
by the obvious isomorphism eqgC = Kerw. The homomorphism u induces
the commutative diagram (with exact rows)

0 — Home¢ (e, C, C) M Homg (eoC,C) —— Tr E®) — 0

wa/g .)C(JJ/g

0 — Ce,, - Ceg — Cokerv — 0
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of left C-modules, where v is the diagonal embedding of the simple left C-
module Ce,, into the socle socCey = Ce,, @ Ce, of Cey and the vertical
homomorphisms f,, and fj are the bijective functorial maps given by (1.4.2).
Hence, there is an isomorphism f : Tr EX) —=  Coker v induced by fo.
On the other hand, it is easy to see that Coker v = DEW). Hence we get
the isomorphisms 7¢ EX) = DTr EXN) = DCoker v 2 DDE® = EXM) | and
we are done.

Next, we prove that, for each j € {1,...,q}, there is an isomorphism
7'CE](-1)1 = Ej(-o). We consider three cases.

Case 1° j = g — 1. By the arguments given above, there exists an exact
sequence in mod C

0—ep,_,C—>e,C— EY —0

and the homomorphism u induces the commutative diagram (with exact
rows)

0 — Home(e,C,C) Homo (w.0) Homc(ep,_,C,C) —— Tr E,go) — 0

= = iE

0 — Ce, Y Cebq_1 —— Coker v— 0

of left C-modules, where the vertical homomorphisms f; and f, are the
0 _=

bijective functorial maps given by (1.4.2), whereas f : Tr Ey’ ——— Coker v
is the isomorphism induced by fy. On the other hand, it is easy to see that
Coker v = DS(by—1) = DEéo_)l. Hence we get the isomorphisms

TCE(EO) = DTr Eéo) =~ DCoker v & DDEéO_)1 ~ Eéo—)p

and we are done.
Case 2° 1 < j < g — 1. By the arguments given above, there exists an
exact sequence in mod C'

0—sep, ,C—3ey,C—S(b;) —0

and the homomorphism u induces the commutative diagram (with exact
rows)

0 — Homg(ep, C,C) Homo (v, Home (ep, ,C,C) ——Tr S(b;) — 0

)= )= iE

0— Cey, - 5 Cey, — Coker v — 0

—1
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of left C-modules, where the vertical homNomorphisms f1 and fy are bijective
functorial maps, whereas f : Tr S(b;) —— Coker v is the isomorphism in-
duced by fy. On the other hand, it is easy to see that Coker v = DS(b;_1) =

DEJ@l. Hence we get a sequence of isomorphisms

7B\ = DTt B\’ = DT S(b;) = DCoker v= DDE\Y, = B\,
and we are done.

Case 3° 1 =j < g — 1. By the arguments given above, there exists an
exact sequence in mod C

0— eoC —ep,C — S(by) — 0

and the homomorphism u induces the commutative diagram, with exact
rows,

0 —s Home (e, O, C) 22 Home(eoC,C) —— Tr S(b1) — 0

e o= iE

0 — Cep, - 5 Cey — Coker v — 0

of left C-modules, where the vertical homomorphisms f; and fj are bijective
functorial maps, whereas f : Tr S(b) —= s Coker v is the isomorphism
induced by fo. On the other hand, it is easy to see that Coker v = DE(SO).
Hence we get a sequence of isomorphisms

70BY, = 7B = DT B”) = DTr §(by) = DCoker v = DDE = E¥),
and we are done.

The proof of the existence of an isomorphism TcEi(_T_Ol) & Ei(oo)7 for each
i€ {l,...,p}, is similar to the above one, and we leave it as an exercise.

This shows that the modules E;OO), ... ,E;OO),E@, . 7E§0) and EJ(A),
with A € K \ {0}, are 7¢-periodic. It follows that they are neither post-
projective nor preinjective, hence regular and, consequently, the family
TS = {T}rer, (1) consists of regular modules.

Because C = C(p, q) is a hereditary algebra of the Euclidean type Apﬂ,l
then, by (XI.2.8) and (XI.2.9), the components of R(C') form a family T =
{Tx}ren, of pairwise orthogonal standard stable tubes, and if we let r) be

the rank of 7y, then " (rx —1) < p+q — 2, where p+ ¢ = n is the rank of
AEA
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the group Ko(C). It follows that, for each A € P;(K), the component T,¢
is a standard stable tube.

Because ¢ > p > 1 and we have constructed above the stable tube 7;{;‘ of
rank r$, = p, the stable tube 7 of rank r§ = ¢ and, clearly,

re-14rf 1= -D+@-1)=p+q-2

then the remaining tubes of I'(mod C) are of rank 1.

Because the regular C-modules E,~/, ..., 1+ 10), ..

(0) :
., B, are sim-

ple, then it remains to show that the remaining regular C-modules El(,oo),
Eéo) and EX, with A € K \ {0}, are simple regular. Let E be one of them,
and let X be a proper submodule of E. It follows that X, = 0 and a di-
rect calculation shows that X is preprojective, hence it is not regular. This
shows that FE is simple regular and finishes the proof of the proposition. [

2.9. Table

Indecomposable C(p, g, r)-modules of the dimension vector < h¢

Let now (p,q,r) be any of the triples (2,2, m — 2), with m > 4, (2,3,3),
(2,3,4) or (2,3,5). Consider the following family of indecomposable
C(p, q,7)-modules:

(1) E* = S(ay) and E :K4~ S 'SRy '
1
R "G <—K/
1 1

(2) B\ =S(b)), with1 < j < q-1, and B : g o ... 0"k

K

-1 \
(3) BV =5(cy), with1 < k <r—1, and BV ; /

Kk AR K

AN v

(4) for s,t,m such that 1 <s <2, 1<t <q and 1 <m <r, the modules
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K K

/ \ / \
B S gt Ak g BT S g g,
Z1 1
_1\K<—~-~<—K/ -1 K<—~-~<—K/
1 1 1 1
K
/ \
R . 1 1 PEr=0 1 1
K(_...(_K(—K(_...(_K7
1
/K\
R K 1 K 1 L L
yl\K(_...(_K(iK(_...(_K/i
1 1 oy =0 1 1
(8) for A € K\ {0,1}, the modules

/ V/\
EM . o

KX g Lk k.

1
1_>‘\K<— <—K/
1 1

We also state the following useful fact.

2.10. Lemma. Let (p,q,r) be any of the triples (2,2, m—2), withm > 4,
(2,3,3), (2,3,4), or (2,3,5), let C = C(p,q,r) and let he € Ko(C) be
the canonical radical vector of C. The C-modules R, with 1 < s < p,
RP, with 1 <t < q, R™, with1 < m < r, and E®, with A € K\
{0,1}, presented in (2.9), form a complete set of pairwise non-isomorphic
indecomposable C-modules of the dimension vector he.

Proof. Apply the arguments used in the proof of (2.6). |

Assume now that (p,q,r) is any of the triples (2,2, m — 2), with m > 4,
(2,3,3), (2,3,4), or (2,3,5), and C = C(p,q,r). Consider the following
Py (K)-family

T ={T heruxo) (2.11)
of connected components of the Auslander—Reiten quiver I'(mod C) of C,
where
e 7L is the component containing E(>) = E,(,oo) = Eém)7
o 7L is the component containing E(© = E{”,
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e 7€ is the component containing E() = EWY, and
e for each A € K'\{0,1}, 7,¥ is the component containing the module E™).

The following proposition shows that the Py (K )-family (2.11) consists of
stable tubes lying in R(C).

2.12. Proposition. Let (p,q,r) be any of the triples (2,2, m — 2), with
m > 4, (2,3,3), (2,3,4), or (2,3,5), let C = C(p,q,r) and let TC =
{T. Y rep (i) be the Py(K)-family (2.11).

(a) The component TS of I'(mod C) is a standard stable tube in R(C)
of rank r$, = 2 and there are isomorphisms TcEéoo) = E%Oo) and
T0E§OO) = Eéoo).

(b) The component TC of T'(mod C) is a standard stable tube in R(C)

of rankr§ = q and, for each j € {1,... ,q}, there is an isomorphism
7'(317];-3)1 = E](»O), where we set Eé(i)l = Eio).

(c) The component T,€ of T'(mod C) is a standard stable tube in R(C)
of rank v$ = r and, for eacht € {1,... ,r}, there is an isomorphism

7'(;Et(_1|r)1 = t(l), where we set Eﬁ?l = E%l).

(d) For each A € K\{0,1}, the component T.C of I'(mod C) is a standard
stable tube in R(C) of rank r{ = 1 and there is an isomorphism
¢ EXN = X

(e) The tubes TS, T and T of rank p, q and r, respectively, are the
only non-homogeneous tubes in R(C).

(f) The C-modules E%Oo), Eéoo), E%O), e ,Eéo), E%l), . ,Eﬁl), and EO),
with A € K\ {0}, are simple regular.

Proof. By a direct calculation of the Auslander—Reiten translation of
the modules E§°O), Eéoo), E%O), . ,Eéo), EF), e ,Eﬁl), like in the proof of
(2.8), we easily get isomorphisms

o B = B 10 B> = B 1B ~ g,

t+1

and Tc E®) = EXN_for each X € K\ {0,1}, because the projective resolu-
tions of these modules are very simple.

Because, by (1.5), (1.8), (1.11), and (1.14), C is a concealed algebra
of Euclidean type, it follows from (XI.3.4) that the regular part R(C) of
I'(mod C) consists of a family T = {7\}xea, of pairwise orthogonal stan-
dard stable tubes and, if we let ry be the rank of 7T, then

Z(m—l) <n-2

AEA
where n is the rank of the group Ky(C). Further, add R(C) is a serial,
abelian and full subcategory of mod C whose simple objects are the modules
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lying on the mouth of the tubes 7y, with A € A. Moreover, it follows from
(VIIL.4.5) that pd Z < 1, for any module Z in R(C), and consequently
ExtZ(X,Y) =0, for all modules X and Y in R(C).
A simple calculation shows that the modules
B> B, B, BY, BV, B and EYY, with X € K\
{0,1},
form a family of pairwise orthogonal bricks. Therefore, by applying (X.2.6),
we show that
o the modules E{° and E{** form the mouth of a stable tube T of
rank r{ = 2,
o the modules Eio),Eéo), -
TL of rank r§ = ¢, and
e the modules E}l),Eél), e ,Eﬁl) form the mouth of a stable tube
TE of rank r{ = r.

Moreover, we have

Eé‘” form the mouth of a stable tube

7

rC 1478 140§ —1=p-1D)+(g-1)+(r—-1)=n—-2.

Hence, by the inequality > (rn — 1) < n — 2, the remaining tubes of
AEA
I'(mod C') are homogeneous. Moreover, the C-modules

B gl O B9 and EY, ... EM
are clearly simple regular. Finally, for each A € K \ {0, 1}, the brick EX)

forms the mouth of a stable tube T,C of rank r{ = 1, again by (X.2.6);
hence EM™ is simple regular. This finishes the proof. O

We now give a description of all indecomposable regular modules over
any canonical algebra of Euclidean type.

2.13. Theorem. Let C be a canonical algebra of Euclidean type.

(a) The regular part R(C) of T'(mod C) consists of the pairwise orthog-
onal stable tubes TC of the P1(K)-family

T = {T herxo)

described in (2.8) for C = C(p,q), and in (2.12) for C = C(p,q,r),

where (p, q,r) is any of the triples (2,2,m—2), withm > 4, (2,3,3),

(2,3,4), or (2,3,5). The tubes TS, TC and T are of rank r$, = p,

r§ = q and r{ = r, respectively, and the remaining tubes 7;\0 are of
rank Tf =1.

(b) The C-modules R, with 1 < s < p, lie in TS and are of regular
length p, the C-modules R, with 1 <t < q, lie in TC and have
reqular length q, and the C-modules R, with 1 < m < r, lie in
TE (if C = C(p,q,7)) and have regular length r.
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(c) Ewvery simple regular C-module lying in one of the tubes TS, T
and T,C is isomorphic to one of the modules
g g, B9 .. EY M . EBY
defined in Tables (2.5) and (2.9), respectively. The remaining simple
regular C-modules are of the form EX | where X € K \ {0,1}, up to
isomorphism.

Proof. The statement (a) follows from (c), (2.8) and (2.12).

(b) First we observe that the C-modules R®, R% and R are neither
postprojective nor preinjective; hence, they are regular C-modules. More-
over, we have

. Homc(Eéoo),Ro‘S) # 0 and Homc(Ra57E§i°1)) # 0, for each

se{l,...,p}
D Homc(Et(O),RB‘) # 0 and Homc(Rﬁf,Et(E)l) # 0, for each
t€{17"' 7q}7

. Homc(Er(é),R’Ym) # 0 and Homc(R'Y’",E,(i)_l) # 0, for each
me{l,...,r} (it C=C(p,q,r1)),

where E(goo) = EZ(,OO), Eéo) = E(go) and E((Jl) = EY. Hence, (b) follows.
To prove the statement (c), we consider the Kronecker algebra
_ ~ | KO0
A=eCe™ [ o K}
and the restriction functor res, : mod C' — mod A, where e = e¢g + ¢, see
(2.1).

We claim that if M is an indecomposable C-module with res.(M) = 0,
then M lies in one of the non-homogeneous tubes. Indeed, if res (M) = 0,
then M is an indecomposable representation of the quiver obtained from
the quiver of C' by removing the vertices 0 and w, and our claim follows,
because

e the simple modules S(a;), S(b;) and S(cx) lie in non-homogeneous
tubes of I'(mod C), and
e we know the structure of the indecomposable modules over the path

algebra

KO ..0

KK ..O0

T.(K)=1|. ..

KK .. K
of the linear quiver PR VRN PRSPy S N Dynkin
typeA,. We recall from Chapter V that T, (K) is a Nakayama
algebra.

Take now a simple regular module E lying in a homogeneous tube of
I'(mod C'). Because the different tubes of I'(mod C') are orthogonal, then
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Homg(E, M) = 0, for any indecomposable C-module with res.(M) = 0.
Moreover, (X1.3.6), (XI.3.7), and (1.18) yield dim FE € radgc = Z - he,
where he is the canonical radical vector of C, see (1.17). Hence, dim E =
m - hg, for some m > 1.

We prove now that the Kronecker A-module res.(E) belongs to add R(A).
It follows from our assumption on F, that E is orthogonal to any simple
C-module except S(0) and S(w). This implies that all K-linear maps ¢, _,
©8s> P in B, viewed as a K-linear representation, are bijective. Hence, the
two maps in the representation res. (F) of the Kronecker quiver 0 & —— w
are also bijective, and, according to (XI.4.3), the module res.(E) belongs
to add R(A).

Consequently, (2.3) applies and we get dim E' = h¢. It follows from (2.6)
and (2.10) that E is isomorphic to one of the modules of Table 2.5 (or Table
2.9) if C = C(p,q) (or C = C(p,q,r), respectively). Hence, by (2.8), (2.12),
and the statement (b) proved above, there is an isomorphism E 2 EW for
some A € Py(K). We note that, for C = C(1,q), there is an isomorphism
E = E(®) = B and, for C = C(1,1), we have E = E© = 50

Consequently, we have proved that the simple regular modules from the
tubes 7., with A € P;(K), exhaust all the simple regular C-modules, and
consequently the regular part R(C) of I'(mod C) is the disjoint union of
the stable tubes 7., with A € Py(K). This finishes the proof of (c) and
completes the proof of the theorem. O

As a byproduct of our considerations we get the following useful fact.

2.14. Corollary. Assume that C is a canonical algebra of FEuclidean
type. Let qo : Ko(C) — Z be the Euler quadratic form of C and let he
be the canonical radical vector of C'. If M is an indecomposable reqular
C-module lying in a tube of rank £ > 1 then, for a positive integer m > 1,
ré(M)=m ¢ if and only if dim M =m - he.

Proof. Let M be an indecomposable regular C-module of regular length
¢ > 1 lying in a tube T of rank /.
If ¢ > 2 then, by (2.13), M is isomorphic to one of the modules:
o R% with1<s<p,
° Rﬁf, with 1 <t <gq, or
o RMm with1<m<r (if C =C(p,q,7)).
Furthermore, if £ = 1, then M has the form E™, where A € K \ {0,1}, up
to isomorphism. In each of these cases we have dim M = h¢.
Because the vector hg is the sum of the dimension vectors dim X of

modules X lying on the mouth of the tube 7, then the corollary follows
from (XI.3.10). O
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For a canonical algebra C' of Euclidean type, we define a bijection
¢c Py (K)—Py(K) as follows:

o (o(A) = A, for any A € Py(K), if C = C(p,q), and
e {o(00) =00 and €c(N) = =, for any A € K, if C = C(p,q,r).

2.15. Proposition. Let C be a canonical algebra of Euclidean type, e =
ey + ew, and let

A=¢eCe = {[Ié IOJ
be the associated Kronecker algebra (see (2.1)), rese : mod C' —— mod A
the restriction functor, X a C-module and A € P1(K). Then X belongs
to addP(C) (or to add T,C, add Q(C)) if and only if res.(X) belongs to
add P(A) (or to add Téo\), add Q(A), respectively). In particular, X lies

in add R(C) if and only if rese(X) lies in add R(A).

Proof. In view of (2.2), it is sufficient to show that X € add T\ if and
only if the module res.(X) over the Kronecker algebra A = eCe lies in
add 72’2 - Let X be a simple regular C-module. Then it follows from our
description of the simple regular C-modules and the description of simple
regular A-modules given in (XI.4.5) that X € T,C if and only if res.(X) €
’7'5‘2()\) or res.(X) = 0 (and X is a simple C-module). Hence X € add T, if
and only if res.(X) € add 7;‘;()\).

In general, if X € addR(C) is a module of regular length ¢ > 2, then
X € add T,¥ if and only if there exists an exact sequence

0 E X Y 0,

where FE is a simple regular module from TAC and Y is a module from add 7;\0
of regular length ¢ — 1. Then our claim follows by induction on the regular
length of X due to the fact the res. is an exact functor and the categories
add 7,¢ and add 7}2‘ (\) are closed under extensions and finite direct sums. (]

The preceding proposition is used in establishing the separation property
of the tubular family TC = {T/\C} AeP; (K)> by applying some arguments due
to Ringel in [217]. We need the following technical lemma.

2.16. Lemma. Let C be a canonical algebra of Fuclidean type, e =

eo + ey, let
_ ~ | KO0
A=ecCe™ {Kz K}

be the associated Kronecker algebra see (2.1), res. : mod C —— mod A
the restriction functor, and let P € addP(C). Then P can be embedded into
a module P' € add P(C) such that P'/P € add R(C) and Home (P, M) =
0, for any C-module M with res.(M) = 0.
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Proof. Let X C P be minimal such that res.(P/X) = 0. Put Z = P/X.
Then Z € add R(C) and we may embed Z into a module R € add R(C)
such that Home (R, M) = 0 for any C-module M with res.(M) = 0. For, it
is enough to choose a module R containing Z such that the regular top of R
has only direct summands having non-zero restrictions to A. The canonical
epimorphism € : P — P/X = Z induces an exact sequence

Ext&(R/Z, P) — Ext&(R/Z,Z) —— ExtL(R/Z, X),

where ExtZ(R/Z, X) = 0, because the module R/Z lies in add R(C) and,
by (XI.3.3) and (1.5)-(1.14), is of projective dimension at most 1. Hence,
there exists a commutative diagram

0 p —‘t- pr T4 R/Z — 0
| g H
0 7z *, R "~ RIZ — 0

with exact rows, where ' : Z < R is the natural embedding.

Let M be a C-module with res.(M) = 0. We claim that Home (P, M) =
0. Let o : P” — M be a morphism. Because the module X is minimal with
respect to res.(P/X) = 0 and Z = P/X, we infer that the homomorphism
ap factors through e, say au = a’e, for some o/ : Z — M. Further,
because the above diagram is a pushout diagram, there is a homomorphism
B : R — M such that ¢’ = o and fu' = o'. But Home (R, M) = 0 implies
B = 0, and consequently oz = 0. Observe also that P € add (P(C)VR(C)),
because P € addP(C) and R/Z € add R(C).

Let Y be a maximal submodule of P” lying in the category add R(C).
Then the module

Y/(PNY)= (P+Y)/P

embeds into the module P”/P = R/Z. Hence, the module PNY lies in
add R(C), because PNY is the kernel of the epimorphism ¥ — Y/(PNY)
and addR(C) is abelian. On the other hand, the module P NY lies in
add P(C), because it is a submodule of P € addP(C). Thus PNY = 0.
Now we observe that the module P’ = P”/Y belongs to add P(C), by
our choice of Y. Moreover, M is a C-module with res.(M) = 0, and then
the equality Home(P”, M) = 0 implies Home (P', M) = 0. Further, the
module P embeds into P’ and there is an isomorphism P'/P = P"/(P+Y).
Because P”/(P +7Y) is the cokernel of the composite monomorphism

Y =Y/(PNY)2(P+Y)/P< P"/P,

and the modules Y and P”/P = R/Z lie in add R(C), then the module
P’/ P also lies add R(C'). This completes the proof. O
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2.17. Proposition. Let C be a canonical algebra of Fuclidean type and
let
T ={T her x0)

be the complete P1(K)-family of tubes in R(C), see (2.7) and (2.11). Let P
be a postprojective C-module, @ a preinjective C-module, and A € Py (K).
Then for any homomorphism f : P — Q there exists a module Ny € add 7;\0
such that f factors through Ny.

K 0
K? K
Kronecker algebra, and let res, : mod C —— mod A be the restriction
functor, see (2.1) and (1.6.6).

We fix A € P;(K) and a homomorphism f : P — Q. It follows from
(2.16) that we may embed P into a module P’ lying in add P(C) such
that P'/P € add R(C) and Home (P, M) = 0, for any C-module M with
res. (M) = 0. We then get an exact sequence

Proof. Let e = ¢y + ¢, let A = eCe = be the associated

Home (P, Q) — Home (P, Q) — Exts(P'/P,Q)

with Exts(P'/P,Q) = DHome(Q, 7¢(P'/P)) = 0. Hence, the homomor-
phism f: P — @Q can be extended to f’ : P’ — Q. Therefore, without loss
of generality, we may assume that Home (P, M) = 0, for any C-module M
with res.(M) = 0.

We recall that the idempotent induced functor T, : mod A ——— mod C
is left adjoint to res, : mod C ——— mod A. Thus, for each C-module X,
we have a functorial isomorphism

Home (T, (rese (X)), X) ———— Hom g (res, (X), rese (X))

of K-vector spaces. Denote by Bx : Te(res.(X)) —— X the homomor-
phism adjoint to the identity homomorphism on res.(X).

We claim that the homomorphism Sp : Te(rese(P)) — P is a monomor-
phism. Indeed, because res.(fp) is an isomorphism and res. is an exact
functor then res.(Ker Sp) = 0. Moreover, by (2.1), P € add P(C) implies

rese (Te(rese(P))) 2 res.(P) € add P(A),

and consequently T.(res.(P)) € add P(C). Thus, Ker fp lies in add P(C).
But then res.(Ker Sp) = 0 implies Ker fp = 0, and so Op is a monomor-
phism.

Consider the induced exact sequence

Bp

0 —— To(rese(P)) P,z 0,
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where Z is the cokernel of 8p. Clearly, then res.(Z) =0. Let Z = Z,, & Z'
be a decomposition such that Z, is the maximal direct summand of Z
lying in add 7,". Observe now that res.(P) € addP(A) and res.(Q) €
add Q(A), by (2.1). Therefore, by (XI.4.7), the homomorphism res.(f) :
res, (P) —— res.(Q) of Kronecker modules admits a factorisation through
a module R € add Tﬁé(A)’ so rese(f) = hg, for some homomorphisms g :
rese(P) — R and h: R — res.(Q).
Consider the commutative diagram with exact rows

0 —— T(res.(P)) 2% P 2y zy@Z —— 0
TE(Q)J lg' H
0o —— T.(R) — X —— ZyeZ — 0.
Because res.(T.(R)) = R lies in add ’7;’2(/\) then, by (2.15), the module

T.(R) lies in add T,°. It follows from our choice of Zy that Z’ has no simple
regular factors from ’TAC, and consequently,
Ext&(Z', T.(R)) = DHome (75 ' Te(R), Z') = 0.

Therefore, there is a decomposition X = X, @ Z’, where X, € add T,C.
Because 3 : Tyres, — id is a functorial morphism, we have the equalities

fBp = ﬁQTe(reSe(f)) = ﬁQTe(hg) = ﬁQTe(h)Te(g)-
Invoking now the pushout property of the above commutative diagram, we
conclude that there is a homomorphism A’ : X — Q satisfying h'g’ = f.
Because X = X, @ Z’, we can write f = hig; + hago, where g1 : P — X,
hi: Xy = Q,g2: P — Z') hg : Z/'— Q. But res.(Z') = 0 implies
Homg (P, Z') = 0, by the property imposed on P. Therefore, f = higy
is a required factorisation of f through the module X, € add ’T/\C. This
completes the proof. |

XII.3. A separating family of tubes over
a concealed algebra of Euclidean type

In this section we collect the basic properties of the module category over
any concealed algebra of Euclidean type.
We recall that in Section XII.1 we have introduced the quivers

A(Ay,y), with 1 < p < ¢, A(D,,), with m > 4, A(Eg), A(E7), and A(Es),
whose underlying graphs are the Euclidean graphs I&p+q—17 f))m, IE@ IE7 and

Esg, respectively. The following proposition shows that these special quivers
are in fact the types of all concealed algebras of Fuclidean types.
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3.1. Proposition. Let QQ be an acyclic quiver whose underlying graph
Q is Euclidean, and let B be a concealed algebra of type Q. Then B is a
concealed algebra of type A, where A is a quiver such that:

o Ae {A(A,,),1<p<yq, A( m), M >4, A(EG) A(E7), A(Es)},

e the underlymg graph A of A equals Q,

e ifQ=A,, andm > 1, then p = min{p’,p"} and ¢ = max{p’,p"},
where p' and p” is the number of counterclockwise-oriented arrows
i Q and clockwise-oriented arrows in @, respectively, and

e the quiver A is obtained from Q by a finite sequence of reflections.

Proof. Let A be the path algebra KQ of Q, and let T be a postprojective
tilting A-module such that End4(7) = B. Observe that then, for any
positive integer s > 1, the module 7, °T is also a postprojective tilting A-
module and there is an isomorphism of algebras End (7, °T) =2 Enda(T) =
B. Because Q i is a Euclidean graph, then there exists exactly one quiver A
in the set {A( q), 1 <p<yq, A(Dy,), m > 4, A(Eg), A(E7), A(Eg)} such
that A = Q.

If Q is one of the graphs D,, Eg, E; or Eg then, according to (VIL.5.2),
the quiver () can be obtained from A by a finite sequence of reflections.

Assume that Q = A,, for some m > 1. Let p = min{p’,p"} and ¢ =
max{p’,p"}, where p’ and p” is the number of counterclockwise-oriented
arrows in ) and clockwise-oriented arrows in @, respectively. Observe that
p+g=m+1and 1< p<q. Because Q is acyclic, then @ can be obtained
from A(Ap’q) by a finite sequence of reflections (see (VIII.1.8)).

It follows that, in both cases, the postprojective component P(A) con-
tains a cofinite full translation subquiver I' = (—N)A°P which is closed under
successors in P(A). Moreover, the mesh-category K(I') of T' is equivalent
to the mesh-category K(P(KA)) of the postprojective component P(KA)
of the path algebra KA. It follows now from the first part of our proof
that an isomorphism of algebras B = End 4(T"”), for a postprojective tilting
A-module T7 whose indecomposable direct summands lie in I", and, conse-
quently, B = Endga (T"), for a postprojective tilting K A-module 7. O

To formulate the next result, we need some new concepts.

3.2. Definition. Let T = {7;}ican be a family of stable tubes and
(mq,...,ms) a sequence of integers with 1 < m; < ... < m,. We say
that T is of tubular type (m1,...,ms) if T admits s tubes 7;,,...,7T;,
of ranks my,...,ms, respectively, and the remaining tubes 7; of 7, with
i & {i1,...,is}, are homogeneous.

3.3. Definition. A family C = {C;};ca of components in the Auslander—
Reiten quiver I'(mod A) of an algebra A is said to be separating [215] if
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the indecomposable A-modules outside the family C fall into two classes P
and @ such that the following conditions are satisfied:

(a) The components in C are pairwise orthogonal and standard.

(b) Homx4(@Q,P) =0, Homa(C,P) = 0 and Hom4(Q,C) = 0.

(¢) For each i € A, any homomorphism f : P — @, with P € addP
and @ € add @, factors through a module from addC;.

In this case, we say that C separates P from Q.

3.4. Theorem. Let Q be an acyclic quiver whose underlying graph Q is
Euclidean, and let B be a concealed algebra of type Q.

(a) The Auslander—Reiten quiver T'(mod B) of B consists of the follow-
ing three types of components:
e a postprojective component P(B) containing all the indecomposable
projective modules,
e a preinjective component Q(B) containing all the indecomposable
injective modules, and
e a unique tubular Py(K)-family TP = {T.F}rcr, (i) of stable tubes
separating P(B) from Q(B).
(b) The tubular type mp = (my,... ,my) of the P1(K)-family T de-
pends only on the Euclidean quiver Q) and equals mg, where
emg = (pq), f Q = Ay, m > 1, p = min{p/,p"} and q =
max{p’,p"}, where p' and p’ is the number of counterclockwise-
oriented arrows in Q and clockwise-oriented arrows in @, respec-
tively, B
e mg = (2,2,m—2), zf@ D,, and m > 4,
o« mg = (2,3,3), if Q = Ee,
e mp=(2,3,4), ifQ = IE7, and
¢ mg = (27375)7 ZfQ - ES'
) Every component of T'(mod B) is generalised standard.

(c

Proof. Let Q be an acyclic quiver whose underlying graph Q is Eu-
clidean and let A = K@ be the path algebra of (). Because B is a concealed
algebra of type @ then, according to (3.1), there exists a quiver A in the
set

{A(A,,), with 1 <p < gq, AD,,), with m >4, A(Es), A(E7), A(Es)},
such that A = Q, the quiver Q is obtained from A by a finite sequence of
reflections and B is a concealed algebra of type A.

Let C be the canonical algebra of type A. It follows from (3.1), (1.5),
(1.8), (1.11), and (1.14) that there are algebra isomorphisms

B = EndKA(T/) and C = EndKA(T”),
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for some postprojective tilting K A-modules 7" and T”. Because B is a
concealed algebra of type @, then B = End4(T), for some postprojective
tilting A-module T

Applying now (VIIL.4.5), (VIIL.4.7), and (XI.5.2), we conclude that there

exist

(i) a full translation subquiver P’'(KA) = (=N)A°P of P(KA) closed
under successors, and a full translation subquiver Q'(KA) = NA°P
of Q(KA) closed under predecessors,

(ii) a full translation subquiver P'(B) = (—N)A°P of P(B) closed under
successors, and a full translation subquiver Q'(B) = NA°P of Q(B)
closed under predecessors,

(iii) a full translation subquiver P’'(C) = (=N)A°P of P(C') closed under
successors, and a full translation subquiver Q'(C) = NA°P of Q(C)
closed under predecessors, and

(iv) a full translation subquiver P’(A) = (—N)A°P of P(A) closed under
successors, and a full translation subquiver Q'(A) = NA°P of Q(A)
closed under predecessors

such that the functor Homga (77, —) induces an equivalence of categories
add (P'(KA) UR(KA)U Q' (KA)) ——— add (P'(B) UR(B) U Q'(B)),
the functor Homga (T, —) induces an equivalence of categories
add (P'(KA) UR(KA)U Q' (KA)) ——— add (P'(C) UR(C) U Q'(C)),
and the functor Hom4 (7', —) induces an equivalence of categories

add (P'(A) UR(A) U Q' (A)) —— add (P'(B) UR(B) U Q'(B)).

Let mg be the tubular type of the Py (K)-family

T" = {7—>\B}>\€P1(K)

in (b). It follows from (2.13) that the regular part R(C) of I'(modC)
consists of a Py (K)-family T¢ = {T.}ep, (i) of stable tubes of tubular
type mg. Therefore, the regular part R(KA) of I'(mod K A) consists of a

Py (K)-family
T = (T er o)

of stable tubes of tubular type mq, and R(B) consists of a P (K )-family

TB = {7-)\3}/\611"1(1()
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of stable tubes T, of tubular type mg. It then follows that R(A) consists
of a Py (K)-family

T = {T{ her )

of stable tubes of the same tubular type mg. Moreover, by (XI.3.4), the
tubes ’7j\B , A € Py(K), are pairwise orthogonal and standard. Then, ac-
cording to (X.3.2) and (X.4.5), every component of I'(mod B) is generalised
standard and, hence, the statement (c) follows.

It remains to show that the tubular family 7% = {T;F} A€P, (K) Separates
P(B) from Q(B). For this purpose, we remark that, by (2.17), the tubular
family

TC = {7-)\0})\6?’1(1()

separates P(C) from Q(C). Let P € addP(B), Q € add Q(B) and f : P —
@ be a non-zero homomorphism. We may clearly assume that P and @ are
indecomposable. Because P and @ lie in different components of I'(mod B),
there is no finite path of irreducible morphisms from P to ). Thus, applying
(IV.5.1) we conclude that there exist modules P’ € add P'(B), Q' € Q'(B),
and homomorphisms u : P — P, f': P — @', and v : Q" — @Q such that
f = vf’u. Invoking the above equivalences of categories and the fact that
the family 7¢ = {T.C}sep, (i) separates P(C) from Q(C), we deduce that,
for any A € P;(K), there exists a module Ry € add 7,? and homomorphisms
g\ : P = Ry, b, : R\ — Q' such that f" = h\g\. Taking g\ = giu
and hy = vh) we obtain a factorisation f = hygx of f through a module
Ry € add T,2. This shows that the family T8 = {T.E}\ep, (x) separates
P(B) from Q(B). O

We may visualise the structure of the Auslander—Reiten quiver I'(mod B)
of a concealed algebra B of Euclidean type @ as follows

3= Qop ﬂ 3 — Qop

P(B) T = {T heri i) Q(B)

3.5. Corollary. Let B be a concealed algebra of a Fuclidean type @ and
let T = {T:B} xer, (k) be the family of all stable tubes of T'(mod B).
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(a) If r8 is the rank of the tube T,B, for X € P1(K), then
> P -1)=n-2
AeP1(K)

where n is the rank of the Grothendieck group Ko(B) of B.
(b) The family T® contains at most 3 non-homogeneous tubes T2, and

o T8 contains exactly 3 non-homogeneous tubes if the underlying Eu-
clidean graph Q of Q is one of the graphs ]ﬁ)m, with m > 4, Eg, I~E7
or Eg,

o T8 contains exactly 2 non-homogeneous tubes if Q = &m, m > 3,

p=min{p’,p"} >2 and ¢ =max{p’,p"} > 2,

where p' and p” is the number of counterclockwise-oriented arrows
in Q and clockwise-oriented arrows in @, respectively,

o T8 contains exactly 1 non-homogeneous tube if Q = &m, m > 2,
p=min{p’,p"} =1 and ¢ = max{p’,p"} > 2, and

o T8 consists of homogeneous tubes if and only if Q = 1&1, that is, Q
is the Kronecker quiver of———o.

Proof. Apply (3.4). O

3.6. Corollary. Let B be a concealed algebra of a Fuclidean type Q, let
T8 = {7'/\3},\61;»1(1() be the family of all stable tubes of I'(mod B), and M
be an indecomposable B-module. Fiz X\ € P1(K) and denote by r¥ the rank
of the tube 'TAB.

(a) If M is postprojective, then Homp (M, X) # 0, for any indecompos-
able B-module X in the tube T,B such that r{(X) > r2.

(b) If M is preinjective, then Homp (X, M) # 0, for any indecomposable

B-module X in the tube T.B such that ré(X) > r¥.

Proof. We only prove the statement (a), because the proof of (b) is
similar.

Assume that M is a postprojective indecomposable B-module and let
f+ M —— FE be an injective envelope of M in mod B. The injective mod-
ule F is preinjective, because the preinjective component Q(B) of I'(mod B)
contains all the indecomposable injective B-modules, by (3.4)(a). It fol-
lows that the homomorphism f admits a factorisation through a module in
add 7,2, because the family T 5 separates the component P(B) from Q(B),
again by (3.4)(a). Hence, there exists an indecomposable B-module L in
the tube T;? such that Homp (M, L) # 0. Then, by applying (X.1.9)(b),
we conclude that there exists an indecomposable module E’ lying on the
mouth of the tube T, such that Homp(M, E') # 0.
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Let r\ = rf, and let Ey, ..., E,, be pairwise non-isomorphic B-modules
lying on the mouth of the tube 7,Z. Assume that

TE1 gET/\,TEggEh... 77—E7’A = ry—1-

Without loss of generality, we may assume that E' = E,., .

Because Homp(M, E,,) # 0 and the module M is not in the tube
T,B then, according to (X.1.8)(b), there exists a non-zero homomorphism
hj : M ———— Ej[ra—j+1], for any j € {1,...,r\}. Take now an arbi-
trary indecomposable module X in the tube 7,2 such that r¢(X) > ry. Then
there exist j € {1,...,r,} and a monomorphism g; : E;[r\—j+1] —— X.
It follows that the composite homomorphism g;jh; : M —— X is non-
zero, that is, Homp (M, X) # 0. This finishes the proof. O

We finish this section by a theorem that establishes some properties of
the separating family of stable tubes of any concealed algebra of Euclidean
type that are stronger than the properties collected in (3.4). In the proof,
we use the following terminology and notation introduced in Chapter VI.

Let A be an arbitrary algebra and M, N be modules in mod A.

e The module M is said to be generated by N if there exist an
integer d > 1 and an epimorphism N¢ — M of A-modules, where
N¢=N@&...® N is the direct sum of d copies of N.

e Dually, the module M is cogenerated by N if there exist an integer
d > 1 and a monomorphism M — N 4 of A-modules.

e The module N is faithful if its right annihilator

AnmmN={a € 4; Na =0}
vanishes.
Obviously, Ann N = {a € A; Na = 0} is a two-sided ideal of A. It is
proved in (VI.2.2) that an A-module N is faithful if and only if the right

module A,4 is cogenerated by N, or equivalently, if and only if the right
module D(A)4 is generated by N.

3.7. Theorem. Let B be a concealed algebra of a Euclidean type Q, let

T ={T hrerix)

be the family of all stable tubes of T'(mod B), and M be a B-module. Fix
an element A € P1(K).

(a) If M is postprojective, then M is cogenerated by all but a finite
number of indecomposable modules X of the stable tube T2 .

(b) If M is preinjective, then M is generated by all but a finite number
of indecomposable modules X of the stable tube T,5.
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Proof. We only prove the statement (a), because the proof of (b) is
similar.

Assume that M is a postprojective B-module. Let f: M — E(M) be
an injective envelope of M in mod B.

We recall from (3.4) that the family TP separates the postprojective
component P(B) from the preinjective component Q(B) of the Auslander—
Reiten quiver I'(mod B) of B. Because M € addP(B) and E(M) €
add Q(B) then, by (3.4), there exists a module

Ry, € add TP
and two homomorphisms of B-modules

M —2 5 R,

E(M)

such that f = hg. Moreover, g is a monomorphism, because f is a monomor-
phism.

Ler r = 7"/]\3 > 1 be the rank of the tube 7j\B and let Ey, Es,...,E, be
the pairwise non-isomorphic modules lying on the mouth of 7,2. It follows
from (XI.3.4) that add T,? is a uniserial abelian subcategory of mod B with
the indecomposable modules of the form E;[j], where j > 1,43 € {1,... ,r}
and E;[1] = E;. By (X.1.3), for each i € {1,... ,r}, there exist

e an irreducible monomorphism w;; : E;[j — 1] — E;[j] and an irre-
ducible epimorphism p;; : E;[j] — E;[j — 1], for j > 2,
e an almost split sequence

0 — Ey[1] 2 E4[2] E;i1[1]—0,

in mod B, and
e an almost split sequence

Pi,j—1
2%

0—— Ei[j—1] ——— E;11[j—2] © E;[j]

[Wit1,5—-1 Pij] EH_l[j*l] 0
in mod B, for j > 3, where we set F, 1 = Ej.

Because the tube ’T)\B is standard, any non-zero non-isomorphism between
indecomposable modules in 7j\B is a K-linear combination of the irreducible
morphisms u;; and p;;. Observe also that, for each i € {1,... 7}, there is
an infinite chain of irreducible monomorphisms

(%)) E; = B;[1] X% E;[2] “% B3] — -+ — Ei[j—1] —% B[] — - -
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induced by the ray of the stable tube 7,2 starting at E;.
Given i € {1,...,r}, we consider the family &; consisting of the modules
E;[j], with j > 1. Fix a decomposition

Ry=N®Na®...® N,

of the module Ry into a direct sum of indecomposable modules Ny, ... , Ny,
from the tube 7,Z. Then the homomorphism g has the form
g1
g2
g=| .| M — Ni®N2®...®N,, =Ry,
gm
where g5 € Homp (M, N;), for s =1,... ,m.
Because the module M is postprojective, it has no non-zero direct sum-
mands lying in the tube 7,5. Then, for any integer k > 1 and any s €
{1,... ,m}, the homomorphism g5 : M — N, has a factorisation

M —*—— N,

gsh‘ %l(ﬁk

Nsk

with a module Ng; in add T)\B such that the restriction of the homomor-
phism hgy : Ngp — Ny to any indecomposable direct summand of Ny is a
K-linear combination of % irreducible morphisms of the form wu;; and p;;.
Because there is a common bound of the regular lengths of the modules
Ni, N, ..., Ny, then, invoking the standardness of the tube T,% again, we
infer that, given ¢ € {1,...,r} and s € {1,... ,m}, there exist a module
Z;s in add &; and two homomorphisms v;s : M — Z;s and w;s : Z;s — Ny
of B-modules such that g5 = w;sv;s. If weset Z;, = Z;1 ... & Z;, and

Vi1 wip 0 ... 0
Vi2 0 wiz ... 0

v = . M — 7, w;=| . . . : Z; ——— Ry
Vim 0 0 vee Wim

then g : M — R) has the factorisation gs = w;v;. It follows that v; :
M — Z; is a monomorphism. Because the indecomposable direct sum-
mands of Z; lie on the ray (*;) starting from E;[1] = FE; and the irre-
ducible morphisms u;; : E;[j — 1] — E;[j] in (%;) are monomorphisms,
then there are integers ¢; > 1 and j; > 1 such that there is a monomor-
phism ¢;; : Z; — E;[j]%, for each j > j; and i € {1,... ,r}, where r = r%.

This shows that the module M is cogenerated by each of the indecompos-
able modules E;[j], with j > j; and i € {1,... ,7Z}. Tt follows that all but
a finite number of the indecomposable modules in the tube T,Z cogenerate
the module M. The proof is complete. O

The following important corollary is a consequence of (3.7).
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3.8. Corollary. Let B be a concealed algebra of a Fuclidean type Q, and
let

T" = {TAB}Aerl(K)

be the family of all stable tubes of T'(mod B). For any fized A € P1(K), all
but a finite number of indecomposable modules of the tube 7;\3 are faithful.

Proof. Fix a tube 7,7 of the family T2. Tt follows from (3.7) that
the postprojective B-module Bpg is cogenerated by all but a finite number
of the indecomposable modules of the tube ’TAB. It follows that all but a
finite number of the indecomposable modules of the tube 7,7 are faithful,
by (VI.2.2).

XII.4. A controlled property of the Euler form

of a concealed algebra of Euclidean type

We recall from (VII.5.10), (VIIL.4.3) and (IX.3.3) that, if B is the path
algebra of a Dynkin quiver, or more generally a representation-finite tilted
algebra, then the map X — dim X induces a bijection between the set
of isoclasses of indecomposable B-modules and the set of all positive roots
of the Euler quadratic form gp : Ko(B) — Z of B. On the other hand,
we have seen in the previous sections that for concealed algebras C of Eu-
clidean types we may have even infinitely many pairwise non-isomorphic
indecomposable modules having the same dimension vector. However, the
module category mod C of C is controlled by the Euler quadratic form
go : Ko(C) — Z of C in the following sense.

4.1. Definition. Assume that A is a basic connected algebra of finite
global dimension, g4 : Ko(A) —— Z is the Euler quadratic form of A,
and Q = Q4 the ordinary quiver of A with Qo = {1,... ,n}, where n > 1
is the rank of the Grothendieck group Ky(A) of A.

(a) A vector x = [z1 ... z,]" € Ko(A) = Z" is defined to be connected
if the full subquiver of @), whose vertices are all j € Qg such that
x; # 0, is connected.

(b) The category mod A is defined to be link controlled by the qua-
dratic form g4 : Ko(A) — Z if the following three conditions are
satisfied.

(b1) For any indecomposable A-module X, we have
ga(dim X) € {0,1}.

(b2) For any connected positive vector x € Ko(A) with ga(x) =1
there is precisely one indecomposable A-module X, up to
isomorphism, such that dim X = x.
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(b3) For any connected positive vector x € Ko(A), with g4(x)=0,
there is an infinite family {X )} ea of pairwise non-isomor-
phic indecomposable A-modules X such that dim X, = x,
for any A € A.

(¢) The category mod A is defined to be controlled by the quadratic
form g4 : Ko(A) — Z if the following three conditions are satisfied.
(c1) For any indecomposable A-module X in mod A, we have

ga(dim X) € {0,1}.

(c2) For any positive vector x € Ko(A), with ga(x) = 1, there is
precisely one indecomposable A-module X, up to isomor-
phism, such that dim X = x.

(¢3) For any positive vector x € Ky(A), with g4(x) = 0, there is
an infinite family {X}aca of pairwise non-isomorphic inde-
composable A-modules X, such that dim X, = x, for any
AeA.

We note that mod A is link controlled by ¢4 if it is controlled by g4 in
the sense of Ringel [215, p.79]. Then our definition of a module category
mod A controlled by g4 differs from that one introduced in [215]. In (6.2)
of Chapter XVII, we give an example of an algebra B such that B is a
tubular extension of the Kronecker algebra, the module category mod B is
link controlled by ¢g, but mod B is not controlled by ¢g.

We recall from (VI.4.7), (VI1.4.2), and (X1.3.7) that, if B is a concealed
algebra of Euclidean type, then the Euler quadratic form ¢p : Ko(B) — Z
of B is positive semidefinite of corank 1 and there is a positive generator of
the group rad gp, that is, a unique positive vector hg € Ky(B) such that
radqp = Z - hp. Recall also that, for a regular B-module X, we denote by
r(X) the regular length of X, in the serial category add R(B).

4.2. Theorem. Let B be a concealed algebra of Fuclidean type and let
T" = {ﬂB}Aem(K)

be the unique tubular Py(K)-family of stable tubes T.B separating the post-
projective component P(B) from the preinjective component Q(B). Let hp
be the positive generator of rad qg, where

g : Ko(B) —— Z

is the Euler quadratic form of B.

a) If X is an indecomposable B-module lying in a tube T,Z of rank
g A
rB > 1, where X\ € P1(K), then

dim X =m-hp ifand only if 74(X)=m-rZ.
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(b) The category mod B is link controlled by the quadratic form
qp:Ko(C)—Z.

(¢) For any positive vector x € Ko(B) with gg(x) = 0, there is a P1(K)-
family {Xx}xep, (k) of pairwise non-isomorphic indecomposable B-
modules X such that Xy lies in the tube 7;’3 and dim X = x, for
any A € P1(K).

Proof. Let X be an indecomposable B-module. If X is postprojective
or preinjective then X is directing, and, consequently, ¢g(dim X) = 1, by
(IX.1.5).

Assume that X is regular, say X belongs to a tube T,% of rank r2. We
conclude from (XI1.3.6) that

¢p(dim X) € {0,1}, and ¢p(dim X) =0
if and only if 74(X) is divisible by 7. We claim now that the equality
r¢(X) = rP implies dim X = hp.
We know from (3.1) that B = End4(7”), for a postprojective tilting
module T” over the path algebra A = KA of a quiver

Ae{A(A,,), with 1 <p < ¢, A(D,,), withm >4, A(Es), A(Ey), A(Es)}.

Let C = End4(T") be the associated canonical algebra of type A, where T
is a postprojective tilting A-module. Observe that the category add R(A) is
contained in each of the torsion class 7(7”) and T (T"), that are determined
by the postprojective tilting A-modules 7" and T".

Then, it follows from (V1.4.3) and (VI.4.5) that there are group isomor-
phisms f : Ko(A) —— Ko(B) and g : K¢(A) —— K(C) such that

f(dim M) = dimHomx (17", M),
g(dim M) = dim Hom4 (7", M) and
gp(f(dim M)) = ga(dim M) = g¢(g(dim M)),
for any module M from add R(A). Let
T = {T herixo)

be the tubular family described in (2.7), for C = C(p, q), and in (2.11), for
C =C(p,q,r), where (p,q,r) is any of the triples (2,2, m — 2), with m > 4,
(2,3,3), (2,3,4), or (2,3,5). We recall from (2.13) that the regular part
R(C) of T'(mod C) consists of the tubes T, from 7.

By (3.4), there exists a tubular family

TA = {'T)\A})\GIPH (K)
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of stable tubes such that R(A) consists of the tubes 73 from 7. Similarly,
there exists a tubular family

T ={T reri i)

of stable tubes such that R(B) consists of the tubes 7,7 from T7. It follows
from (VIL4.5) that, the tubular families 72 and T are the images of
the tubular family 7 under the functors Hom (7", —) and Hom 4 (7", —),
respectively.

We recall from (1.18) and (2.14) that

radgo =Z - he

and, for each C-module Z of the regular length r? in the tubes T)\C, we
have dim Z = h¢.
It follows that the vector h’ = g=1(h¢) generates the group rad ga and
the vector
h' = fg~'(ho) = f(R')

generates the group rad ¢g. Moreover, h’ is the dimension vector of all A-
modules Y of regular length rf in the tubes T)\A and h” is the dimension
vector of all B-modules X of regular length £ in the tubes 7,2. It follows
that h’ is a positive generator of the group radga = Z - hg (see (VII.4.2))
and h” is a positive generator of the group radgg = Z - hg. Hence we
conclude that

h” =hp, h'=hy, and dimX =hp,

for every B-module X of the regular length 72 in a tube T,?. Furthermore,
it follows from (XI.3.10) that, for each B-module X in T,Z, we have r{(X) =
m - r8 if and only if dim X = m - hp. This proves the statement (a).

To prove (b), it remains to show that the conditions (b) and (c) of (4.1)
are satisfied.

Let x € Ky(B) be a positive vector such that ¢g(x) = 1. Clearly
then x = dim X for some B-module X. Choose such a module X with
dim g Endp(X) minimal. Let

X=X10...0X,

be a decomposition of X into a direct sum of indecomposable B-modules.
If t =1, then x = dim X = dim X7, and there is nothing to show.
Assume that ¢t > 2. It follows from (VII1.2.8) and our minimality as-

sumption that ExthL (X;, X;) = 0, for all i # j, see also (XIV.2.3) for more
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details. Because B is tilted, then gl.dim B < 2 and we have the following
equalities
1= qaB (X)
= (4B (dim X)
= XB (Xv X)
= dimgEndp(X) — dimgExth (X, X) + dimgExt% (X, X)
= Z [dimKHomB(Xi, XJ> + dimKEXt%(Xi, XJ)}
i#3,
+ ) [dimgEndp(X;) — dimgExtj(X;, X;) + dim g Ext (X5, X;)]

=1

t
= Z [dimKHomB(Xi,Xj) + dimKEXt%(Xi, XJ)} + ZXB(X’i7Xi)

i#] i=1
t
=Y [dimgHomp(X;, X;) + dimgExt} (X, X;)] + Y gp(dim X;).
i£j i=1

Now we show that there exists ¢ such that 1 < ¢ < t and ¢p(dim X;) = 1.
Suppose to the contrary that ¢g(dim X;) =0, for any i € {1,... ,¢}. Then
X1,..., X are indecomposable regular modules, say X; belongs to 7;\]13 ,
where ¢ € {1,...,t}. Moreover, gg(dim X;) = 0 implies that the regular
length r¢(X;) of X; is greater or equal than the rank of ’T)f Hence, if
Ai = Aj, for some ¢ # j, then Homp(X;, X;) # 0 and HomB(Xi,Xj) # 0.
It follows that

> dimgHomp(X;, X;) > 2,

i#]
and we get a contradiction. On the other hand, if the modules X1,... , X;
lie in pairwise different tubes, then

Z dimKHOHlB(Xi, X]) =0.

i#]
Moreover, because pd Z < 1 and id Z < 1, for any indecomposable regular
B-module Z, see (VII1.4.5) and (X1.3.3)(e), then

> dimgExt}(X;, X;) = 0,

i#£]
and again we get a contradiction. This shows that there exists i € {1,... ,t}
such that ¢p(dim X;) = 1.

Without lost of generality, we may assume that ¢ = 1. Consequently, we
have

e ¢p(dimX;) =0, forie{2,...,t}, and

° ; [dimKHOInB(XZ‘,Xj) + dimKEXtQB(Xi,Xj)] =0.
17]
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In particular, again, if 2 < i <t¢, then X; € T)f, for some \; € Py (K), and
the regular length r¢(X;) of X; is greater than or equal to the rank of T/\B

Invoking now (3.6), we conclude that the module X; also belongs to a
tube T2, for some A\; € P1(K) \ {A2,... ,Ar}. We know also from the first
part of our proof, (XI.3.6), and (XI.3.7) that, for each i € {2,...,t}, we
have dim X; = m; - hp, where m; - ry, = rf(X;) is a positive integer. Then

x =dim X = Z dim X; =dim X; + m - hg,
1<i<t
where m = mo+...+my;. Letr = 7’)]\31 be the rank of the tube T{f containing
the module X;. Consider now the ray

E=E[l] —E2 — -+ — E[] — E[l+1] — ---

in the tube Tf, with E lying on the mouth of 7,,, containing the module
X1, say X1 = E[l], for some [ > 1.
We set M = E[l + mr]. Because dim E[sr| = s - hp, for any s > 1, then

dim M = dim E[l+mr]
= dim E[l] + dim E[mr]
=dimX; +m-hp

= X.

It follows that M is a required indecomposable B-module such that
dim M = x.

It remains to prove that, if X is an indecomposable B-module such that
¢p(dim X) = 1, then X is uniquely determined (up to isomorphism) by
dim X. If X is postprojective or preinjective, then X is directing and
(IX.3.1) applies; but if X is regular, then (XI.3.12) applies. This completes
the proof of (b).

(c) Let x € Ko(B) be a positive vector such that ¢gp(x) = 0. Then
x € radqg = Z - hp, that is, x = m - hg, for some integer m > 1.

Given \ € P;(K), choose an indecomposable module X, in the tube 7,5
of regular length m - 2. Then it follows from (a) that

dimX)\ = m-hB.

Obviously, Xy 2 X, for A # p, because the tubes T.B and '7;3 are different.
This finishes the proof of (c) and completes the proof of the theorem. O
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XII1.5. Exercises

1. Let (p, q,7) be a triple of positive integers such that r > ¢ > p > 2 and
let C(p,q,7) = KA(p,q,7)/I(p,q,7) be the algebra defined in (1.2) Show
that

(a) pdS(j) <1, for any j # w;

(b) gl.dimC(p,q,7) = 2.

Hint: Apply the arguments used in the proof of (1.4).

2. Let C = C(p,q,r) be one of the canonical K-algebras C(2,2,m—2),
with m >4, C(2,3,3), C(2,3,4), C(2,3,5) of Euclidean type.

(a) Compute the Coxeter matrix of the algebra C and the Coxeter trans-
formation ®¢ : Ko(C) —— Ko(C) of C.

(b) Show that ®¢(h¢e) = he, where he € Ko(C) is the canonical radi-
cal vector with the identity coordinate over each vertex of the quiver
A(p,q,r) of C.

3. Let C =C(p,q), where ¢ > p > 1.
(a) Under the notation of (2.8), prove that, for each i € {1,...,p},
there exists an isomorphism TcEi(_C:jl) =~ Ei(oo) of right C-modules.

(b) Show that the regular C-modules E,(,OO), Eéo) and B, with \ €
K \ {0}, are simple regular. Hint: Follow the proof of (2.8).

4. Let C = C(p,q,r), where (p,q,r) is any of the triples (2,2, m — 2),
with m > 4, (2,3,3), (2,3,4), or (2,3,5). Under the notation of (2.12),
prove that there exist isomorphisms of right C-modules:

(a) 7B = B> and o B> = B,

(b TeEY, = Ei(l), for each i € {1,...,p},
= Ej(.o)7 for each j € {1,...,q},

(d reEY, =~ Efl), for each t € {1,...,r}, and

Show that each of the modules Eﬁoo), Eéoo), Ei(l), with i € {1,... ,p}, EJ(O),
with j € {1,...,¢}, and EQ\), with A € K \ {0, 1}, is simple regular.
Hint: Follow the proof of (2.12).
5. Let C = C(p,q), where ¢ > p > 1. Describe the dimension vectors of

the indecomposable regular C-modules.
Hint: Apply (X1.3.10) and (2.8).

6. Let C = C(p,q,r), where (p,q,r) is any of the triples (2,2, m — 2),
with m >4, (2,3,3), (2,3,4), or (2,3,5). Describe the dimension vectors of
the indecomposable regular C-modules.
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Hint: Apply (X1.3.10) and (2.12).
7. Let B be the algebra given by the quiver
o
v o
N\ o ¢

o O——>0<—0

S N

bound by two commutativity relations a8 = yod and &n = pv.

(a) Show that B is a concealed algebra of the Euclidean type Dy.
(b) Describe the dimension vectors dim M € Z!° of the indecomposable
regular B-modules M.

Hint: Apply the criterion (XI.5.1).
8. Let B be the algebra given by the quiver

B

%

QT
2
O&——0¢—O

JMJ

bound by two commutativity relations a8 = vo and vy = &n.

(a) Show that B is a concealed algebra of the Euclidean type Es.
(b) Describe the dimension vectors dim M € Z7 of the indecomposable
regular B-modules M.

9. Let B be the algebra given by the quiver

[e]
B[
[¢]

AN I T
o—>0%o
O 30— 0O

|

)

3
bound by two commutativity relations a8 = o, 06 = de, and vpén.

(a) Show that B is a concealed algebra of the Euclidean type IE7.
(b) Describe the dimension vectors dim M € Z® of the indecomposable
regular B-modules M.
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10. Let B be the algebra given by the quiver

bound by the relations £&n = 0, a8 = 7, and £v = po.
(a) Show that B is a concealed algebra of the Euclidean type Es.

(b) Describe the dimension vectors dim M € Z° of the indecomposable
regular B-modules M.

11. Let B be a concealed algebra of the Euclidean type and T a stable
tube in the Auslander-Reiten quiver I'(mod B) of B. Prove that all but
finitely many indecomposable B-modules in T are faithful.

Hint: Apply (VI.2.2) and (3.4).

K 0

] be the Kronecker algebra and let

T = {7;\A}>\€IP1(K)

be the P;(K)-family of pairwise orthogonal standard stable tubes T, de-
scribed in (XI.4). Show that all modules lying on the mouth of the rank
one tubes of T4 are not faithful.

13. Let B be the algebra given by the quiver
5 o0
1 o‘{a\o/éo 4
% w\
B o o,

bound by the three relations ya = 0, p3 = 0, and ca = 0.

(a) Show that I'(mod B) admits a preinjective component Q containing
all the indecomposable injective modules.
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(b) Show that I'(mod B) admits a postprojective component P contain-
ing exactly two indecomposable projective modules.

(c) Show that B is a tilted algebra of the Euclidean type ﬁ4, but it is
not a concealed algebra of Euclidean type.
Hint: Apply the criteria (VIIL.5.6) and (XI.5.1).

14. Let B be the algebra given by the quiver

bound by the relations asay + 830201 + 37271, Y20 = 0, and ~vy3p = 0.

(a) Show that I'(mod B) admits a postprojective component P contain-
ing all the indecomposable projective modules.

(b) Show that I'(mod B) admits a preinjective component Q containing
all the indecomposable injective modules except two of them.

(c) Show that B is a tilted algebra of the Euclidean type Eg, but it is
not a concealed algebra of Euclidean type.
Hint: Apply the criteria (VIIL.5.6) and (XL.5.1).



Chapter XIII

Indecomposable modules and
tubes over hereditary algebras

of Euclidean type

The aim of this chapter is to present a classification of indecompos-
able A-modules and a detailed description of the Auslander—Reiten quiver
I'(mod A) of any hereditary path algebra

A=KQ

of a finite acyclic quiver @ whose underlying graph @ is Euclidean. It
follows from the structure theorem (XII.3.4) that the quiver I'(mod A) has
the disjoint union form

T'(mod A) = P(A) UR(A) U Q(A),

and can be visualised as follows

Q(4)

where P(A) is the unique postprojective component containing all the inde-
composable projective A-modules, Q(A) is the unique preinjective compo-
nent containing all the indecomposable injective A-modules, and the regular
part R(A) is a Py (K)-family

T = {7;\A}>\€IP1(K)

of stable tubes separating P(A) from Q(A). At most 3 of the tubes in T4
are of rank > 2, the remaining ones are of rank 1.

143
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The procedure presented in the proof of (IX.4.5) provides us with an
efficient tool for a description of the components P(A4), Q(A) and their
indecomposable modules. Furthermore, it was shown in Section X.2 that
the regular A-modules in a tube 7:\’4 can be constructed by means of the
simple regular modules in 7,2, It follows that a classification of tubes and
their indecomposable modules reduces to the classification of simple regular
A-modules. Moreover, we know from (2.4)(a) below that, by applying the
reflection functors, the problem reduces to the case when ) is a Euclidean
graph A equipped with a particular admissible orientation of its edges.
Therefore, we restrict our considerations to a quiver A which is one of the
canonically oriented Euclidean quivers

A(A,,), with 1 < p<gq, AD,,), withm >4, A(Es), A(E;), A(Es)

presented in Table 1.1 below, compare with Section XII.1.
In the first two sections, for each such a quiver A = (Ay, A1), we compute
the Coxeter matrix

P € Mn(Z)

of the path algebra K'A and the defect
GKA : K()(KA> — 7

of KA, where Ko(KA) = Z" is the Grothendieck of the algebra KA and

We also present a complete list of pairwise non-isomorphic simple regular
K A-modules and, by applying the tilting theory and the results of the
previous chapters, we describe all tubes T)\A, where A € Py (K), in the regular
part R(KA) of I'(mod KA). We show that the tubular type

ma = (my,... ,ms)

of the famlly TA = {RA})\EIPH (K) equals (pv Q)» (27 27 m72)3 (27 3, 3)7 (23 3, 4)7
and (2,3,5), if A is the quiver A(A, ), with 1 < p < ¢, A(D,,), with m > 4,
A(Eg), A(E7), and A(Eg), respectively.

In the third section we consider in details the case, when @ is the quiver

Ny
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of the Euclidean type Dy4. In this case, we give a complete description of
the indecomposable modules over the path algebra K@ and we construct
all the standard stable tubes in the Py (K )-family

T59 = (T sepy (x0)-

We show that three of the tubes in T5? are of rank 2, and the remaining
ones are of rank 1.

In other words, we give a solution of the problem of classifying the in-
decomposable K-linear representations of the four arrows quiver @ shown
above, known as a four subspace problem, and solved by Gelfand and
Ponomariev in [97].

XIII.1. Canonically oriented Euclidean quivers,
their Coxeter matrices and the defect

Throughout this section, K is an algebraically closed field, A is any of
the canonically oriented Euclidean quivers A(A,, 4), with ¢ > p > 1, A(D,,),
with m > 4, A(Eg), A(E7), and A(Eg) presented in Table 1.1 below, and

A=KA

is the path algebra of the quiver A. We also agree, as in previous chapters,
that
Py (K) = KU {0}

is a projective line over K.

Our main aim of this section is to present, for each A, a complete list of
simple regular A-modules, and, as a consequence of our results in Chapter
XII, a description of the tubular Py (K )-family

T = {7—>\A}>\€M(K)

of all regular components of the Auslander—Reiten quiver I'(mod A) of A.

We start by presenting in (1.1) below a list of particularly oriented Eu-
clidean quivers A(A,,), A(Dn), A(Es), A(E;), and A(Eg), called
canonically oriented Euclidean quivers. They have appeared already
in Chapter XII as a tool in our study of canonical algebras of Euclidean
type and their regular components.
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1.1. Table. Canonically oriented Euclidean quivers

1¢+— 2 ¢— -+ — p—1
A(‘&p,q):O p+q-1, 1<p<gq.
p—p+l +— - — p+q-2
1 /m
A(D,) 34— 44— - —m—1 ,m >4
2 m+1
5
A(Es) 4

3—2—1<+—6+—17.

_ 5
A(Er)
4 —3 —2—1<+—6+—7<+—28.
~ 4
A(Esg)

3—2—1++—5+—06+—7+—8<+«—09.
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Now we prove two important technical lemmata.

147

1.2. Lemma. Let A be a canonically oriented Euclidean quiver, n =
|Aol, A= KA and let ®4 € My (Z) be the Coxeter matriz of A.
(a) If A=A(Ay ) and 1 <p <gq, thenn=p+q and

r—1
7‘1
—1

—1

N
—.1
—1
—1

L —2

(b) If A = A(D,,) and m > 4, then n =

-10

10
1

0

o

e 00 O e
O 00 O -

10

10
10

r—10
0-1
—1-1
—-1-1
—1-1
—1-1
—1-1
—1-1

l—1-1

0
0

1

..o oo o -

0
0

1
1
1
1

el

(c) If A = A(Esg), then n

(d) If A = A(E7), then n

B,y =

Py =

O = OO

[eNeloNele N
o O o oo

e oo o

0 01 0
0 01 O

0010

o o0~ .
[
=

- 00 O +--

00
0 00
0 01 0

=3
o o -

O OO0 O

[eNeNeNel
[eNeNel el

=7 and

-1
-1
-1
-1
-1
-1
-1

101010
011010
001010
100110
100010
101001
101000

=8 and

-1
-1
-1
-1
-1
-1
-1
-1

1001100
0101100
0011100
0001100
1000100
1001010
1001001
1001000

o cooo

0
0

‘o oo © -0

—_ .

01
0

€ Mpiq (Z)

O RO O O

— O ..

m+ 1 and

007
00
00

00
00
00
11

01
10

€ M41(Z).

€ M~(Z).

€ Mg(Z).
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(e) If A = A(Esg), thenn =9 and

D4

r—1
-1
-1
-1
-1
-1
-1
-1

| -1

101100007
01110000
00110000
10010000
10101000
10100100
10100010
10100001
10100000

Proof. We recall from (II1.3.14) that

S Mg(Z)

¢A = —Czczl c M,L(Z),

where n = |Ag| and C4 is the Cartan matrix of the path algebra A = KA.

(a) Assume that A = A(&pﬂ) and 1 < p < ¢. Then the Cartan matrix
C4 of A= KA and its inverse are the square (p + ¢) x (p + q) matrices

M1

0

Ca= |0

Q
|
-
I
o oo o
o oo o trro =

00
00

= =

O OO O - =

OO O .-

..o oo o

0
0

(=)

O OO

(=)

= OO O .-

—

O O

[N e)

[}

oo

—1

0
0
0

.o 127
... 01
.01
.01
.. 11
11
w11
. 014

[}

o oo o -0

€ Mp-i-q (Z),

= Mp+q(Z)-

Consequently, the Coxeter matrix ®4 € M, 14(Z) is of the form presented

in (a).

(b) Assume that A = A(D,,) and m > 4. Then the Cartan matrix C 4
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of A= KA and its inverse are the square (m+1) x (m+1) matrices

rroi1 1 .. 11117 rl 0—-1 0 0 .. 0 0O 0 0~
0111 1 ..1111 01-1 0 0 0 0 00
0011 1 ..1111 00 1-1 0 .. 0 0 00O
Ca=|::::- Tl andCyt=1|" " "~ "~ R
e e e e 00 0 0 O -1 0 00
0000 O <1111 00 O 0 O 1 —-1-10
0000 0 ..0111 0600 0 0 O 0 1-1-1
0000 0 .. 0010 00 0 0 O 0 0 10
LOOOO O 00014 -0 0 0 0 0 ... 0 0 0 1-

Thus, the Coxeter matrlx ® 4 € My 41(Z) has the form required in (b).
(¢) Assume that A = A(Eg). Then the Cartan matrix C4 of 4 = KA
and its inverse Czl are the square 7 x 7 matrices
1111111
0110000

0010000

1

0

0
Ca=|o0001100| €Myz(Z)and C;' = |0 € My(Z),

0

0

0

0000100
0000011
0000001

respectively. Consequently, the Coxeter matrix
required in (c).

(d) Assume that A = A(E;). Then the Cartan matrix C4 of A = KA
and its inverse Cgl are the square 8 x 8 matrices

|
—
o

11111111

01110000

00110000

00010000 -
Cyu= 00001000 € Mg(Z) and C

00000111

00000011

00000001

Thus, the Coxeter matrix ® 4 € Mg(Z) has the form required in (d).
(e) Assume that A = A(Eg). Then the Cartan matrix C4 of A = KA
and its inverse C;‘l are the square 9 x 9 matrices

0-—
0

|
—

-1

[=NeiNoNe o)

€ Ms(Z).

cocococooor
cocoocor
|
-
coocooo

ooo»—-ooo,_.
I
—

cocococoor
oo»—tooooH

1
0
0
0
0

o
o
[l
—

—
I
—
o
I
—
I
—

(1111111117
011000000
001000000
000100000
Ca=|oo00011111| and C,' =
000001111
000000111
000000011
1000000001

Then, the Coxeter matrix ® 4 € My(Z)
the proof is complete. O

|
—
cocoo

|
_

< MQ(Z)

o OO O oo
[=NeNeNeNeNeNe)

|
—
|
—

cocoocoocoococor
cococooroOoO
—
|

O =
[

5= 990000000

&
»n

<+ O 0000 Oo~
® OO0 O0OoOr OO

=
E o O O

equired in (e), and

g
=
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1.3. Lemma. Let A be a canonically oriented FEuclidean quiver,
A = KA be the path algebra of A and let rad g4 be the radical of the Euler
form qa : Z" ——7Z of A, where n = |Ag].

(a) The cyclic group rad g4 admits a unique positive generator ha of the
form

: 1 5 2 3
Loogb 4222 53, 1231321 and 54854321

if A is the quiver A(Ap,q), A(D,,), A(Es), A(E;) and A(Es), respectively.
(b) The defect number da of A and the defect 04 : 2" —— 7 of A,
with n = |Ao|, are given by the formulae
L4 dA = lCm(p, Q)a and aA(X) = % : (xp+q—1 71‘0)7
if A= A(z&pﬂ) and 1 <p <gq,
e dp=m—2 and 94(X) = Tpy1 + Ty — T2 — 21,
if A= A(]ﬁ)m) and m > 4 is even,
o da=2(m—2) and 9a(x) = 2(Tms1 + Ty — T2 — 1),
if A =A(D,,) and m > 5 is odd,
da =06 and 9a(x) = —3z1+ 22 + 23+ T4 + =5 + 26 + 27,

if A = A(Es),

o dp =12 and 8A(X) = —4x1 + 20 + x3 + T4 + 225 + 6 + T7 + 23,
if A = A(Er),

e da =30 and 04(x) = —6x1+2w0+225+3x4+x5+T6+2T7+23+Tg,
if A = A(Eg).

Proof. Assume that A = KA, where A is one of the quivers A(l&nq),
A(Dy,), A(Es), AEr), and A(Es).

(a) Because the quiver A is acyclic then, by (VII.4.1), the Euler quadratic
form g4 of A = KA equals the quadratic form ga and depends only on the
underlying graph A of A. Then (a) is a consequence of (VII.4.2) applied to
Q=A.

(b) We recall from (XI.1.4) that the defect of A = KA is the group
homomorphism 04 : Z" — Z such that

®% (x) = x + 9a(x) - ha,

for all x € Z", where ® 4 : Z" —— Z™ is the Coxeter transformation
of A, n = |Agl|, and the defect number dan = da is a positive integer
depending on A and minimal with respect to these properties. Now, for
each canonically oriented quiver A, we determine the defect number da
and the defect 94 : Z" —— Z, for A = KA.
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1° Assume that A = A(A,,) and 1 < p < ¢. Because the Coxeter matrix
Py e Mpy(Z) of A= KA is of the form shown in (1.2)(a) and
L..1

ha =1 1
A ..1’
then a direct calculation shows that, for da = lem(p, ¢) and pWq = gcﬁaqq),
we have
—pWg+10 0 ... 0 O pHq
—py¥gg 1 0 ... 0 0 pyq
—pydg 0 1 0 0 pyq
(I)AA = : oL oLt : € Mp+q(Z).
—pydg 0 O 1 0 pWwg
—plg o0 .. 01 pYq
—pdg 0 0 ... 0 O pyg+l
Moreover, for each vector x = [xg @1 ... Tprq—1]" € ZPT9, we have
p+q
Pl (x) =x + ———(Zppqg—1 — T0) - ha,
4 ged(p,q) "
and da = lem(p,q) is the minimal positive integer with this property.
This sh?vws that 04(x) = %(%ﬁq,l — xq), and (b) follows in case
A=AA, ).

2° Assume that A = A(D,,) and m > 4. We set
{ 2(m —2), if mis odd, and
da = .
m — 2, if m is even.
Because the Coxeter matrix ®4 € M,,41(Z) of A = KA is of the form
shown in (1.2)(b) and ha = 12 . 21, then

~—1-200 0 0 0 22-
—2-100 0 0 22
—4-410 0 0 0 44
—4-40 1 0 0 0 44

da | —4-40 0 1 0 0 44
0 = S | €My (2),
—4-400 0 1 0 44
—4-400 0 0 1 44
2200 0 0 0 32
L2200 0 0 0 23

if m is odd, and
- 0-100 0 0 0 11~
-1 000 O 0 011
2210 0 0 022
—2-201 0 -0 0 22

da 2200 1 -0 022
QL= T T € Mg (Z),
2200 0 -1 022
2200 0 0 122
~1-100 0 0 021
L_1-100 o0 0 0 12
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if m is even. A direct calculation shows that, for each x € Z™%!, we have

J X+ 2(Tmi1 + Tm — 22 — 1) -ha, if mis odd,
P (x) = e
X+ (Tmg1 + T — 22 —x1) -ha, if mis even,
and that da is the minimal positive integer with this property. Hence, we
get

2(Tma1 + T — T2 — x1),4 if m is odd, and
04(x) =

04(X) = Typy1 + T — T2 — 21, if m is even.

3° Assume that A = A(Eg). Because the Coxeter matrix ® 4 € M7 (Z) of

A = KA is of the form shown in (1.2)(c) and ha = 5 then, for da = 6,

12321
we get
-8333333
—6322222
—3121111
@4 =|-6223222| c M;(Z).
—3111211
—6222232
3111112

A simple calculation shows that, for each x € Z7, we have
<I>?4(x) =x+ (=321 + 22+ 23+ x4 + x5 + 26 + 27) - ha,

and da = 6 is the minimal positive integer with this property. This shows
that

04(x) = =321 + 22+ 23 + 24 + 5 + 26 + 7, and
da = 6.

4° Assume that A = A(E7). Because the Coxeter matrix ® 4 € Mg(Z)
of A = KA is of the form shown in (1.2)(d) and ha = ;537344 then, for
da = 12, we get
—154448444

—124336333
-8 2324222

da | 41122111
Py = -8 2225222 € Ms(Z).
~123336433
—8 2224232

-4 1112112

A straightforward calculation shows that, for each vector x € Z&, we have

7 (x) = x + (—4x1 + 33 + T3 + T4 + 275 + 76 + T7 + 25) - ha,
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and da = 12 is the minimal positive integer with this property. This shows
that

0a(x) = —4daq + 29 + x3 + 4 + 225 + 26 + 27 + 25, and
da = 12.

5° Finally, we assume that A = A(Es). Because the Coxeter matrix
by € Mo(Z) of A = KA is of the form shown in (1.2)(e) and ha =
24854391 then, for da = 30, we get

F 351212186666 6]
249 81244444
124 5 622222
18 6 6 1033333

<I>ji4A: ~3010101565555 | € Mg(Z).
248 8 1245444
186 6 9 33433
124 4 622232

| 6 2 2 311112

A straightforward calculation shows that, for each vector x € Z°, we have
P92 (x) = x + (=621 + 229 + 223 + 324 + 75 + 6 + T7 + 25 + 79) - ha,

and da = 30 is the minimal positive integer with this property. This shows
that

04(x) = =621 + 229 + 223 + 324 + 5 + 26 + 27 + 5 + X9, and
da = 30.

and completes the proof. O

XIII.2. Tubes and simple regular modules over
hereditary algebras of Euclidean type

Our main aim in this section is a description of the tubes 7> and their
indecomposable K A-modules, and, in particular, a description of the simple
regular K A-modules, where A is one of the canonically oriented Euclidean
quivers A(A a)s A(Dy,), A(Eg), A(E7), and A(Eg) of Table 1.1.

We start Wlth the following structure theorem presenting a description of
the Auslander—Reiten quiver I'(mod A) of any hereditary algebra A = KQ
of Euclidean type.
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2.1. Theorem. Let Q be an acyclic quiver whose underlying graph Q is
Euclidean, and let A = KQ be the path algebra of Q.

(a) There exists a canonically oriented Fuclidean quiver A such that Q
is obtained from A by a finite sequence of reflections and A is a
tilted algebra of type A

(b) The Auslander—Reiten quiver I'(mod A) of A consists of the follow-
ing three types of components:

e a postprojective component P(A) containing all indecomposable pro-
jective modules,

e a preinjective component Q(A) containing all indecomposable injec-
tive modules, and

e a unique Py (K)-family

TC = {TAQ}AGJ}%(K)

of stable tubes, in the regular part R(A) of T'(mod A), separating
P(A) from Q(A).
(c) Letmg = (my, ... ,ms) be the tubular type of the Py (K)-family T<.
Then _
emg = (pq), if Q = Ay, m > 1, p = min{p,p"}, and ¢ =
max{p’,p"}, where p' and p" are the numbers of counterclockwise-
oriented arrows in @ and clockwise-oriented arrows in @, respec-

tively,
e mp=(2,2,m—2), zf@:]ﬁ)m and m > 4,
e mg=(2,3,3), if Q =Es,
° mQ—(234) zf@z[ﬁm and
’me( ); Zf@:E&

Proof. Because the hereditary algebra A = K(Q is obviously concealed
of Euclidean type @ then the part (b) of the theorem is a direct consequence
of (XII.3.4) with B and K@ interchanged. The statement (a) follows from
(VIL.5.2) and (VIII.1.8). |

It follows from (2.1) that the regular part R(A) of I'(mod A) is just the

P, (K )-family T = {T)\ Frep, (k) of stable tubes.
By (2.1) and (XII.3.5), applied to the hereditary algebra A = K@, we
get the following useful facts.

2.2. Corollary. Let Q be an acyclic quiver whose underlying graph Q
is Fuclidean, and let A = KQ be the path algebra of Q.

(a) The unique Py(K)-family T = {7;@})\6[971(]() of stable tubes of (2.1)
contains at most 3 non-homogeneous tubes TAQ.



XIII.2. TUBES AND SIMPLE REGULAR MODULES 155

(b) The family T contains exactly 3 non-homogeneous tubes, if the
Euclidean graph Q of Q 1is one of the graphs ]I~))m, with m > 4, Eg,
]E7, or Eg.

(¢) The family TC contains exactly 2 non-homogeneous tubes, if Q =
Ap, m>3,p= min{p’,p"} > 2, and ¢ = max{p’,p"} > 2, where
p' and p’ are the numbers of counterclockwise-oriented arrows in Q
and clockwise-oriented arrows in @, respectively.

(d) The family TC contains exactly 1 non-homogeneous tube, if Q =
Ap,m > 2, p= min{p’,p"} =1, and ¢ = max{p’,p"} > 2, and

(e) T consists of homogeneous tubes if and only if Q is the Kronecker
quiver o I——o. m

We remark that we have described above only the shape of the quiver
I'(mod A) and of the tubes in R(A). However, this is still far from a com-
plete description of the indecomposable A-modules and the homomorphisms
between them.

However, it follows from (2.1) that any indecomposable regular A-module
lies in a stable tube 7')\62. Hence, in view of our results of Chapter X, to get
a description of the indecomposable regular A-modules lying in the tube
7')\Q it is sufficient to describe the simple regular modules in T)\Q. Indeed,
an arbitrary indecomposable regular A-module in a tube 7;\Q can be con-
structed from the simple regular ones by the procedure explained in Section
X.2 (below the formulation of Theorem X.2.2).

In view of (2.1)(a), any Euclidean quiver () is obtained from a canon-
ically oriented Euclidean quiver A by a finite sequence of reflections and
the indecomposable K (-modules can be obtained from the indecomposable
K A-modules by applying the reflection functors defined in Section VII.5.

Therefore, up to applying the reflection functors, the description of the
tubes 7'>\Q and their indecomposable K@Q-modules reduces to a description
of the tubes T/\A and, in particular, to a description of the simple regular
K A-modules, where A is one of the canonically oriented Euclidean quivers
A(Ay,), ADy,), A(Es), A(E7), and A(Eg) of Table 1.1.

For each such a quiver A, we present in (2.4), (2.5), (2.6), (2.7), (2.12),
(2.13), (2.16), (2.17), (2.20), and (2.21) below a list of simple regular K A-
modules and a Py (K)-family

T2 = {T haeea ) (2.3)
of stable tubes in R(KA). We then show that every simple regular KA-
module is isomorphic to one of the modules in the list and every stable tube
in R(KA) has the form 7,2 for some \ € P;(K).

We do it in Theorems (2.5), (2.9), (2.15), (2.19), and (2.23) below by a

case by case inspection of the canonically oriented Euclidean quivers pre-
sented in Table 1.1.
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We start from the case when A is the quiver A(:&p,q), where 1 < p < gq.
In this case the algebra KA is the canonical algebra C = C(p, ¢). Then the
description of the tubes 7,2 in R(KA) = R(C) and a complete list of the
simple regular K A-modules, in each of the tubes 7,2, follow from (XI1.2.8)
and (XII.2.13). Now, for the convenience of the reader, we recall the list.

2.4. Table. Simple regular representations of A(&pﬂq)

Assume that p and ¢ are integers such that ¢ > p > 1. Let A = A(&pyq)
be the canonically oriented Euclidean quiver

1+— 2 <— .  — p—-1
A(Apq) : 0 ptqg—1

p—p+1l+— -+ —p+qg—2

presented in Table 1.1. Let A = KA.

Consider the following family of indecomposable regular A-modules,
viewed as K-linear representations of A. It is shown in (XII.2.8) that they
are simple regular.

(a) Simple regular representations in the tube T hra)

0<—0<—-~-<—0\
E®) = 83i), with1 <i<p—1, ES:K K,

SN

(b) Simple regular representations in the tube 7

Kb Kb bk
v N
B =S(p+j-1), with1 < j < q—1, B K
N

0¢—0¢—---<—0
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(c) Simple regular representations in the tube 7'AA(A”’“),
with A e K\ {0}
1 1 1
N K—K— - -+—K )
N, < N
EY: g K.
(N e

KoK K

We now recall from (XII.2.6) and (XII.2.8) the main properties of the
modules listed in (2.4).

2.5. Theorem. Assume that A = KA, where A is the canonically ori-
ented Fuclidean quiver A(&pﬂq), with ¢ > p > 1, shown in Table 2.4.
(a) FEvery simple reqular A-module is isomorphic to one of the modules
of (2.4).
(b) Every component in the regular part R(A) of I'(mod A) is one of the
following stable tubes:

o the tube £<AM) of rank p containing the A-modules Eioo), RN E;OC),

e the tube %A(AM) of rank q containing the A-modules EEO), e ,Eéo),
and _

e the tube 7j\A(A”“’) of rank 1 containing the A-module EX), for

A € K\ {0}, where E](-Oo), Ei(o), and EX) are the simple regular
A-modules of (2.4).

(¢) The Auslander—Reiten quiver T'(mod A) of A consists of a postpro-
jective component P(A), a preinjective component Q(A) and the
Py (K)-family TA%ea) = {RA(A”"])})\GM(K) of stable tubes separat-
ing P(A) from Q(A).

2.6. Table. Simple regular representations of A(]IN))m)

Assume that m > 4 and A = A(D,,) is the canonically oriented Eu-
clidean quiver

A(Dyy,) : 3—4+— - —m—1 , m >4,

presented in Table 1.1. Let A = KA.
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Consider the following family of indecomposable regular A-modules,
viewed as K-linear representations of A. We show below that they are
simple regular.

(a) Simple regular representations in the tube TO%(DT”')

K ) 0 0 K
(c0) . N\ 1 1 1 . (c0) . 1 1 1
F Ke—Ke—-- K 7 X Ke—K¢—- - +—K
e N vd N
0 K K 0
(b) Simple regular representations in the tube %A(Dm)
0 0 K . K
vd N L
FO . Kb ke LK X 9. KRk
g N 7 AN
K K 0 0
(c) Simple regular representations in the tube 7'1A(D’”)
0 0 0
(1) AN 4 1) Ve
By /K%~ : -<—0\ Fy/ i —K+—0—- 0
0 0 0
0 0 K .
1 . 1 . 1 1 1 1
F. 7 3: 00— - «0+—K F. ,: KKK +——K
1
0 0 K
(d) Simple regular representations in the tube 7;\A(Dm)
r (11] [(1) K
11 10 Lo
(G ’\ 2 [0 1] 2 2 [0 1} 2
FY KPe—— K+ -+ +— K* +— K Ae K\{0,1}.

v (’J\
K HS

—
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2.7. Definition. Assume that A = KA, where A is the canonically
oriented Euclidean quiver A(D,,), with m > 4, shown in (2.6). We define
the Py (K)-family (2.3)

T = TP e

of connected components TAA(D’") of the Auslander—Reiten quiver I'(mod A)

of A as follows:

o« T2 Bm) :

is the component containing the A-module Fl(Oc ,

° %A(D’”) is the component containing the A-module Fl(o),

. ’TlA(D"‘) is the component containing the A-module Fl(l)7 and

for each A € K \ {0,1}, ’T)\A(D’") is the component containing the

A-module FX), where Fl(oo)7 Fl(o)7 Fl(l)7 and F® are the modules
listed in Table 2.6.

It follows from (2.9) below that the components RA(ﬁm) of the Py (K)-
family T72®m) are stable tubes in R(A).
We now collect the main properties of the modules listed in (2.6).

2.8. Ltimma. Let m > 4 and A be the canonically oriented FEuclidean
quiver A(Dy,) shown in Table 2.6. Let A = KA be the path algebra of A.
The A-modules

F, R RO RO Y, B R

m—3>

FY. and FO,
with A € K\ {0,1}, presented in Table 2.6 are pairwise orthogonal bricks,
and each of them is simple reqular.
Proof. It is obvious that the A-modules
00 00 0 0 1 1 1 1
Fl( )a FQ( )a Fl( )’ FQ( )) Fl( )7F2( )’ 7F7(nl37F'r(niQ

are bricks. Now we show that, for each A € K \ {0,1}, there is an isomor-
phism Endy FM 2 K. Let f = (f1, fo--. , fms1) : F& —— F®) be an
endomorphism of the A-module F®, viewed as a K-linear representation of
A = A(D,,), and assume that the K-linear map f3 : K> — K? is defined

by the matrix
a b
f3 - l:c d:|

in the standard basis of K2, where a,b,c,d € K. It follows that f3 = f; =
... = fim_1 and therefore

o [ [ e (1)1
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Hence we get b = 0 and ¢ = 0. Similarly the equality [” - fs=f1- “]
a 0

0 .
Endy F®) — K, assigning to the endomorphism f : FN) — FO) of FO)
the scalar a on the diagonal of the matrix f3, is a K-algebra isomorphism.

It follows that the modules of Table 2.6 are bricks. Now we show that
they are pairwise orthogonal, that is, that

o Homu(FY, F{")=0,  Homa(F™, F{”) =0, and
. HomA(F]m7F(>‘)) = 0, for all i # j, s,t € {0,1,00}, and
AeP(K)\{0,1,00}.
We only prove that Hom 4 (F®), FﬁlQ) =0 and HomA(Fr(nIEQ, FM) =0,
because the remaining equalities follow easily in a similar way.
Let f = (fi,... s fmg1) : FV —>F(1) be a morphism of repre-

yields a = d and, consequently, f3 = It follows that the map

sentations of the quiver A = A(D,,). The equahties

fm—l : |:(1]:| :fm+1 and fm—l : |:(1):| :fm

yield fs = ... = floo1 = fﬁ:—l} On the other hand, the equalities

f3 = fill 1] and f3 = fo[A 1] yield fr, = fm41 = f1 = f2 = f2A. Because
A # 1, then we get fo = 0 and, consequently, f = 0.

Let g = (91,--- 9m+1) : F( )2 —— F™ be a morphism of represen-
tations of the quiver A. The equalities [(ﬂ “Om = Gm-1 = [ﬂ “gm+1 yield

Jm =0, gm+1 =0, and g3 = ... = gp—1 = 0. It follows that gy =0, go =0
and, consequently, g = 0.
We recall from (1.3)(b) that the defect 94 : Z™T1 — Z of A is given by
the formula
e 04(X) = Tymq1 + Ty, — x2 — 1,  if m is even, and
o 04(x) = 2(xm41 + T, — x2 — 1), if m is odd.
Hence easily follows that 94 (dim F') = 0, for any module F of Table 2.6.
It follows from (XI.2.8) that the modules of Table 2.6 are regular.
Now we show that they are simple regular. For this purpose, we note
that the modules Fl(l), Fz(l)7 . F( )3 are simple. Suppose that F' is one
of the modules

F pe) FOEO FLDand FO, with A € K\ {0,1},

and let X be an indecomposable regular submodule of F'. Because X is a
subrepresentation of F' then X; = F; and Xy = F5. The regularity of X
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yields 04 (dim X) = 0 and we get

dim g F5 + dim g Fy = dim g X + dim g X,
=dim g Xyp4+1 + dim x X,
<dim g Fyy4+1 + dim g F,
= dim g F5 + dim g Fy.

It follows that X,,11 = Finy1, Xm = Fi. This implies the equality X = F
and the fact that F is simple regular. Indeed, this is obvious when F # FX),
In the case F = FO | we have

Xg == X1 = K[1,0]+ K[0,1] = K2 = F,

because X is a subrepresentation of F'. It follows that X = F' and, conse-
quently, the module F = F) is simple regular. This completes the proof. O]

Next, we collect the main properties of the family TA@’") of components
defined in (2.7).

2.9. Tlleorem. Let m > 4 and A be the canonically oriented Euclidean
quiver A(Dy,) shown in Table 1.1. Let A = KA be the path algebra of A
and

Fl(oo); F2(°°), F1(O); F2(0)7 Fl(l)’ F2(1)’_._ ,Fﬁzg,Fﬁlz, F()\)7

with A € K\ {0,1}, be the A-modules presented in Table 2.6. The family

TADR) — {TAA(D’")}AGM(K)

defined in (2.7) has the following properties.
Dr)

(a) The component 7L is a stable tube of rank 2 containing the

modules Fl(oo) and FQ(OO), and there are isomorphisms TAFQ(OO) =
F*) and 74 ™) = F{*),

(b) The component %A(D’") is a stable tube of rank 2 containing the
modules Fl(o) and Fz(o), and there are isomorphisms TAF2(O) = Fl(o),
TAFl(O) &~ FQ(O).

(¢) The component ﬂA(Dm) is a stable tube of rank m — 2 containing the
modules Fl(l)7 ... ,FT(,BQ and, for each s € {1,... ,m — 2}, there is

an isomorphism TAFS(_Pl ~ FV | where we set F,(nlll = Fl(l).

(d) For each A € K \ {0,1}, the component 7')\A(Dm) is a stable tube
of rank 1 containing the module FV | and there is an isomorphism
TAFX) & PO,
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(e) The Auslander—Reiten quiver T'(mod A) of A consists of a postpro-
jective component P(A), a preinjective component Q(A) and the
Py (K)-family T®m) = {TAA(D’")}AGM(K) of stable tubes separating
P(A) from Q(A).

Proof. Let A = A(D,,), where m > 4, and let A = KA. We consider
the canonical algebra C' = C(2,2, m—2) of type A(D,,) defined in (XII.1.3),
and the family of C-modules:

g B B EQ EW . EW ., and EXV, with A € K\ {0,1},

defined in Table XII.2.9. It follows from (XII.2.12) that they are simple
regular.

By (XII.1.4), the postprojective component P(C) of I'(mod C') contains
the section

Tl Tm

p /!

T3 — Ty — -+ — T

/!

T2 Tm+1,
where
T1 = P(al), T2 = P(bl),
Ty =715 P(0), Ty = 75" P(c1),- - s Tone1 = 75 P(em—3),
T = P(w), and Ty = TalP(cm,g).
Here we use the notation of (XII.1.2). Moreover,

T=T&...8T), &Tmnt+1
is a postprojective tilting C-module and there is a K-algebra isomorphism
A~ EndTe.

Then, according to (VIII.4.5) and (XIL.3.3), the K-linear functor
Home (T, —) : mod C — mod A restricts to the equivalence

Home (T, —) : add R(C) ———— add R(A) (2.10)

of abelian and serial categories add R(C') and add R(A) of regular modules
such that the following diagram is commutative

TC
Tc

Homg (T,—)[: :[Homc(T,—) (2.11)
TA

addR(A) ————— addR(4),
Ta
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where the horizontal functors are mutually inverse equivalences of cate-
gories induced by the Auslander—Reiten translates in mod A and in mod C,
respectively. N

It follows that the functor Home (T, —) : add R(C') —— add R(A) car-
ries irreducible morphisms to irreducible ones, and the image Home (T, T,¥)
of any stable tube T,C in R(C) of rank 7, > 1 is a stable tube in R(A)
of the same rank ry. Moreover, any stable tube in R(A) is of the form
Hom¢ (T, 'TAC)

We claim that, for each A € P;(K), the tubes Hom¢ (T, 7,¢) and 7;A(Dm>
coincide. For this purpose, it suffices to show that there are isomorphisms

Home(T, E\”) = F*) and Homc (T, EV) 2 FO,

for all j, s € {0,1,00} and A € P1(K) \ {0, 1, 00}.

To prove this, we recall that A = End T and, as in the proof of (XII.1.5),
the left hand part of the postprojective component P(C') of I'(mod C') con-
taining all the indecomposable projective C-modules P(0),... , P(w) looks
as follows

1 0
Pla)=1 0 0—————— 1 1 0 ——————
00. . . 00 10.. .00
1 1 1
0—1 1 0—2 1 0—1 0 0—2 1 0—
00 00...00  10...00 10... 00 210. .. 00
l
\P(bl)/( \‘ /‘ \‘
1
Plc)=1 0 0—————— 2 1 0——————
00 110. .. 00

o
e

C R

where

and the indecomposable modules are represented by their dimension vectors.
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It follows from (VI1.3.10) that e;A = Home (T, T;) and, for each regular
C-module X and, for each i € {1,... ,m + 1}, we have

Home (T, X); = Home (T, X)e;
=~ Hom 4 (e; A, Home (T, X))
>~ Homy (Home (T, T;), Home (T, X))
= Home (T3, X),

and therefore (dim Home (T, X)); = dimgHome (T}, X). Note also that we
have

e Hom¢ (71, X) = Home(P(a1), X) & X,
e Home (7o, X) = Home(P(az), X) = X,
e Home (T, X)=Home(P(w), X) = X,,, and

e Hom¢ (T, X)=Home (75 'P(cj—3), X), for j€{3,4,... ,m-1,m+1},

where we set ¢g = 0. By consulting the beginning part of the component
P(C) shown above we see that the w-th coordinate of the dimension vector

of each of the C-modules T1,...T,—1, Tint1 equals zero. Let

aj
ay

0: 0
71
C1
be the full subquiver of A(2,2,m — 2), of the Dynkin type Dy, defined by
the points 0, a1, b1, c1, in the notation of (XII.1.2). Note that there is an
isomorphism KQ = egCeq of algebras and the equivalence of categories
mod KQ = repx(Q), where eg is the idempotent

eQ =€+ €eq, + ey + e
of the algebra C'. Consider the restriction functor
rese,, : mod C ———— mod KQ = repx(Q),
see (1.6.6). It follows from the shape of the C-modules Ty, ...Tm—1, Trmt1,
shown in P(C) above, and the modules
g B B EQ ED L EW PO with A € K\ {0,1},

presented in (XI1.2.9), that the restriction functor res., defines a functorial
isomorphism

Home (T}, E) = Homgq(rese, T, rese, E),

forj=1,... ,m—1,m+ 1 and for any module E in the family

E) B B9 EO B EW and EM, with A € K\ {0,1}.

m—2
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By applying the above formulae to the C-module E = E®, with
A e K\ {0,1}, we get
Home(Ty, EM) = FY = K,
Home (Ty, EV) = FY = K,
Home (T, EWV) = Homp g (rese, Tj, rese, V) = K2,
for j =3,4,... ,m—1,
Home (T, EM) = Hompeg (reseq, T reseQE()‘)) ~ K,
e Hom¢(Ti1, EM) = FY = K.

1 1
In particular, we get dim Home (T, E?)) = 22...22 . Moreover, it follows
1

also that the chain of the irreducible monomorphisms
T3 =Ty — ...—=Th 1

induces the chain of the identity homomorphisms
N A ! ‘ )
Hompgq(rese, T3, resc, F'Y) <— ... «— Homgq(rese, Tin—1,r€8¢, F).

Finally, by applying the above formulae, one shows that there is an A-
module isomorphism Home (T, EM) = FN) | and hence

Home (T, T/\C) = 7;\(]])’”) ,

for any A € K \ {0,1}. Because, by (XII.2.12), the C-module E®) is sim-
ple regular, then the A-module Hom¢ (7, EQ‘)) ~ M is simple regular.
Furthermore, in view of the isomorphism 7¢E®) =~ EW in (XIL.2.12)
and the commutativity of the diagram (2.11), we get the isomorphism
TAFX) = PO This finishes the proof of (d).

Similarly, by applying the above formulae to any module F in the family
B, BN EO ED BN ED

oo, We get

(a) dim Home (T, E*) = (1)1 1... 1(1)7 dim Hom¢ (T, ES™) = (1)1 el
0 0

(b) dim Home(T, E{) = 11...1,  dim Home(T, E5”) = (1)11...10

(¢) dim Home (T, EV) = Zlo...oz, dim Home (T, ESV) :Zo 10...0

0

0 1 1
dim Home (T, B ) = 0001, dimHome(T, EW )= RERE

1
In particular, dim Homq (T, EJ(S)) = dim Fj(s)7 for all j and s € {0, 1, 00}.
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Because, by (XII.2.12), E is a simple regular C-module, then obviously
the A-module Hom¢ (T, E) is simple regular.

We recall from (XI.3.3) and (XII.4.2) that the simple regular A-modules
lying in the non-homogeneous tubes of R(A) are uniquely determined by
their dimension vectors. Because, by (2.8), the modules presented in Table
2.6 are simple regular, then there is an isomorphism

Home(T, E\Y) = F*),
for all j, and s € {0,1, c0}.

Therefore, by applying (XII1.2.12) and the commutative diagram (2.11),
we obtain the statements (a)—(c), and we conclude that the tubes

7—0@7") =Hom¢(T, T£) ) 7?)@7"’) =Hom¢(T, 760) ) 7-1(®M) =Hom¢ (T, 7-10)

exhaust all the non-homogeneous tubes of I'(mod A). Consequently, the

tubes 7;(]5’”) = Homc (T, T,°), with A € K \ {0,1}, exhaust all the homoge-
neous tubes of the regular part R(A) of I'(mod A). Now the statement (e)
follows from (2.1). This completes the proof. |

2.12. Table. Simple regular representations of A(IE(;)

Assume that A = A(Eg) is the canonically oriented Euclidean quiver

A(EG) :

— R — Ot

3—2—1<+—6<+—1.

presented in Table 1.1, and let A = KA. Consider the following family of
indecomposable regular A-modules, viewed as K-linear representations of
A. We show below that they are simple regular.

(a) Simple regular representations in the tube S {Eo)

K
B!
F2(00) . K

I |0
O—>KT>K<TK<—O K 5K K2 K K

) A Y

Ne— o

Fl(oo) :
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(b) Simple regular representations in the tube %A(EG)
0 0
Y % B %(
K%KL}QLIQ— 0 0—> 0—>K1<LK<LK
K
. 3

1

0—>KL>K<— 0<—0

(c) Simple regular representations in the tube ’7'1A(E6)

0 0
AV 0 FM . K
1 l 1 1 1 1 11
0—K-—K+—K—K K—K—K—0—0
K
1
F3(1) :

o=

0— 0K+~ K« 0

(d) Simple regular representations in the tube 7;A(E6)7
with Ae K\{0,1}

FO .
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2.13. Definition. Assume that A = KA, where A is the canonically
oriented Euclidean quiver A(Eg) shown in Table 1.1. We define the Py (K)-
family (see (2.3))

JAEs) _ {7:\A(]E6)}AGP1(K)

of connected components TAA(@) of the Auslander-Reiten quiver I'(mod A)
of A as follows:

° To%(ﬁﬁ) is the component containing the A-module Fl(oo)7

. %A(EG) is the component containing the A-module F1(0)7

. ﬂA(EG) is the component containing the A-module Fl(l), and

for each A € K\ {0,1}, T)\A(EG) is the component containing the
A-module FO,

where Fl(oo)7 Fl(o), Fl(l), and F are the modules shown in Table 2.12.

It follows from (2.15) below that the components 7;\A(]E6) of the Py (K)-
family 72 (Eg) are stable tubes in R(A).
We now collect the main properties of the modules listed in (2.12).

2.14. Lemma. Let A be the the canonically oriented Euclidean quiver
A(Eg) shown in Table 1.1. Let A = KA be the path algebra of A. The
A-modules
F FeD) O FO O D FVED  and FO, with A € K\{0,1},
presented in Table 2.12 are pairwise orthogonal bricks, and each of them is
simple regular.

Proof. It is obvious that the A-modules F\°, F{¥ % F® g,
F2(1), F?El) are bricks. Now we show that there are algebra isomorphisms
End 4 F2(°°) =~ K, and Endy FMV = K, for each A € K \ {0,1}.

Let f=(f1,-..,f7): FQ(OO) ey FQ(OC) be an endomorphism of the

A-module FQ(OO), viewed as a K-linear representation of A = A(E;), and
assume that the K-linear map f; : K2 — K? is defined by the matrix

fi= [Z Z] in the standard basis of K2, where a, b, c,d € K. It follows that

{ﬂ fo=f1- [ﬂ and  f1- {(1)] _ Ll)] .

Hence we get b = 0 and ¢ = 0. Similarly, the equality [” “fa=f1- {”
yields a = d. Hence we get
_|la0
fl - |:0 a:| )
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and obviously the map End FQ(OC) — K that assigns to the endomorphism
f F2(°°) — F2(°°) of FQ(OO) the scalar a on the diagonal of the matrix fi,

is a K-algebra isomorphism.

Let ¢ = (g1,...,97) : F) ——— FO) be an endomorphism of the
A-module F) | viewed as a K-linear representation of A = A(]EG), and
assume that the K-linear map g; : K3 — K3 is defined by the matrix

aii aiz ais
g1 = |:a21 az2 1123:|

a31 agz2 ass

in the standard basis of K3, where a;; € K. It follows that

ISPt

Hence we get as; =0, az; =0, a13 = 0, and a3 = 0.
00 00
Similarly, the equality |1 0] “g6 = g1 - [1 0] yields a2 = 0, and finally,
01 01
from the equalities

Al Al 10 10
{11}@4:91-[11} and[01]-ggzgl-[o1}
10 10 00 00

we conclude that azs = 0 and asz = ass = a1;. Consequently, g; has the
diagonal form
ail 0 0
g1 = |: 0 a1 O :| s
0 0 aii

and obviously the map Endy F(») — K, assigning to the endomorphism
g of F™ the scalar a;; on the diagonal of the matrix ¢q, is a K-algebra
isomorphism.

It follows that the modules of Table 2.12 are bricks. Now we show that
they are pairwise orthogonal. It is easy to check that Hom 4 ( FZ.(S)7 Fj(t)) =
0, for all ¢ # j and s,t € {0,1,00}. Then, it remains to show that
HomA(F(A),Fj(t)) = 0 and HomA(Fj(t),F(A)) = 0, for all t € {0,1,00},
all j, and A € P1(K)\ {0,1,00}.

We only prove that Hom 4 (F{"”, F™) = 0 and Homu(F®, F{") = 0,
because the remaining equalities follow in a similar way.

Let f = (f1,...,f7): Fi,fl) ——— F® be a morphism of representa-
tions of the quiver A = A(Eg). It follows that

A7 A 00 0
f1'1={11}[0}'f5=[ﬂ'f5 and  f1 - :|:10:|'f6:|:“1:|7

10 01 as
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where fg = [al] : K ———— K?. Hence fsA = 0, and, because A # 0,

az
then f; = 0. It follows that f; = 0 and fg = 0. Moreover, f;, = [H -fi=0
and, hence, f = 0.
Let g = (g1,...,97) : FX —>F3(1) be a morphism of representa-
tions of the quiver A and let g1 = [a; ag a3] : K3 —— K. The equalities

10 10
0291 |:01:| :[a1 as ag]- |:01:| :[a1 ag]
00 00

yield a3 = ag = 0. On the other hand, the equality

00
o=g-[10][1]
01
yields ag = 0. Hence, g; = 0 and, consequently, g = 0.

We recall from (1.3)(b) that the defect 94 : Z7 —— 7Z of A is given by
the formula 04(x) = —3x1 + 22 + 23 + 4 + x5 + 26 + x7. It follows that
04(dim F') = 0 for any module F' of Table 2.12. Hence, by (XI.2.8), the
indecomposable modules of Table 2.12 are regular.

Now we show that they are simple regular. For this purpose, we suppose
that F' is one of the modules
F R FOFD B FY EDFY and FO), with A € K\{0, 1},
listed in (2.12), and let X be an indecomposable regular submodule of F'.
By (XI.2.8), we have d4(dim F') = 0, and a case by case inspection shows
that X = F (apply the arguments given in the proof of (2.8)). This is easily
seen if F # FN. For F = FO it is not immediate. However, it follows
from the proof of the following theorem that F = Home (T, EM) and,
hence, FV is simple regular. This completes the proof. ([

Next, we collect the main properties of the family ‘TA(EG) of components
defined in (2.13).

2.15. Theorem. Let A be the Euclidean quiver A(Eg). Let A= KA be
the path algebra of A. Let

F R FO ED EO FD EYED ) and FX, with A € K\{0,1},
be the A-modules presented in Table 2.12. The family

JAEs) {7;\A<]E6)})\€P1(K)

defined in (2.13) has the following properties.

(a) The component TEE) s o stable tube of rank 2 containing the mod-

ules Fl(oo) and F2(OO), and there exist isomorphisms
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TAFQ(OO) = Fl(oo) and TAFI(OO) i~ FQ(OO).

(b) The component %A(EG) is a stable tube of rank 3 containing the mod-
ules F1(0)7 FQ(O), 3(0), and there are isomorphisms
PAFD % ED 1y B0 = B0, 7y B0 % 10
(¢) The component TlA(]EG)
ules Fl(l), Fz(l) and Fs(l), and there are isomorphisms
a0 = PV, PN 2 FY r FD = Y.

(d) For each A € K\ {0,1}, the component 7:\A(]E"') is a stable tube of
rank 1 containing the module F™ | and there is an isomorphism
FAFO) = POV,

(e) The Auslander—Reiten quiver I'(mod A) of A consists of a postpro-
jective component P(A), a preinjective component Q(A) and the

P1(K)-family TA(]EG) = {ﬂA(EG)}AGPI(K) of stable tubes separating
the component P(A) from Q(A).

1s a stable tube of rank 3 containing the mod-

Proof. Let A = A(Eg) and let A = KA. We consider the canonical
algebra C' = C(2, 3, 3) of type A(E¢) defined in (XII.1.3), and the family of
C-modules
B> ESD B EY B EW, BN B and EV, with A € K\{0,1},

defined in Table XII.2.9. It follows from (XII.2.12) that they are simple

regular.
By (XI1.1.10), the postprojective component P(C) of I'(mod C) contains

the section
15

|

T,

T3(—T2(—T1—>T6—>T7,

where
Ty = 772P(0), Tp = 7 2P(b1), Ts = 72P(by),
Ty =r72P(a), T5 = P(w), Ts = 772P(c1), Ty = 72 P(cs).

Here we use the notation of (XII.1.2). Moreover,
T:Tl EBT2 @Tg@T4@T5@T6@T7
is a postprojective tilting C-module and there is a K-algebra isomorphism

A=EndTe.
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Then, by (VII1.4.5), the functor Home (7, —) : mod C — mod A restricts
to the equivalence

Hom¢ (T, —) : add R(C) ——— add R(A)

of abelian and serial categories add R(C') and add R(A) of regular modules
such that the diagram (2.11) is commutative.

It follows that the functor Home (7T, —) : add R(C) =5 add R(A) carries
irreducible morphisms to irreducible ones, and the image Home (T, T,C) of
any stable tube 7. in R(C) of rank ry > 1 is a stable tube in R(A)
of the same rank ry. Moreover, any stable tube in R(A) is of the form
Home (T, T.F).

We claim that, for each A € P;(K), the tubes Home (T, T,C) and 7'/\A(E6)
coincide. For this purpose, it suffices to show that there are isomorphisms

Hom¢ (T, E](.S)) = Fj(s) and Homg (T, EXN) = FX)

for all j, s € {0,1,00}, and all A € P (K) \ {0,1,00}.

To prove this, we recall that A = End T and, as in the proof of (XII.1.8),
the left hand part of the postprojective component P(C') of I'(mod C') con-
taining all the indecomposable projective C-modules P(0),... , P(w) looks
as follows

1 0

0 10 21 11 210
00\‘00 0 10 21 11 21\
0 1 1
P(e1)=10 00— — — — —— 2100— ——— —— 2210— ——— ——
10\ /(11\ /‘10\ /l
1 0
P(ca)=10 00— — — — —— 1100——— — —— 1110 —— ——
11 00 10
where
1
P(a;)=1000
00

and the indecomposable modules are represented by their dimension vectors.



XIII.2. TUBES AND SIMPLE REGULAR MODULES 173

It follows from (V1.3.10) that e; A = Home(T,T;) and, for each regular
C-module X and for each i € {1,...,7}, we have

Home(T, X); = Home (T, X)e;

=~ Hom (e; A, Home (T, X))

> Homy (Home (T, T;), Home (T, X))
(

= Home Ti7X)7

and therefore (dim Home (T, X)); = dimg Home (T}, X). Note also that we
have
Homg (Ts, X) = Homg(P(w), X) = X,,.

By consulting the beginning part of the component P(C) shown above we
see that the w-th coordinate of the dimension vector of each of the C-
modules T4, Ts, T3, Ty, Tg, T7 equals zero. Let

a
aq

Q: 0 b &by

71 Y2
C1 < C2

be the full subquiver of A(2,3,3), of the Dynkin type Eg, defined by the
points 0, ay, by, b, ¢1, c2, in the notation of (XII.1.2).

Note that there is an isomorphism K@ = egCeq of algebras and the
equivalence of categories mod KQ = repx(Q), where eg is the idempotent

eQ = €9+ €eq, + €ep, + €ep, + €ec, + €,

of the algebra C'. It follows that the restriction functor
rese,, : mod C ——— mod KQ = repx(Q),
see (I1.6.6), defines a functorial isomorphism
Home (T}, E) = Hompq(rese, T}, rese, E),
for T; # Ts = P(w) and for any module F in the family
g g BO B0 EO EM EM EM and EV, with A € K\{0,1}.

Because reseQEO‘) = I(0) is the injective envelope of the simple represen-
tation S(0) in repg (Q) then, for each j # 5, there exist isomorphisms

HomC(Tj7E()‘)) = Hompq(rese, T, rese,, E()‘)) = D(T})o,

that are functorial at 7. By applying the above formulae to the module
E=F® with A € K\ {0,1}, we get
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Home (T1, EM) = D(T1)o = K?,
Home (Tz, EV) & D(Ty)o = K2,
Home (Ts, EX) = D(T3) = K,
Home (Ty, EX) = D(Ty)o = K2,
Home (Tg, EV) = D(Tg)o = K2,
Home (T7, EV) = D(T)o = K, and
Home(Ts, EV) =~ EYY = K

1
In particular, we get dim Hom¢ (T, E®)) = 2 . Moreover, by applying
12321
the above formulae, one shows that there is an A-module isomorphism

Home (T, EXN) = FO,

and hence Homc(T,T,¢) = ’T/\A(EG), for any A € K \ {0,1}. Because,
by (XI1.2.12), the C-module E® is simple regular, then the A-module
Hom¢ (T, EO‘)) =~ FO) is simple regular. Furthermore, in view of the iso-
morphism 7¢ E?) = EX) in (XI1.2.12) and the commutativity of the dia-
gram (2.11), we get the isomorphism T74FXN) = FQN) | This finishes the proof
of (d).

Similarly, by applying the above formulae to any module E in the family

we get
0 1
dim Homq (T, Eioo)) = 1 dim Hom¢ (7, Eéoo)) = 1
01110 11211
0 0
dim Home (T, E”)= o | dimHome(T, EY) = 1 |
11110 00111
dimHome(T,E)= 1 | dimHome(T,E() = 0,
01100 01111
dimHomeo (T, E{)) = 1, dimHome (T, ESY) = 1 .
11100 00110

In particular, dim Home (7, E§S)) = dim Fj(s), for all j and s € {0,1, cc}.

Because, by (X11.2.12), E is a simple regular C-module, then obviously
the A-module Hom¢ (T, E) is simple regular.

We recall from (X1.3.3) and (XII.4.2) that the simple regular A-modules
lying in the non-homogeneous tubes of R(A) are uniquely determined
by their dimension vectors. Because, by (2.14), the modules presented
in Table 2.12 are simple regular, then there is an isomorphism
Hom¢ (T, EJ(.S)) o Fj(s)7 for all j, and s € {0,1,00}.
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Therefore, by applying (XII.2.12) and the commutative diagram (2.11),
we prove the statements (a)—(c), and we conclude that the tubes

T2 =Home (T, 72), T3> =Home (T, T7), T;*®) =Home (T, )

exhaust all the non-homogeneous tubes of the regular part R(A) of

I'(mod A).  Consequently, the tubes 7'/\A(EG) = Hom¢(T,TF), with
A € K\ {0,1}, exhaust all the homogeneous tubes of I'(mod A). Now
the statement (e) follows from (2.1). This completes the proof. O

2.16. Table. Simple regular representations of A(I~E7)

Assume that A = A(Eﬁ is the canonically oriented Euclidean quiver

_ 5
A(E7)I l
4 —3—2—1<+—6+—7+—28

shown in Table 1.1, and let A = KA. Consider the following family of
indecomposable regular A-modules, viewed as K-linear representations of
A(E7). We show below that they are simple regular.

(a) Simple regular representations in the tube 75 E)

K
F) N
0—>KT>KT>K2<TK<TK<TK
L] [}
K
Fy) IR
K—K—K—K>%—K+—K«+—0

SR FY R Y

(b) Simple regular representations in the tube 76A<E7)

K
Fl(o) : l1

0—0— K -5 K¢ 0e—0+—0
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0
F2(0) : l
0K K S KE K Ke 0
K
R H

K—K—K—K*« K+ K+« K
S 1 R Y I

(c) Simple regular representations in the tube 7'1A(E7)
K
. |
0—0—0— K+ K<~ K+—0
0
F2(1) :
0—0— KK K+ K« K
K
F . |
0— K —+K —+K+—0+—0¢—0
0
RO It

K-5BK-SK- S K Ke—06—0

(d) Simple regular representations in the tube 7;A<E7),

with Ae K\{0,1}

FX . lﬁ
0

K K2 K3 K4 K3 K2
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2.17. Definition. Assume that A = KA, where A is the canonically
oriented Euclidean quiver A(E7) shown in Table 1.1. We define the Py (K)-
family (see (2.3))

T2E) — (TR

A(E7)

of connected components 7T, of the Auslander—Reiten quiver I'(mod A)

of A as follows:

O%(]Eﬂ )

° is the component containing the A-module Fl(C>O ,

. TA(E7) is the component containing the A-module F} (0)

° ’TA(]E7) is the component containing the A-module F(l) and

for each A € K\ {0,1}, 7;\ E0) s the component containing the
A-module FOX | where Fl(oo), Fl(o)7 Fl(l), and FM) are the modules
shown in Table 2.16.

It follows from (2.19) below that the components TAA(E” of the Py (K)-
family 7 (E7) are stable tubes in R(A).
We now collect the main properties of the modules listed in (2.16).

2.18. Lemma. Let A be the the canonically oriented Fuclidean quiver
A(E7) shown in Table 1.1. Let A = KA be the path algebra of A. The
A-modules

FL R RO RO, B R ED, BV, B and FO),

with A € K\ {0,1}, presented in Table 2.16 are pairwise orthogonal bricks,
and each of them is simple regular.

Proof. It is obvious that the A-modules Fl(o), FQ(O), Fl(l), Fg(l), F?fl), and
F4(1) are bricks. Now we show that there are algebra isomorphisms

Endy F° = K, End F{*™ =~ K, End F\”) & K, and End F® =~ K
for each A € K\ {0,1}.
Let F be one of the modules Fl(oo)7 FQ(OO), and Féo), and let
f:(fh'"va):F —>F

be an endomorphism of the A-module F, viewed as a K-linear represen-
tation of A = A(E;). Assume that the K-linear map f; : K2 — K? is
defined by the matrix

fi=t]
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in the standard basis of K2, where a,b,c,d € K. It follows that
O] fo=n-[3] ana n-[S]=[5] 5

Hence we get b = 0 and ¢ = 0. Similarly, the equality
HE SN

yields @ = d. Hence we get

i=[ie]:
and obviously the map Endy FF— K, assigning to the endomorphism
f+ F — F of F the scalar a on the diagonal of the matrix fi, is a K-
algebra isomorphism.

Let
g=(g1,... 7gg):F(’\) — 5 F»

be an endomorphism of the A-module F (M) viewed as a K-linear represen-
tation of A = A(E7), and assume that the K-linear map g; : K* — K% is

defined by the matrix
aii1 aiz ais a4
| a21 a22 a23 a24
91 = | as1 asz asz asa
@41 @42 a43 Q44

in the standard basis of K*, where a;; € K. It follows that

e ] -]

Hence we get as1 = 0, az1 = 0, ag1 = 0, a14 = 0, agq4 = 0, and agq = 0.
Similarly, the equalities

00 001 "10 10
00 00 01 01
lw]'%:gy[lo and 00]‘93:91‘[001

01 01 LOO 00

= O O o
= O oo

yield a13 = 0, ass = 0, agy = 0, and a4 = 0. The equalities

100 1007 ~000 000
otol . foto| 4 1too| —_  |100
001|929 901 o10| " 98=91" 1010

000 0004 LOO1 001

yield az4 = 0 and a15 = 0. Finally, from the equality

1A 1A
10 _ 1o
l11] 95 =5 [11]
01 01
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we conclude that agq = azs = age = a11. Consequently, g; has the diagonal

form
ail 0 0 0
_ 0 a1 O 0
91 = l 0 0 ay 0 ] ’
0 0 0 aill

and obviously the map Endy F®») —— K, assigning to the endomorphism
g: FO — FO of F) the scalar a;; on the diagonal of the matrix g, is
a K-algebra isomorphism.

It follows that the modules of Table 2.16 are bricks. Now we show that
they are pairwise orthogonal. It is easy to check that Hom 4 ( Fi(s)7 Fj(t)) =0,
for all i # j and s,t € {0,1,00}. Then, it remains to show that

Hom4 (F™, F\Y) = 0 and Homs(F.”, FV) =0,
for all t € {0,1,00}, all j, and A € Py(K) \ {0,1, c0}.

We only prove that HomA(Fél),F(A)) = 0 and HomA(F(’\),Fél)) =0,
because the remaining equalities follow in a similar way.

Let
F=U1yeee fs) i FY —— s FOV

be a morphism of representations of the quiver A = A(H:f7) and let

f31

f1
fi= lf] K —— K and fs= |12 ] K —— K2
f41

It follows that
10 1A fs1+Afs2
N R S b |
00 01 fs2

Hence we get f31 = fq1 = 0 and, consequently, fs1 = fs2 = 0. It follows
that f5 = f1 = 0 and, hence, f = 0.
Let
g=1(91,---,9s8): F()‘)—>F3(1)

be a morphism of representations of the quiver A(IE7) and let
g1 =911 912 13 gua) : K ——— K.

The equalities

000
o:o-%:gl-[;?g]
001
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yield g12 = g13 = g14 = 0. On the other hand, the equalities

1
0=0-94=g1- lg]
0

yield g117 = 0. Hence, g; = 0 and, consequently, g = 0.
We recall from (1.3)(b) that the defect 94 : Z8 —— Z of A is given by
the formula

04(x) = —4x1 + 29 + x3 + 24 + 225 + 6 + T7 + T5.

It follows that 94(dim F) = 0, for any module F' of Table 2.16. Hence, by
(XI.2.8), the indecomposable modules of Table 2.16 are regular.

Now we show that they are simple regular. For this purpose, we suppose
that F' is one of the modules

FL R FO RO RO FY ED, BV EY, or FO,

with A € K'\ {0, 1}, listed in (2.16) and let X be an indecomposable regular
submodule of F. By (XI.2.8), we have 94(dim F') = 0, and a case by case
inspection shows that X = F' (apply the arguments given in the proof of
(2.8)). This is easily seen if F # F(N). For the module F = F) it is not
immediate. However, it follows from the proof of the following theorem that
FX =~ Home (T, E()‘)) and, hence, F is simple regular. This completes
the proof. |
E7)

Next, we collect the main properties of the family TAED of components

defined in (2.17).

2.19. Theorem. Let A be the canonically Euclidean quiver A(]Eﬂ of
Table 1.1. Let A = KA be the path algebra of A and let
F R O Y B F EY EY FY and FO,
with A € K \ {0, 1}, be the A-modules presented in Table 2.16. The family

T2E) = (T2} i)

defined in (2.18) has the following properties.

(a) The component 7-0%(]&) is a stable tube of rank 2 containing the mod-

ules Fl(oo) and FQ(DO), and there are isomorphisms
TaF) = F*) and 7, 7™ = F*),
(b) The component 76A<]E7) s a stable tube of rank 3 containing the mod-
ules Fl(o), FQ(O), and F?EO), and there are isomorphisms
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AFO 2 EO L EO & p0) L p0 & )

(¢) The component 7'1A(]E7) is a stable tube of rank 4 containing the mod-

ules Fl(l), F2(1), F3(1), and F4(1), and there are isomorphisms
raF) 2 B RN 2 BV BV = PO ) = B,

(d) For each A € K\ {0,1}, the component 7;\A<]E7) is a stable tube of
rank 1 containing the module FV, and there is an isomorphism
PAFO) = FO).

(e) The Auslander—Reiten quiver I'(mod A) of A consists of a postpro-
jective component P(A), a preinjective component Q(A) and the

Py (K)-family TAE) - {T/\A(E”})\epl(m of stable tubes separating
the component P(A) from Q(A).

Proof. Let A = A(E;) and let A = KA. We consider the canonical
algebra C' = (C(2, 3,4) of type A(E7) defined in (XII.1.3), and the family of
C-modules

B B B EY ED, BN EN EY, EY, and EV,

with A € K'\ {0, 1}, defined in Table XII.2.9. It follows from (XII.2.12) that
they are simple regular.

By (XI1.1.13), the postprojective component P(C) of T'(mod C) contains
the section

Ts

|

Ty +— T +— To +— 11 — Tg — T7r—>T5g,

where
T, = 7'_3P(0)7 T = T_3P(b1)7 T3 = 7——3P(b2)7 T, = P(w)’
Ts =7 3P(ay), T =7 3P(c1), Tr =7 3P(c2), Ts =7 3P(c3).

Here we use the notation of (XII.1.2). Moreover,
T=TohoT:0Ty&Ts®Ts®Tr T3
is a postprojective tilting C-module and there is a K-algebra isomorphism
A= EndTe.

Then, by (VIIL.4.5), the functor Hom¢ (T, —) : mod C — mod A restricts
to the equivalence

Home (T, —) : add R(C) ——— add R(A)
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of abelian and serial categories add R(C) and add R(A) of regular modules
such that the diagram (2.11) is commutative N

It follows that the functor Homg (7T, —) : add R(C) — add R(A) carries
irreducible morphisms to irreducible ones, and the image Home (7, T.C) of
any stable tube T.C in R(C) of rank 7, > 1 is a stable tube in R(A)
of the same rank ry. Moreover, any stable tube in R(A) is of the form
Home (T, TF).

We claim that, for each A € P;(K), the tubes Home (7, T,C) and KA(Eﬂ
coincide. For this purpose, it suffices to show that

Home(T, E\”) 2 F'*) and Homc (T, EV) 2= FO),

for all s € {0,1,00}, 4, and A € P1(K)\ {0,1,00}.

To prove this, we recall that A=FEnd T¢ and, as in the proof of (XI1.1.11),
the left hand part of the postprojective component P(C') of I'(mod C') con-
taining all the indecomposable projective C-modules P(0),... , P(w) looks
as follows

1
Pw=2111
111

N

0 1 0

P(by)= 1110 - — 1000 - — —— 1100 ———2110———
111
P(b1)=1100 - —— 2110 - —— 2100 - —— 3210———
000 221

AN AN AN N

1000—>1000—>2100—)1100—>3210—>2110—)4210—>2100

00 21
\ f \ f \ f \ f
P(cl)1000————2100————3210————3210———
100 210
NS N /‘ N N /‘
(cz)11000————2100————2210————2211100———
NN S N S NS
P((‘3)1OOO————1100————1110———1000
111 000 100 110
where

0 1
P0)=1000, and P(a;)=1000,
000 000

and the indecomposable modules are represented by their dimension vectors.
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It follows from (V1.3.10) that e; A = Home(T,T;) and, for each regular
C-module X and for each i € {1,...,8}, we have

Homc (T, X)i = Homc

=~ Homy

T, X)e;

e; A, Home (T, X))
Hom¢(T,T;), Home (T, X))
T;, X),

=~ Hom 4

e~ o~~~

= Hom¢e

and therefore (dim Hom¢ (7T, X)); = dimgHome (T3, X). Note also that we
have
Home(Ty, X) = Home (P(w), X) = X,.

By consulting the beginning part of the component P(C) shown above we
see that the w-th coordinate of the dimension vector of each of the C-
modules T, T5, T3, Ts, Tg, T, Ty equals zero. Let

ay
[e5}

Q: 08 p &,

" V2 V3
Cl <— Cy <— C3

be the full subquiver of A(2,3,4), of the Dynkin type E;, defined by the
points 0, a1, by, b, 1, ¢2, ¢3, in the notation of (XII.1.2). Note that there is
an isomorphism KQ = egCeq of algebras and the equivalence of categories
mod KQ = repx(Q), where eg is the idempotent

eQ =€+ eq, +ep, +ep, +€ec; +€ec, +€cy
of the algebra C. It follows that the restriction functor
rese,, : mod C ———— mod KQ = repg(Q),
see (1.6.6), defines an isomorphism
Home (T}, E) = Homgq(rese, T}, rese, E),
for T} # Ty = P(w) and for any module E in the family
g B EO B B EW BN ED EY and EXV,

with A € K \ {0,1}. Because res., E®®) = I(0) is the injective envelope of
the simple representation S(0) in mod KQ = repk (Q) then, for each j # 4,
there is an isomorphism

Home (T, EW) = Homg g (rese, Ty, reseQE(A)) = D(Tj)o,
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which is functorial at Tj.
By applying the above formulac to the module F = F®, with
A e K\ {0,1}, we get

Home (Ty, EX) = D(Ty)o = K4,
Home (Ty, EV) = D(Ty)o = K?,
Home (T3, EN) & D(T3)o = K2,
Home (T, EX) = D(Ts)o = K2,
Home (Tg, EV) = D(Tg)o = K?,
Home (T7, EN) & D(T7)o = K2,
Home (Ty, EM) = D(Tx)o = K, and
Home(Ty, EM) =~ EN = K

In particular, we get

dimHome (T, EMN) = |, ,2., .

Moreover, by applying the above formulae, one shows that there is a module
isomorphism Home (T, EM)) = F(N) | and hence

Home (T, 7€) = TG,

for any A € K \ {0,1}. Because, by (XI1.2.12), the C-module E®) is sim-
ple regular, then the A-module Homc(T,E(’\)) =~ O is simple regular.
Furthermore, in view of the isomorphism 7¢E® =~ EW in (XI1.2.12)
and the commutativity of the diagram (2.11), we get the isomorphism
TAF®) =2 FN) | This finishes the proof of (d).

Similarly, by applying the above formulae to any module E in the family
E®) B B ED, E EW, B EY, and ESY we get

dim Home (T, E{™) = 13,1, dimHome(T,ES®) =}, 1,
dimHomC(TEU)) 0011100 dim Hom¢ (T E(O) =0111110
dim Home (T, EY”) = 1112111  dimHome(T, BY) = 0001110
dim Hom¢ (7, )) 0015111 dim Hom¢ (T E(l)) 0111000
dim Hom (T, EfV) = 1111100

In particular, dim Hom¢ (7, EJ(.S)) = dim Fj(s), for all j and all s € {0, 1, c0}.
Because, by (XI1.2.12), E is a simple regular C-module, then obviously
the A-module Hom¢ (T, E) is simple regular.
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We recall from (XI1.3.3) and (XII.4.2) that the simple regular A-modules
lying in the non-homogeneous tubes of R(A) are uniquely determined by
their dimension vectors. Because, by (2.18), the modules presented in Table
2.17 are simple regular, then there is an isomorphism

Home (T, E\*) = F*),
for all j and s € {0,1, cc}.

Therefore, by applying (XI1.2.12) and the commutative diagram (2.11),
we prove the statements (a)—(c), and we conclude that the tubes

TAED —Home (T, 7<), T =Home(T, TC), T =Home (T, 7)
exhaust all the non-homogeneous tubes of the regular part R(A) of the
Auslander—Reiten quiver I'(mod A). Consequently, the tubes

TAED — Home(T, TC), with A e K\ {0,1},
exhaust all the homogeneous tubes of I'(mod A). Now the statement (e)
follows from (2.1). This completes the proof. O

2.20. Table. Simple regular representations of A(Eg)

Assume that A = A(Eg) is the canonically oriented Euclidean quiver

_ 4
A(Es):
33— 2 —1<4+—5+—06+—7+—8+—0.

shown in Table 1.1, and let A = KA. Consider the following family of
indecomposable regular A-modules, viewed as K-linear representations of
A(Eg). We show below that they are simple regular.

(a) Simple regular representations in the tube 75 Es)

K2

10
F) l[n}
01
K—K? — K3 ¢« K? « K2« K+ K+ 0
[0] 00 10 [10} [1} 1
1 {10] [01} 01 0
01 00
K
FQOO): lF}
1
K—K? — K3 « K3 «— K? +— K2« K+ K
0 00 100 10 10 1 1
1 10 010 01 01 0
H { ] { ] [ } o2l o]

01 001 00
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(b) Simple regular representations in the tube %A(ES)
K
[
K K? K2+ K¢+ K+ K<+ 00
Bt I Y A
K
il
KT>K K2 K2<—K<TK<TK<_0
HE
K
iy
0— K K? K+ K% K+ K+ K

B

] o1
A(Es)

(c) Simple regular representations in the tube 7;

K
Fl(l): 1
02K S K- Ke—0c—0+—0+—0
0
PV
K5 K S5 KE K Ke0e—0c0
K
F?El): 1
OHOHKéKéKéKHO%O
0
Y
02K S K&EKERKERKEKRKDO
K
1 . 1
R (N
K —K K? K+— K+ K+ K+ K
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(d) Simple regular representations in the tube EA(Es),
with Ae K\{0, 1}

K3
339
FO 110
101
110
010
K? — K4 K K° K* K3 + K’ K
00 0000 10000 1000 100 10 1
00 0000 01000 0100 010 01 ﬂ
10 1000 00100 0010 001 00
01 0100 00010 0001 000
0010 00001 0000
0001 00000

2.21. Definition. Assume that A = KA, where A is the canonically
oriented Euclidean quiver A(Eg) shown in (2.20). We define the Py (K)-
family (see (2.3))

,TA(ES) — {'TAA(]Es)})\GIPH(K)

of connected components 7:\A(E8) of the Auslander—Reiten quiver I'(mod A)
of A as follows:
)

9

o 75®8) i5 the component containing the A-module Fl(oo
° %A(ES) is the component containing the A-module FI(O)7

A(E
. 1(8)

is the component containing the A-module Fl(l), and
e for each A € K\ {0,1}, ’7j\A(E8) is the component containing the

A-module FOW | where Fl(oo), Fl(o), Fl(l), and FO are the modules
shown in Table 2.20.

It follows from (2.23) below that the components 7')\A(E8) of the Py (K)-
family 7 (Eg) are stable tubes in R(A).
We now collect the main properties of the modules listed in (2.20).

2.22. Lemma. Let A be the the canonically oriented Euclidean quiver
A(Eg) shown in Table 1.1. Let A = KA be the path algebra of A. The
A-modules

P2t SR S O SO S S O SO S O U S IO

with A € K\ {0,1}, presented in Table 2.20 are pairwise orthogonal bricks,
and each of them is simple regular.
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Proof. It is obvious that the A-modules Fl(l), F2(1), Fél), F4(1) are bricks.
Now we show that there is a K-algebra isomorphism End Fél) = K. Let

f=f. fo): FY —— FM

be an endomorphism of the A-module Fél), viewed as a K-linear represen-

tation of A = A(Eg), and assume that the K-linear map f1 : K2 — K2 is
defined by the matrix
fi=1ot]

in the standard basis of K2, where a,b,c,d € K. It follows that
s 2] [ [ 5

Hence we get b = 0 and ¢ = 0. Similarly, the equality

HRERH
yields @ = d. Hence we get
fi= {82} ;

and obviously the K-linear map End4 F5(1) — K, assigning to the endo-
morphism f of Fél) the scalar a, is a K-algebra isomorphism.

By applying the above arguments we also show that there are K-algebra
isomorphisms End F{”) = K, End F{”) = K, End F{” ~ K.

Let F' be one of the modules Fl(oo) and FQ(OO). Let

g=1(91,--.,99): F —— F

be an endomorphism of the A-module F', viewed as a K-linear representa-
tion of A = A(Eg), and assume that the K-linear map g; : K? — K3 is
defined by the matrix
a1 ai2 aiz
g1 = |:<121 a2z 1123:|

a3l agz2 ass

in the standard basis of K3, where a;; € K. It follows, as in the proof of
(2.18), that ajp = O, ais = O, a23 — O7 a1 — O, aszy = 0, asy = 0, and
as3 = age = a11. Consequently, g1 has the diagonal form
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all 0 0
g1 = 0 ann O 3
0 0 ail

and obviously the K-linear map End s F' — K, assigning to the endomor-
phism g : F — F of F the scalar a;; on the diagonal of the matrix gi, is a
K-algebra isomorphism.

Finally, by applying the arguments used in the proof of (2.18), we also
show that there is a K-algebra isomorphism Endy FO = K| for each A €
K\ {0,1}. This shows that the modules of Table 2.20 are bricks. The proof
that they are pairwise orthogonal is similar to those in (2.8), (2.14), and
(2.18);we leave it to the reader.

We recall from (1.3)(b) that the defect 94 : Z° —— Z of A is given by
the formula

04(x) = =61 + 229 + 223 + 324 + x5 + T + T7 + 8 + T9.

It follows that d4(dim F') = 0 for any module F' of Table 2.20. Hence, by
(XI.2.8), the indecomposable modules of Table 2.20 are regular.

To show that they are simple regular, we suppose that F' is one of the
modules

e8] e} 0 0 0 1 1 1 1 1
Fl( )>F2( )>F1()a é)aFé)vFl()7 2()7F?E)a L]E)) EE)7F()\)7

with A € K'\ {0,1}, listed in (2.20) and let X be an indecomposable regular
submodule of F. By (XI.2.8), we have d4(dim F') = 0, and a case by case
inspection shows that X = F (apply the arguments given in the proof of

(2.8)). This is easily seen if F' is neither F*), nor any of the modules Fl(oo)
and FQ(DO).

The proof is not immediate in case F' is one of the modules Fl(oo), FQ(OO)
and FOV. However, it follows from the proof of the following theorem that
there are isomorphisms of A-modules

F*) =~ Home(T, B,

F{*) =~ Home(T, ES),

F® = Home (T, EW)

)

and, hence, the modules Fl(oo), FQ(OO), and ™ are simple regular, because

the C-modules E£°°), Eéoo)7 and E®) are simple regular, by (XI1.2.13). This
completes the proof. O

Next, we collect the main properties of the family TA(]ES) of components
defined in (2.21).
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2.23. Theorem. Let A be the canonically oriented Euclidean quiver
A(Eg) shown in Table 1.1, A = KA be the path algebra of A, and let

F S Sl S O O S D D R SR AR
with A € K\ {0,1}, be the A-modules presented in Table 2.20. The family

TAE) = {,T)\A(]ES)}AEIPH(K)
defined in (2.21) has the following properties.

(a) The component TEE) s g stable tube of rank 2 containing the mod-
ules Fl(oo) and FQ(DO), and there are isomorphisms

TAFS = F) and ra P> = F™).

(b) The component %A(EB) is a stable tube of rank 3 containing the mod-
ules Fl(o), FQ(O), and Fg(o), and there are isomorphisms

AR = B B = PO PO = £

(¢) The component ’TlA(]ES) is a stable tube of rank 5 containing the mod-
ules Fl(l), F2(1), Fél), F4(1), and Fs(l), and there are isomorphisms
raF V= FN myFN 2 By PV 2 BN BV = P 7y Y = O,

(d) For each A € K \ {0,1}, the component KA(ES) is a stable tube of
rank 1 containing the module F™, and there is an isomorphism
TAFN = FOY,

(e) The Auslander—Reiten quiver T'(mod A) of A consists of a postpro-
jective component P(A), a preinjective component Q(A) and the
Py (K)-family TAEs) = {EA(Eg)}Aepl(K) of stable tubes separating
the component P(A) from Q(A).

Proof. Let A = A(Eg) and let A = KA. We consider the canonical
algebra C' = (C(2,3,5) of type A(Eg) defined in (XII.1.3), and the family of
C-modules

B B B B ED BN B EY EY B BV,
with A € K'\ {0, 1}, defined in Table XI1.2.9. It follows from (XII.2.12) that
they are simple regular.

By (XII.1.16), the postprojective component P(C) of the Auslander—
Reiten quiver I'(mod C') of C' contains the section

T,

T

Tg(—Tg(—Tl—)T5—>T6—>T7—>Tg—>T9,
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where
Ty =77°P(0), To =7 °P(b1), T3 =7 5P(b2), Ty = 7 °P(az),
Ts =7 °P(c1), To = 7 °P(c2), Tr = 7 °P(c3), Ty = 77 °P(ca),
Ty = P(w).

Here we use the notation of (XII.1.2). Moreover,
T=T1TLeTlsdTieT:dTsdT: dTsd Ty
is a postprojective tilting C-module and there is a K-algebra isomorphism
A=2EndTe.

Then, by (VIIL.4.5), the functor Home (7, —) : modC —— mod A re-
stricts to the equivalence

Home (T, —) : add R(C) ——— add R(A)

of abelian and serial categories add R(C) and add R(A) of regular modules
such that the diagram (2.11) is commutative.

It follows that the functor Home (T, —) : add R(C) —— add R(A) car-
ries irreducible morphisms to irreducible ones, and the image Home (7, ’7')\0)
of any stable tube T,C in R(C) of rank 7, > 1 is a stable tube in R(A)
of the same rank 7). Moreover, any stable tube in R(A) is of the form
Home (T, TC).

A(Es)

We claim that, for each A € P (K), the tubes Home (7, T,C) and 7
coincide. For this purpose, it suffices to show that there are isomorphisms

Home(T, E\”) = F*) and Hom (T, EV) = FOV,

for all s € {0,1,00}, all j, and A € P1(K) \ {0,1, c0}.

To prove this, we recall that A~FEnd T¢ and, as in the proof of (XI1.1.14),
the left hand part of the postprojective component P(C') of I'(mod C') con-
taining all the indecomposable projective C-modules P(0),... , P(w) looks
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as follows

(=) (e} (=) [} [} =)

o = = o — o
—o oo co — o~ —o
o — o — — —
— O [N — — — [a ]
—
o
o
=
S w\
=
Q
oo — O [N e) — — —
— — — [a\} [a]
— O — O — NN ac [3pNa]
_°
oo co 000 — o —o o 101 212 o o
oo —o —o o~ — ™ — <™ o~
— — ™ — e [ < ~
\ &\ — \ ™ &\ \ < 3\ \ 5 o \ﬂ © o) \
= o o o = o
o =] o — o —
oo oo —— — — o
— — ™ o~ o~
oo — N~ a N "M M,
1
—
-
S S
x o
[efe) (=Rl — — O — —
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o — — o~ o~ AN am
— — ™ 3] ™ ™
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where

1
P =100
(a1) 000

0
0

)

and the indecomposable modules are represented by their dimension vectors.
It follows from (VI.3.10) that e;A = Hom¢(T,T;) and, for each regular
C-module X and for each i € {1,...,9}, there isomorphisms of A-modules

Hom¢(T, X); = Home (T, X)e;
= Homy (e; A, Home (T, X))
=~ Hom 4 (Home (T, T;), Home (T, X))
= Home (T3, X),

and therefore dim Homg (T, X); = dimgHome (75, X). Note also that we
have
Home (Ty, X) = Home (P(w), X) &2 X,

By consulting the beginning part of the component P(C) shown above we
see that the w-th coordinate of the dimension vector of each of the C-
modules Ty, Ts, T3, Ty, T5, Ty, T7, Ty equals zero. Let

ai
aq

Q: 0 b &,
71
01(362&03&04

be the full subquiver of A(2,3,5), of the Dynkin type Es, defined by the
points 0, ay, b1, ba, ¢1, c2, 3, c4 (We use the notation of (XII.1.2)).

Note that there is an isomorphism K@ = egCeq of algebras and the
equivalence of categories mod K@) = repx((Q)), where eg is the idempotent
eQ =€yt eq, +ep, +ep, +ecp + e, +Ecy ¢y

of the algebra C. It follows that the restriction functor

rese,, : mod € ——— mod KQ = repg(Q)

from the bound quiver A(2,3,5) to its subquiver @ (see (I1.6.6)) defines a
functorial isomorphism

Home (T}, E) = Homgq(rese, T}, rese, E),

for T; # Ty = P(w) and for any module E in the family
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B B B EY ED, BV, BN BV, ED, BV EX,

with A € K \ {0,1}. Because reSEQE(A) = I(0) is the injective envelope
of the simple representation S(0) in mod K@ = repg(Q) then, for each
je{1,...,8}, there are isomorphisms

Home (7}, E(’\)) = HomKQ(reseQTj,reseQE(’\)) = D(T})o,
that are functorial at Tj.

By applying the above formulae to the module E = F® with
A€ K\ {0,1}, we get the isomorphisms

Home (T1, EM) 2 D(T1)o = KS,
Home (Tp, EV) 2 D(Tz)o = K*,
Home (T3, EX) = D(T3) = K2,
Home (Ty, EX) = D(Ty)o = K3,
Home (T5, EV) = D(T5)o = K°,
Home (Tg, EN) 2 D(Tg)o = K*,
Home (T7, EN) 2 D(T7)o = K?,
Home (Ty, EM) = D(Tg)o = K2, and
Home (Ty, EM) =~ EN = K

In particular, we get
dim Homc (T, EM) =, 3., ., .

Moreover, by applying the above formulae, one shows that there is an A-
module isomorphism Home (T, EX)) = F) | and hence

Hom¢ (T, TAC) = ’T)\A(ES)7

for any A € K\ {0,1}.

Because, by (XII.2.12), the C-module E®) is simple regular, then the
A-module HomC(T,E(’\)) ~ FN) is simple regular. Furthermore, in view
of the isomorphism

e EWN =~ EO)

in (XII.2.12) and the commutativity of the diagram (2.11), we get the iso-
morphism
AP = OV,

This finishes the proof of (d).
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Similarly, by applying the above formulae to any module F in the family
E£M)7 E;oo), Eio)’ Eéo), E;SO)’ E( ) Eé )’ E:gl), E(l) Eél)

we get

dim Homc (7, E(DO)) 12322110 dimHomC(TvEéOO)): 12332211
dim Homc (T E(O)) 12211100 dimHomc(T,Eéo)) = 11221110
dim Homc (T, Es)) 01222111 dimHomC(T,EF)) = 01110000
dim Home (T, ESY) = 11111000  dimHome(T, EY) = 00111100
dim Hom¢ (T, E41)) 01111110= dimHomc(T7E§1)) = 11211111

In particular, dim Homeg (7, EJ(-S)) = dim Fj(s)7 for all j, and s € {0, 1, 00}.

Because, by (XI1.2.12), E is a simple regular C-module, then obviously
the A-module Hom¢ (T, E) is simple regular.

We recall from (X1.3.3) and (XII1.4.2) that the simple regular A-modules
lying in the non-homogeneous tubes of R(A) are uniquely determined by
their dimension vectors. Because, by (2.22), the modules presented in Table
2.20 are simple regular, then there is an isomorphism

Home (T, B*) = F*),
for all 7, and s € {0, 1, 00}.

Therefore, by applying (XI1.2.12) and the commutatity of the diagram

(2.11), we prove the statements (a)—(c), and we conclude that the tubes

TA A(Es) _ = Hom¢ (T, TC) TA(IES) Home (T, 760)’ ﬂA(ES)ZHomc(T, 7.10)

exhaust all the non-homogeneous tubes of the regular part R(A) the Auslan-
der-Reiten quiver I'(mod A) of A. Consequently, the tubes

ﬂA(E8) — HOHIC(T, 7—)\0)7

with A € K\ {0,1}, exhaust all the homogeneous tubes of I'(mod A). Now
the statement (e) follows from (2.1). This completes the proof. O

Now we summarise the main result of this section.
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2.24. Theorem. Assume that A is one of the canonically oriented Fu-
clidean quivers

A(A, ), withq > p > 1, AD,,), withm > 4, A(Eg), A(E7), and A(Eg),

listed in Table 1.1.

(a) Every simple reqular K A-module is isomorphic to one of the modules
presented in Tables 2.4, 2.6, 2.12, 2.16, and 2.20, if A is the quiver A(Kp’q),
A(Dy,), A(Es), A(E7), and A(Es), respectively.

(b) The regular part R(KA) of the Auslander—Reiten quiver T'(mod K A)
of KA is a Py (K)-family

TA = {,T)\A})\E]P’l (K)

of stable tubes, where

o T2 is the stable tube containing the simple reqular K A-module E%oo),

o T2 is the stable tube containing the simple regular K A-module E§O),

o T2 is the stable tube containing the simple regular K A-module E;l),
if A # Ap,q),
for each A € K\ {0,1}, 7j\A s the homogeneous tube containing the
simple regular K A-module EX | if A # A(p,q) , and

e for each A € K\ {0}, T2 is the homogeneous tube containing the

simple reqular K A-module EXV | if A = A(p, q).

Here EJ(-OO), EZ-(O), E(gl), EW are the simple reqular K A-modules listed in
Tables 2.4, 2.6, 2.12, 2.16, 2.20, if A is the quiver A(A, ), A(D,,), A(Eg),
A(E7), A(Eg), respectively.

(¢) The category mod KA is controlled by the quadratic form
qa : Z1Aol —— 7 of the quiver A.

(d) For any positive vector x € Ko(KA) = ZI*0l | with ga(x) = 0, there
is a Py (K)-family { X\ }xep, (k) of pairwise non-isomorphic indecomposable
KA-modules X such that X lies in the tube 7j\A and dim X, = x, for
any A € P1(K).

Proof. The statements (a) and (b) immediately follow by applying (2.5),
(2.9), (2.15), (2.19), and (2.23). The statements (c) and (d) are a conse-
quence of (a), (b), and (XII.4.2) applied to the hereditary algebra KA,
which is obviously concealed of Euclidean type. O
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XIII.3. Four subspace problem

The aim of this section is to describe all indecomposable modules over
the path algebra
A=KQ

of the following quiver (of the Euclidean type ﬁ)4), known as a four sub-

space quiver
1 2 3 4
Q: \‘\/ / /
[e% g
0

In other words, we consider the problem of classifying the indecomposable
K-linear representations

i V2 V3
V: \3\/\//
Po Po
Vo

of @), up to isomorphism. Observe that if V' is indecomposable and one
of the K-linear maps ¢a, ¥g, ¥y O ¢, is not a monomorphism, then V'
is isomorphic to one of the simple representations S(1), S(2), S(3), S(4).
Therefore, up to the known four simple representations, our problem is to

classify four subspaces
Vi Vo V3o Vg
¥Yp Py
Vo

of vector spaces Vj, up to K-linear automorphisms of Vj preserving the four
subspaces.

The problem is known as the four subspace problem and is solved in
[97] by Gelfand and Ponomarev in case K is an algebraically closed field.

Because any indecomposable K-linear representation of () is postprojec-
tive, preinjective or regular, a solution of the four subspace problem follows
from (2.8), (2.11), (3.15), and (3.16) below.

Note that the path algebra A = K@ of the four subspace quiver @ is
hereditary and is isomorphic to the matrix subalgebra
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N

M5 (K) (3.1)

cooXo
coXoco

0
0
0
K
0

Noooo

K
K
A=KQ= |k
K
K
)

of the full matrix algebra M(K) of 5 x 5 square matrices with coefficients
in the field K.

Throughout, we assume that A = K@ has the lower triangular matrix
form (3.1), and that K is an algebraically closed field.

The following fact is a consequence of (II11.2.4) and (II1.2.6).

3.2. Lemma. Let Q be the four subspace quiver. Then the path algebra
A= KQ of Q has the form (3.1) and
(a) the indecomposable projective A-modules are of the form

NNV AN 4
CONVZAETIANY4

(b) the indecomposable injective A-modules are of the form

K K K K

10) - NIXKZ% (1) K\Oxoj/o 1(2):0\f\/K \/]/0
ANV N4

By the results in (II1.3), the group homomorphism
dim : Ky(A) ————7°,
that associates to the representation V' of ) the dimension vector

dim gV
dimg V3
dim V = [dimg Vp, dimg Vi, dimg Vo, dim g Vs, dimg V4 |* = | dim Ve
dim g V3
dimg Vy
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is an isomorphism of the Grothendieck group Ko(A) of A with the free
abelian group Z°.

The Cartan matrix C4 € M5(Z) of A, its inverse C;' € Mj5(Z), the
Coxeter matrix ® 4 = —C4C,' € M5(Z) of A and its inverse ®,* € M5(Z)
are of the forms

T T
HEEEW OO0 O O

r11111
01000
Cs=|00100], c,!
00010
Loooo01

r—-111
—-10

| OO+~ on

|
OO—OK

oo Oon

I
OO0 H O O On
I

B, =

I
CooLL @00 L

=l
—OOO KL

11
11 H-1
~11011
11101 A
[-11110

We recall that the Euler quadratic form qu : Z° ——Z of A = KQ is
defined by the formula

QA(X) = qQ(X) = Xt(c,zl)tx (3.3)

2, 2, 2, .92, 2
=2y + 2] + 25+ 23+ Ty — ToT1 — TT2 — TT3 — ToT4,

for any vector

t T1 T2 T3 Ta 5
X = [56‘0,.%'171‘2,.’133,1‘4 = | 3 = o S Ko(A) =7°.

Now we determine the defect 94 : Z°> — Z of the hereditary algebra A =
KQ and the radical rad g4 = {y € Z%; qa(y) = 0} of ga.

3.4. Lemma. Let A = KQ be the path algebra (3.1) of the four subspace
quiver Q.
(i) The radical rad qa of the Euler quadratic form qa : 75 ——7Z of
A is the infinite cyclic subgroup radqa = Z -hy of Z°, where
hy =[2,1,1,1,1] =111,
(i) The defect D : Z2 —— 7 of A is given by the formula
0A(Xx) = —2xo + 1 + T2 + 3 + T4,

for all x = [wg, 21, T2, 3, 74)" € Ko(A) = Z5.
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Proof. (i) It is easy to check that the quadratic form ¢4 has the canon-
ical form
1 1 1 1
qa(x) = (1 — =x0)?* + (zo — =20)? + (3 — =0)% + (24 — =20)>.
2 2 2 2
It follows that g4 (x) > 0, for all vectors x € Z°. Moreover, g(x) = 0 if and
only if zg = 2x1 = 2x9 = 2x3 = 214, that is, ifand only if x1 = 9 = 23 = 24
and x = x1 - hy. Hence (i) follows.
(ii) We have shown already that the Coxeter matrix ®4 € Mj5(Z) of A

has the form
~11111
—10111
dp=|-11011
—11101
~11110

An easy matrix calculation shows that, for each vector x=[zq, z1, T2, T3, 74]"
in Ko(A) = Z5, we have

r—3 2 2 2 2 o —3x0 + 221 + 229 + 223 + 224
-2 2 1 1 1 T —2x0+ 221 + 22+ 3 + T4
@i-x =-2 1 2 1 1|-|x| = —2x0+ 11 + 229 + 3 + 14
-2 1 1 2 1 T3 —2x9 4+ 1 + T2 + 223 + 24
L 72 1 1 1 2 T4 721}0 + T + To + I3 + 21‘4
[ o 2
X1 1
= | z2 +(—2$0+£E1+!E2+$3+{134)- 1
xs3 1
L T4 1
and
-2 1 1 1 1 X0 —2x0+x1 + 22+ 23+ 24
-1 -1 1 1 1 X1 7!E07I1+1‘2+1‘3+1’4
Py x—x=|-1 1-1 1 1 To | =| —xg+ 21 — T2+ a3+ 24
-1 1 1-1 1 T3 —Xo+ X1+ Ty — a3+ 24
-1 1 1 1-1 T4 —2o+ X1+ T2+ X3 — 24

It follows that ® 4-x—x & Z-h 4 and ‘I’?q-x = x+(—2xg+x1+To+r3+1e) DY,
for any x = [xo, z1, T2, T3, ¥4]" € Z5. This shows that

8A(x) = 7210 —+ T —+ To —+ I3 —+ T4,

for all x = [xg, x1, 72,23, 24)" € Z®, and finishes the proof. |

Now we describe the postprojective component P(A) of the Auslander—
Reiten quiver I'(mod A) of A, and the dimension vectors of modules in
P(A).
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3.5. Corollary. Let A = KQ be the path algebra (3.1) of the four sub-
space quiver QQ and let 04 : Z° — 7 be the defect of A.

(a) An indecomposable A-module V is postprojective if and only if

04(dim V) <0.
(b) The postprojective component P(A) of I'(mod A) is of the form
P(1) T71P(1) T72P(1)
/‘P(Z\ /1p(2) /2P(2) /
N N N
P@) 1P (0) 2P (0) 74P (0)
\P(:a) TTIP(3) \ZP(E)) \
P(4) T71P(4) TT2P(4)

(c) For each integer m > 0, we have

dim7,;™P(0) = [2m + 1,m,m,m,m|",
dim 72" 'P(1) = 2m +2,m,m+1,m+ 1,m + 1],
dim 7?7 'P(2) = 2m+2,m+ 1,m,m+ 1,m + 1]*,
dim 7™ 'P(3) = 2m+2,m+ 1,m+ 1,m,m + 1]*,
dim 7" 'P(4) = 2m +2,m+1,m+1,m+ 1,m]",
dim7,*"P(1) = [2m + 1,m + 1,m,m, m]",
dim7,?"P(2) = [2m + 1,m,m + 1,m,m]",
dlmTXQmP(-?)) =[2m+1,m,m,m+1,m]",
dim7,*"P(4) = 2m + 1,m,m,m,m + 1]*

Proof. The statement (a) follows from (XI.2.3).

(b) Because the four subspace quiver @ is acyclic then the postprojective
component P(A) of I'(mod A) presented in (b) can be constructed by ap-
plying the technique described in the proof of (VIII.2.1), see also (VIII1.2.3)
and Example (VIII.2.4)(Db).

(c) Because the algebra A = K@ is hereditary then, according to (IV.2.9),
we have

dim7,"P(j) = ®,"dim P(j),

for all m > 0 and j € {0,1,2,3,4}. Hence, by a straightforward calculation
of ®,"dim P(j), we get the equalities listed in (c) by induction on m > 0,
compare (VIII.2.3) and Example (VIII.2.4)(b).
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The equalities listed in (c) can be established alternatively by induction
as follows (compare with (VIII.2.4)(b)). Because the dimension vectors of
the indecomposable projective modules P(0), P(1), P(2), P(3), and P(4)
are known then, by applying the additivity of the function (see (I11.3.3))

dim : mod A —— 7Z°

we compute the vector dim T;lp(O). Next, by applying the additivity
of the function dim, we determine the dimension vectors of the modules
7, P(1), 7, ' P(2), 7, P(3), and 7, P(4). Similarly, the obvious inductive
step proves the required equalities. O

Now we define a countable family
FPa={P(m,j)} o<j<4,m>0

of pairwise non-isomorphic indecomposable A-modules P(m, j) and we show
that it is just a complete family of the indecomposable postprojective A-
modules.

3.6. Table. Indecomposable postprojective representations

of the four subspace quiver

Let A = K@ be the path algebra (3.1) of the four subspace quiver Q.
We define three series of indecomposable postprojective A-modules

(a) P(m,0), with m >0,
(b) P(2m+1,1), P(2m+1,2), P(2m+1,3), P(2m+1,4), with m > 1,
(c¢) P(2m,1), P(2m,2), P(2m,3), P(2m,4), with m > 0,

viewed as K-linear representations of the four subspace quiver Q.

3.6(a) For each m > 0, we define

N

K2m+1’
where
w([z1, ... Tm]t) = [21,. .. ,Tm,0,0,...,0],
v([z1, . xm]t) =[0,...,0,0,21, ..., Ty, |
w([z1,... ,zm]t) = [xl, ey T, T, . Ty, 0]F, and
z([z1, - .- ]t) (0,21, s Ty T1y e+ T,

for any Vector [ T1yeenTm)t € K™,
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3.6(b) For each m > 1, we define

Km

Km+1 Km+1 Km+1

N

Km+1

K2m+2

Km Km+1 Km+1

N4

Km+1 Km+1

K2m+2

Km Km+1

e N4t

Km+1

t

K2m+2
where
a([zy, ..., 2] =[0,21, ..., T, 1, ..., T, 0]F, for [z, ...
b([yla ay’m-‘rl]t) [yla"' ay’m-‘rl)Ov"' 7O]t7
c([y17"' 7ym+1]t) [ . 707y17"' aym+1]t7 and
[ )=

Yty Ym+1

[yla‘" y Ym+1,Y1, - -

K2m+2

Km+1 Km+1

i N

'7ym+1]t7 for [yh cee

203

| EK™,

7ym+1]t € Km+1’
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3.6(c) For each m > 0, we define the following four A-modules

Km+1 Km Km Km

e YA

K2m+1

Km Km-',—l Km Km

o N\

K2m+1

Km Km Km-l— 1 Km

e N7

K2m+1

Km Km Km Km+1

Ny

2m+1
K2m+L

where

e[zt 2mi1])) = [0,21, ..., Tmi1,0,..., 0],
for [x1,... ,xme1]t € K™Y
flyr, - syml®) =10,0,.,0,51, - Lyl
9(yis-- 5 yml) = (0,415« s Yms Y15 -+ Ym)', and
R([y1, - s ymlt) = W1, s Um» 0,91, -« s um]?, for [yr,... ,ym]t € K™.

Now we show that the family of modules of Table 3.6 is a complete set
of pairwise non-isomorphic indecomposable postprojective A-modules.
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3.7. Proposition. Let A = KQ be the path algebra (3.1) of the four
subspace quiver Q and let

FPa={P(m,j)}o<j<a,m>0
be the family of A-modules listed in Table 3.6.
(a) For each pair of integers m > 0 and j € {0,1,2,3,4}, there is an

isomorphism
T "P(j) = P(m, j)

of A-modules, where P(j) is the projective A-module of (3.2) corre-
sponding to the vertex j of Q.

(b) For anym >0 and j € {0,1,2,3,4}, the module P(m, j) is a post-
projective brick and satisfies

0a(dim P(m,j)) <0 and qa(dim P(m,j)) = 1.

(¢) The modules P(m, j) of the family FPa are pairwise non-isomorphic.
(d) Up to isomorphism, every indecomposable postprojective A-module
is of the form P(m,j), where m >0 and j € {0,1,2,3,4}.

Proof. It follows from (3.5)(a) that every postprojective indecompos-
able A-module is directing and has the form 7=™P(j), where m > 0 and
j € {0,1,2,3,4}. Hence, by (IX.3.1), the module 7™ P(j) is uniquely
determined by its dimension vector. Because, by (3.5)(b),

dim P(m, j) = dim 7" P(j)

then it remains to check that each of the modules P(m,j) is a brick, for
m >0and je{0,1,2,3,4}.

We leave it as an exercise. We only remark that by a simple matrix
calculation technique applied in the proof of (2.18) one shows that there
is an isomorphism of algebras End P(m,j) & K, for each m > 0 and j €
{0,1,2,3,4}. d

Now we describe the preinjective component Q(A) of the Auslander—
Reiten quiver T'(mod A) of A, and the dimension vectors of modules in

Q(A4).
3.8. Corollary. Let A = KQ be the path algebra (3.1) of the four sub-
space quiver Q and let O : Z5 — 7 be the defect of A.
(a) An indecomposable A-module V is preinjective if and only if
Oa(dim V) >0.
(b) The preinjective component Q(A) of T'(mod A) is of the form
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731(1) 721(1) TI(1) 1(1)
/731@)\ ﬁ(z)\ / I (2)\ 1(2)

. 21(0) 71(0) 1(0)
31(3) 721(3) \7/1(3 / 1(3)
31(4) T21(4) T1(4) I(4)

(¢) For each integer m > 0, we have

dim 7' 1(0) = 2m+1,m+1,m+1,m+1,m+ 1),
dim 73" (1) = 2m+1,m,m+ 1,m+ 1,m + 1],
dim 73" 1(2) = 2m+ 1, m+1,m,m+ 1,m + 1",
dim 73" I(3) = 2m +1,m+1,m+ 1,m,m + 1],
dim 73" I(4) = 2m+1,m+1,m+1,m+ 1,m]",

dim 75"1(1) = [2m,m + 1,m, m,m]",

dim 75™1(2) = [2m,m,m + 1,m,m]’,

dim 73™1(3) = [2m,m, m,m + 1,m]",

dim 75" 1(4) = [2m,m, m,m,m + 1]*.

Proof. The statement (a) follows from (XI.2.3).

(b) Because the four subspace quiver @ is acyclic then the preinjective
component Q(A) of I'(mod A) presented in (b) can be constructed by ap-
plying the technique described in the proof of (VII1.2.1), see also (VIIL.2.3)
and Example (VIIL.2.4)(Db).

(c) Because the algebra A = K@ is hereditary then, according to (IV.2.9),
we have

dim7'I(j) = ®¥dim I(j),

for all m > 0 and j € {0,1,2,3,4}. Hence, by a straightforward calculation
of ®7dim I(j), we get the equalities listed in (c¢) by induction on m > 0,
compare with (VIII.2.3) and Example (VIII.2.4)(b). O

Now we define a countable family
FQa ={I(m,j)}o<j<a, m>0
of pairwise non-isomorphic indecomposable A-modules I(m, j) and we show

that it is just a complete family of the indecomposable preinjective A-
modules.
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3.9. Table. Indecomposable preinjective representations
of the four subspace quiver

Let A = KQ be the path algebra (3.1) of the four subspace quiver Q.
We define three series of indecomposable preinjective A-modules

(a) I(m,0), with m >0,
(b) I(2m+1,1), I(2m +1,2), I(2m +1,3), I(2m + 1,4), with m > 1,
(c) I(2m,1), I(2m,2), I(2m,3), I(2m,4), with m > 0,

viewed as K-linear representations of the four subspace quiver Q.

3.9(a) For each m > 0, we define
Km+1 Km+1 Km+1 Km+1

SN

K2m+1’
where, for each [11,... ,2,11]" € K™ we set
w([z1, .y Tmr1]) =10, ,0,21, ., 1]t
U([Q]‘l,... ,$m+1]t [1‘1,... ,.I‘m+1,0,... ,O]t,
w([z1, .o Tma1]) = [T, T, Ty e Ty Tonp 1],
2([x1, - s mma1]t) = [T1, o s Tma1, T, - - Tt

3.9(b) For each m > 1, we define
Km Km+1 Km+1 Km+1

N
K2m+1

Km+1 Km Km+1 Km+1

e N

K2m+1

Km+1 Km+1 Km Km+1

Y

K2m+1



208 CHAPTER XIII. TUBES OVER HEREDITARY ALGEBRAS

Km+1 Km-}—l Km+1

o S

K2m+l
where
e([z1,. . s zm)) =10,...,0,21,... , 2]t  forall[z1,...,z,]f € K™,
f([ylv"'7ym+1]t) [ylw-'vym-i-laoa"'ao}ta
g[yly"' )ym-'rl]t) [y17"' s Ym41, Y2, - - - aym]t7
h([ylv s 7ym+1] ) [yla s Ymy Ym41, Y1, - - 7ym}t, for all [y17 s ,ym-i-l]t'
3.9(c) For each m > 0, we define
Km+1 Km Km Km
: b
I(2m,1): \‘\///
K2m
Km Km+1 Km Km
. b
I(2m,2) : \‘\/\//
K2m
m Km Km+1 Km
I(2m,3) : \ //
K2m
Km Km Km Km-I—l
I(2m,4) : \ //
where
a([z1, - Tma1)?) = [0,y Ty T25 s Tony T ] fOr [0, T ]
b([y17 7ym]t): [07"' 7O7y17"' ’ym]t7
C[ylv 7ym]t):[yla"' 7ym307"' 30]t,
d([yh 7Z/m]t) = [ylu e s Yms Yty - - 7y’m]t7 fOT [ylu CIaE 7ym]t S Km
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Now we show that the family FQ 4 of modules of Table 3.9 is a complete
set of pairwise non-isomorphic indecomposable preinjective A-modules.

3.10. Proposition. Let A = KQ be the path algebra (3.1) of the four
subspace quiver Q and let

FQua ={I(m,j)}o<j<a,m>0

be the family of A-modules listed in Table 3.9.
(a) For each pair of integers m > 0 and j € {0,1,2,3,4}, there is an
isomorphism
T"(j) = I(m, j)

of A-modules, where I(j) is the injective A-module of (3.2) corre-
sponding to the vertex j of Q.

(b) For any m >0 and j € {0,1,2,3,4}, the module I(m,j) is a prein-
jective brick and satisfies

0a(dim I(m,j)) >0 and qa(dimI(m,j))=1.

(¢) The modules I(m, j) of the family F Qa are pairwise non-isomorphic.
(d) Up to isomorphism, every indecomposable preinjective A-module is
of the form I(m,j), where m >0 and j € {0,1,2,3,4}.

Proof. It follows from (3.8)(a) that every preinjective indecomposable
A-module is directing and has the form 7I(j), where m > 0 and j €
{0,1,2,3,4}. Hence, by (IX.3.1), the module 7™1(j) is uniquely determined
by its dimension vector. Because, by (3.8)(b),

dim I(m,j) = dim7™I(j)

then it remains to check that the modules I(m,j), with m > 0 and j €
{0,1,2,3,4}, are bricks.

We leave it as an exercise. We only remark that by a simple matrix
calculation technique applied in the proof of (2.18) one shows that there
is an isomorphism of algebras End I(m,j) = K, for each m > 0 and j €
{0,1,2,3,4}. O

Our next aim in this section is to describe all indecomposable regular
modules over the algebra A = K@, where @ is the four subspace quiver.

We recall from (2.1) that the regular part R(A) of I'(mod A) consists
of the three stable tubes 7.2, T2, and 7,¢ of rank 2, and the family of
homogeneous tubes ’TAQ, with A € K\ {0,1}.
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Now we present two lists of indecomposable K-linear representations of
the four subspace quiver Q). We show in (3.13) below that they form com-
plete sets of the simple regular representations and regular representations
of regular length two of @, up to isomorphism. We do it by applying the
tilting reduction to the canonical algebra C(2,2, 2), like in the proof of (2.8).

3.11. Table. Simple regular representations of the

four subspace quiver

(a)
0 K 0 K K 0 K 0
R \\ / / R \\ / /
K K
(b)
K 0 0 K 0 K K 0
2O \\ / / O \\ //
1 1
K K
(c)

K

~—

e N N

d) RW: m m Ae K\ {0,1}.
N



XIII.3. FOUR SUBSPACE PROBLEM 211

3.12. Table. Regular representations of regular length two

of the four subspace quiver
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RN
e NI

We recall that A = K@ is the path algebra of the four subspace quiver
Q. Tt follows from (2.1) that the regular part R(A) of I'(mod A) consists
of the three stable tubes 7.2, 76Q, and 7'1Q of rank 2, and the family of
homogeneous tubes 7j\Q, with A € K\ {0, 1}.

We also recall from Chapter XI that the category add R(A) of all regular
A-modules is a serial (abelian) full subcategory of mod A and, for any inde-
composable regular A-module X, there is a path of irreducible monomor-
phisms

R=R[l]] —R[2] — -+ — R[l-1 — R[l]=X
and a path of irreducible epimorphisms
X=[R —[-1R — -+ — 2R — 1JR =R,

where R is the regular socle of X, R’ is the regular top of X, and [ is the
regular length of X.

3.13. Theorem. Let A = KQ be the path algebra of the four subspace
quiver Q) and let
T = {Therx)

be the P1(K)-family of standard stable tubes, in the regular part R(A) of
I'(mod A), separating P(A) from Q(A), as in (2.1). They are of the form
presented in Table 3.17, at the end of this section.
(a) The family T contains three tubes TS, ’76Q, and 7]Q of rank two,
and the remaining tubes 7}\Q of TC are homogeneous.
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(b) For each pu € {0,1,00}, the A-modules Rg“) and Rgﬂ) presented in
(3.11) are simple regular and form the mouth of the tube 7;? of rank
two.

(¢) For each i € {0,1,00}, the A-modules R\ (2] and R{"[2] presented
in (3.12) are the unique indecomposable regular modules of regular
length 2 in the tube 7;@ of rank two.

(d) The A-modules Rg“) [2], with u € {0,1,00}, and the A-modules R™,
with A € K\ {0,1}, form a complete set of pairwise non-isomorphic
indecomposable A-modules of dimension vector

hy =151 =1[2,1,1,1,1]".

(e) For each A € K\{0,1}, the module R is simple regular and forms
the mouth of the homogeneous tube ’7j\Q

Proof. By applying the tilting technique, like in the proof of (2.9), we
reduce the problem to regular modules over the canonical algebra

C=0(2,22) = KA(2,2,2)/1(2,2,2)

of Euclidean type A(Dy), defined by the quiver

ai
A(2,2,2) 0220

C1

and the ideal 1(2,2,2) in the path algebra KA(2,2,2) of A(2,2,2) generated
by the zero-relation asa + G251 + 7271, see the notation of (XII.1.2).

We recall from (X11.2.12) that the regular part R(C') of I'(mod C') consists
of the pairwise orthogonal stable tubes T," of the Py (K )-family

TC = {7—)\0})\6?’1([()

described in (XI1.2.11) and (XII.2.12). The tubes 7, 7,C, and T,¢ are of
rank 2, and the remaining tubes 7j\c are of rank 1. The following C-modules

K 0

YN ZL N

E§°°): 04—0<—0 Eéoo): KL —K<{—K

N A
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K
1 1
Eio) : OéK% 0 Eéo) : K’(éolf{
K

0
0 K
-1 1
B . N oF YR
1 0%070 E57 K,<K7K
K 0

are simple regular and form the mouth of the stable tubes 7, 7,¢, and
T, respectively. For each A € K \ {0,1}, the C-module

K
20N
EMN . g Re—K

1-X 1
K

is simple regular and forms the mouth of the homogeneous tube 7;0 of
I'(mod C).

Moreover, by (XII.1.5), the beginning part of the postprojective compo-
nent P(C) of T'(mod C) looks as follows:

1 0
P(a1)=100 110
0 1
/ . 1 /’
110 100
TN TNy, S
P(0)=1 8 0 P(b1) 2 % 0 p(Hw) 3 % 1
NS ERN
1
0 1
P(c1)=100 110
1 0

where the indecomposable modules are represented by their dimension vec-
tors.
Observe that the modules

Tozz%o, T1:1}0, T2:1(1)0, T3:2%1, T4:1(1)0
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form a section in P(A) of the form

It follows that T = Ty Ty BT B T5PT), is a postprojective tilting C-module,

A=KQ=EndT¢
and, for each A € Py(K), the image

7\ = Hom (T, 7Y)
of the tube 7, under the functor Home (T, —) is a stable tube in R(A) and

the rank of ’7;\@ equals the rank of ’TAC. Moreover, by (2.9), each regular
component of I'(mod A) is one of the tubes TAQ, and the Py (K)-family

= {7-)\Q})\EIP’1(K)
separates P(A) from Q(A).
We have seen in the proof of (2.9) that, for each indecomposable mod-
ule X € R(C), the coordinates of the dimension vector of the A-module
Hom¢ (T, X)) can be calculated by applying the formula

dim Hom¢ (T, X); = dimgHome(T;, X),

for i € {0,1,2,3,4}. Hence, we easily get

dim Home (T, E{™)) =01 01 dim Homg (T, ES) = 10,10
dim Home (T, E{”) = 1001 dim Homg (T, E”) =010,
dim Homq (T, E{V) = 11,00 dim Home (T, B{V) = 0011,

dim Home (T, EW) =1111 = h,.
It follows that

dim Hom¢ (T, Ei(”)) = dimRE”), for any pu € {0,1,00} and i € {1,2}.

Now we are in a position to complete the proof of the theorem.

(a) Tt follows from (XI1.3.3) and (XII.4.2) that the simple regular mod-
ules from non-homogeneous tubes of I'(mod A) are uniquely determined by

their dimension vectors. Because dim Home (T, ) = dim R, for any
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€ {0,1,00} and ¢ € {1,2}, and the modules of Table 3.11 are bricks, they
are indecomposable and, hence, there is an isomorphism

R = Home (T, EM)

of A-modules, for all u € {0,1,00} and ¢ € {1,2}. Then (a) follows from
(XIL.2.12).

(b) Observe that HomA(RE”),RZ(”)[Z]) # 0, for any p € {0,1,00} and
i € {1,2}. Moreover, because

dim R [2] = h,

then, by (XI1.2.13), the module Rg“ ) [2] is indecomposable regular of regu-
lar length 2. Then our claim follows from the fact that different tubes in
I'(mod A) are orthogonal.

(c) Let
K K K K
vV \‘\\//
a d
K2
1111
5

be an indecomposable representation of () of dimension vector hy =
Because the module V' is indecomposable, at least 3 of the images Ima,
Imb, Im ¢, Imd are pairwise different.

If two of them coincide then a simple analysis shows that V is isomorphic
to one of the representations Rg“) [2] for some p € {0,1,00} and i € {1,2}.

If all four of them are pairwise different then we easily deduce that V is
isomorphic to one of the modules RM, with A € K \ {0,1}.

The second claim of (c¢) follows from the fact that the simple regular
modules in homogeneous tubes have dimension vector hy, see (XI1.2.12).
This finishes the proof of the theorem. |

Our final aim in this section is to present a complete description of all
indecomposable regular modules over the path algebra A = KQ, viewed as
K-linear representations of the four subspace quiver Q.

In the tables below we present a list of pairwise non-isomorphic indecom-
posable regular representations of ). Next, we prove in (3.15) and (3.16)
below that every indecomposable regular representation of () appears in the
list, up to isomorphism.
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3.14. Table. Regular indecomposable representations

of the four subspace quiver

Assume that @ is the four subspace quiver and A = K@ is the algebra
(3.1). For each integer m > 1, we consider the following family of indecom-
posable regular K-linear representations of Q.

(a) Regular representations in the tube 79

Km—l Km Km—l Km

Rgoo> [2m —1]: X\/\/%

Km Km—l Km Km—l

Y

K2m 1

R(Oo) [Qm \ //

SNy

(b) Regular representations in the tube 76Q

Km Km—l Km—l Km

RO%2m —1]: \&\/ / %
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Km— 1 Km Km Km— 1

(0) . n
N4

Ry o) : \\ / /

(c) Regular representations in the tube 7,%

Km Km Km— 1 Km— 1

(1) . n »
N 4
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(d) Regular representations in the tube TAQ, with A € K'\ {0,1}

o Ny

K2m,
where
o([r1s s xm1]) =1[0,...,0,21, ..., 21’
V(@1 Tm]t) = @1, T1,0,..., 0%, for [z1,... ,2m 1] €K™
Elyrs - uml) = [y1s -+ Ym, 0, 0],
n([y1,- - ,ym]t) = [y, Um-1, 015 Ul
a(lyi, - yml) =1, -+, Ym,0,...,0],
o[y, s ym]) = [0, 0,91, yml’,
A[yr,- - ym]) = Y15 Yms Y15 Y]
Ia(yns - yml?) = Py, Az + 91, Mm— 1+ Y M U5 -+ Yl

for [yi,...,ym|" € K™

Now we are able to describe the indecomposable regular modules in non-
homogeneous tubes of I'(mod A), up to isomorphism.

3.15. Theorem. Let A = KQ be the path algebra of the four subspace
quiver Q, let

T9 = {Ther,x)
be the Py (K)-family of standard stable tubes as in (2.1), and let p€4{0,1,00}.
(a) The A-modules Rg”) [m] and Ré”) [m], with m > 1, presented in
(3.14) form a complete family of pairwise non-isomorphic indecom-
posable modules in the tube ’7;@ Moreover, m is the reqular length
of the modules Rg”) [m] and Ré”) [m].
(b) For each i € {1,2}, the module Rg”) [1] is the regular socle of all
modules RE“) [m], with m > 1.
(¢c) For m odd and i € {1,2}, the module Rg“) is the regular top of
R¥™[m), that is, R"[m] = [m] R
(d) Form even, the module Rg“) is the regular top of the module Rg“) [m]
and Ri“) is the regular top of the module Ré”) [m], that is, there

[m]RE”) and Rg“) [m] = [m]Rg“) of A-

>~

are isomorphisms Rg" ) [m]
modules.
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Proof. We assume that u € {0,1,00}. A direct calculation shows that,
for each m > 1, the endomorphism rings of the modules R [m] and RY [m]

are local and, consequently, the modules Rg“ ) [m] and Ré“ ) [m] are indecom-
posable. Moreover, because, by (3.4), the defect 04 : Z° —— 7Z of A is
given by the formula

04(X) = =20 + 21 + T2 + T3 + 24,
for all x = [xq, 1, T2, T3, 24]t € Z5, then
da(dim R [m]) =0 and 94(dim RY[m]) =0,

for all m > 1, and, according to (XI.2.8), the modules R( [m] and R [ ]
are regular.

A direct calculation shows also that HomA(Rl(”) R(”)[ 1) # 0 and, in
view of (3.13), the modules Rg“) [m] and Ré”)[ ] belong to the tube 7,2,
and R = RI™[1] is the simple regular socle of R [m], for any i € {1,2}
and all m > 1. This proves the statements (a) and (b). The statements (c)
and (d) follow immediately from (a), (b), and the fact that 7;62 is a stable
tube of rank 2. O

We finish the section with a description of the indecomposable regular
modules lying in any homogeneous tube of R(A).

3.16. Theorem. Let A = KQ be the path algebra of the four subspace
quiver @ and let
?= {KQ}AGJPH(K)
be the Py (K)-family of standard stable tubes as in (2.1).

(a) For each A € K\{0,1} = P, (K)\{0,1,00}, the A-modules R™ [m],
with m > 1, are reqular and form a complete family of pairwise non-
1somorphic indecomposable modules in the homogeneous tube ’7j\Q.

(b) The regular length of the module R™[m] equals m.

Proof. Assume that A € K \ {0,1}. A direct calculation shows that,
for each m > 1, the endomorphism ring of the module R [m] is local, and
that Hom 4 (R™, RN [m]) # 0. Tt is easy to see that, for any m > 2, there
exists an exact sequence

0 —— R®N —— RV[m] —— RMm —1] —— 0.

Because, by (3.13), R is the (unique) simple regular module lying in the
homogeneous tube T)\Q then, according to (X.2.2) and (X.2.6), the tube T)\Q
consists of the modules R [m], with m > 1, and the regular length of
R™[m] equals m. This completes the proof. O
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3.17. Table. The non-homogeneous tubes of regular

representations of the four subspace quiver
Let A = K@ be the path algebra of the four subspace quiver @) and let
TO = {7j\Q},\eP1(K)

be the Py (K)-family of standard stable tubes, in the regular part R(A) of
I'(mod A), separating P(A) from Q(A), see (2.1). It follows from (3.13)
that the three tubes 7.9, 7'0 , and 7'1 are of rank two, and the remaining

tubes TQ in the family TQ are homogeneous. We recall from (3.13) that
e the modules R(oo) and R(OO) form the mouth of the tube 7. and

dlng o) _ 01101 and dlmRé o) _ 10110’

e the modules R(O) and R(O) form the mouth of the tube 7BQ and

dim Rgo) 1001 and dim R(O) 0110 and

e the modules R(l) and R(1 form the mouth of the tube 7% and

dlmR(l) 1100 and dlngl) 00 H
1
If we write dlmX instead of the A-module X then the non-homogeneous

tubes 72, 76 ,and 7~1Q have the following forms, compare with [235, p.348].

Q Q
T To
w10 oot 1010 0110 1001 0110
1 1 1 1
N /‘ AN a N e N A
EEEE! 1111 ! ! 1111 111 !
| P — ) | R 5 |
| | | |
e N e A e N A ¢
1212 2121 1212 2112 1221 2112
3 - 3 T 3 3 - 3 T 3
N e N e N e N e
| 2202 2222 | } 2200 2222 |
| | | |
e N e N e N e N
3232 2323 3232 2332 3223 2332
5 5 5 5 - 5 ——————- 5
‘ W A N A I N e N A
| 3333 3333 | | 3333 3333 |
| | | \
N N e ¢ e N v ¢
3434 4343 3434 4334 3443 4334
7 == 70— A T
N e N / N e N e
| 4444 4444 | | 4444 4444 |
| | \ 8 8 |
N N A A e N A N
5454 4545 5454 4554 5445 4554
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0011 1100 0011
S 1
N A ¢ e
| wr 1111 :

\ 2 2 |
N ¢ e e
2211 1122 2211
,,,,,,, L
v e e /
| 2222 2222 |
\ 4 4 |
a ¢ e e
2233 3322 2233
5
N A N a
| 3333 3333 |
! 6 6 |
e ¢ e pN
4433 3344 4433
_______ 44
™ A v /‘
| 4444 4444 :

\ 8 8 |
a ¢ e e
4455 5544 4455
9 T Ty e 9

\
where the vertical broken lines should be identified. In this way each of the
components T2, 76Q , and 7,% has the following shape of a tube of rank 2:
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XIII1.4. Exercises

1. Assume that A = A(D,,), with m > 4, is the canonically oriented
Euclidean quiver shown in Table 1.1. Let

H,:zmt gl

be the Coxeter transformation of the path algebra A = KA of A presented

n (1.2), and let ha = 12 e 21 be the positive generator of rad ¢4.

(a) Prove that, for m = 6, 8,10, the defect 94 : Z™+! — Z of A is given
by the formula

04(X) = Tpy1 + Ty, — T2 — 271,

for any vector x € Z™*!, by showing that
@Z*Q(x) —x = (Tmy1 + Tm — 22 —x1) - ha, and
@) (x) = X # (Tmt1 + T — T2 — 21) - ha,
forj=1,...,m—3.

(b) Prove that, for m = 5,7, 9, the defect 94 of A is given by the formula
04(x) = 2(xpmi1+Tm—r2—21), for any vector x € Z™ ! by showing
that

(I)?.‘l(m_2)(x) =X =2(Tm41 + Tm — T2 — 71) - ha, and
P, (x) — X # 2(Tymy1 + T — 2 — 21) - ha,
fory=1,...,2m — 3.

2. Assume that A = A(]ﬁ)m), m >4, and A = KA is the path algebra
of A. Let ™, ™) FO g0 p® p® W FD and FO),

with A € K \ {0, 1}, be the A-modules presented in Table 2.6. Show that
HomA(F(S) F(t))—O for all 4 # j and s,¢ € {0,1, 00},
Hom 4 (FX) F(t)) =0, and
HomA(F](f) FMN) =0, forall j <m—3,t€{0,1,00} and X € Py(K) \
{0, 1, c0}.
Hint: Follow the proof of (2.8).
3. Let A = KA be the path algebra of the canonically oriented Euclidean
quiver A = A(Eg) presented in Table 1.1.

(a) Show that the indecomposable A-modules F? and FN | for \ €
K\ {0,1}, shown in Table 2.12 are simple regular.

(b) Show that the A-modules listed in Table 2.12 are pairwise orthogo-
nal.
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Hint: Apply (X.2.12) and the defect 94 of A computed in (1.3).

4. Let A be one of the canonically oriented Euclidean quivers A(IE7) and
A(INEg), presented in Table 1.1, and let A = KA be the path algebra of A.
Prove that the indecomposable A-modules shown in Table 2.16 and 2.20,
respectively, are pairwise orthogonal bricks and are simple regular.

5. Let @ = (Qo, Q1) be an acyclic Euclidean quiver. Let a € Qg be a sink
of @ and let Q' = (Q)), @Q}) = 0,Q be the reflection of @ at the vertex a, in
the sense of Section VIL5. Let A = KQ and A’ = K@’ be the path algebras
of @ and @', respectively, and make the identifications mod A = repx (Q)
and mod A’ = repg (Q').

Finally, let S; : mod A —— mod A’ be the reflection functor at the
sink a of @, let S : mod A’ —— mod A be the reflection functor at the
source vertex a of @', and let s, : Z" —— Z" be the reflection homomor-
phism defined in Section VII.4, page 270, where n = |Qo| = |Qp]-

+
(a) Show that the pair of reflection functors mod A HS—G_> mod A’ re-
stricts to the equivalences ‘

Sa
add R(A) T add R(A")

a

between the categories of regular modules, and the functors are in-
verse to each other.
(b) Show that the equalities

dim SF (M) = so(dim M) and dim S, (M’') = s,(dim M)

hold, for any regular indecomposable A-module M and for any reg-
ular indecomposable A’-module M’.

6. Let A be the path algebra of the quiver

O
04— O0——0
o
of the Euclidean type ]]5)4. Describe the dimension vectors dim M € Z> of

all indecomposable regular A-modules M.
Hint: See Section 3 and Exercise 5.
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7. Let A be the path algebra of the quiver

of the Euclidean type ]ﬁ)4, obtained for the quiver of Exercise 6 by a reflec-
tion. Describe the dimension vectors dim M € Z® of all indecomposable
regular A-modules M.

Hint: Apply the Exercises 5 and 6.

8. Let A be the path algebra of the quiver

2 3
O4—— O
/ p

Q: 10 04

N /

O 4——oO
6 5
of the Euclidean type 1&5. Describe the dimension vectors dim M € Z6 of
all indecomposable regular A-modules M.
9. Let A be the path algebra of the quiver

(¢] o

N\ v

O—50—504—0 — 0
[¢] o]

of the Euclidean type ]ﬁ)g. Describe the dimension vectors dim M € Z° of
all indecomposable regular A-modules M.

10. Let A be the path algebra of the quiver

O——0¢——0O

o [¢]

(¢] (¢]

of the Euclidean type E(;. Describe the dimension vectors dim M € Z7 of
all indecomposable regular A-modules M.

11. Let A be the path algebra of the quiver

I
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of the Euclidean type IE7. Describe the dimension vectors dim M € Z8 of
all indecomposable regular A-modules M.

12. Let A be the path algebra of the quiver

T

] [©] [¢] [¢] [e]

[e] [e]

of the Euclidean type IEg. Describe the dimension vectors dim M € Z° of
all indecomposable regular A-modules M.

13. Under the notation of (2.9), show that

(i)
(i)

(iii)

the diagram (2.11) is commutative,
the functor

Hom¢(T,—) : add R(C) —— add R(C)

in the diagram (2.11) carries a tube T of rank ry to a tube T of
the same rank 7 in such a way that the mouth modules of the tube
T, are carried to the mouth modules of the tube 77,

if he is the positive generator of rad ¢c, h is the positive gen-
erator of radga, and M is an indecomposable C-module such that
dimM = m - hg, where m > 1, then M is regular and
dimHomC(T, M) =m: hA.



Chapter XIV

Minimal representation-infinite

algebras

The aim of this chapter is to prove the following criterion for the infinite
representation type of algebras, presented in Section 3.

Let A be a basic connected K-algebra (over an algebraically closed field
K) such that the Auslander—Reiten quiver I'(mod A) of A admits a post-
projective component. Then A is representation-infinite if and only if there
is an idempotent e # 1 of A such that AJAeA is either the path algebra of
the enlarged Kronecker quiver

a1

v e O\

K : 104—"2 o9

am

with m > 3 arrows, or else A/AeA is a concealed algebra of Euclidean type.

In the proof of the criterion we essentially use a characterisation, given in
Section 2, of the algebras A that admit a postprojective component in the
Auslander—Reiten quiver I'(mod A) and that are minimal representation-
infinite, that is, the algebras A are representation-infinite, and the quotient
algebras A/AeA are representation-finite, for any non-zero idempotent e # 1
of A.

The characterisation is due to Happel-Vossieck [112], and asserts that
an algebra A is minimal representation-infinite and admits a postprojective
component in T'(mod A) if and only if A is either the path algebra of an
enlarged Kronecker quiver /C,,, with at least three arrows, or A is a concealed
algebra of Euclidean type.

In the proof, we apply a theorem of Ovsienko [175] on critical integral
quadratic forms ¢ : Z"™ —— Z, proved in Section 1.

To make the criterion for the infinite representation type of algebras more
effective from a practical point of view, we present in Section 4 (with an
outline of proof) a complete classification of all basic, connected, concealed

227
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algebras
B2 KQp/Ip

of Euclidean type in terms of their bound quivers (Qp,Ig). The classifi-
cation, given independently by Happel-Vossieck [112] and Bongartz [29], is
presented in two steps as follows.

(i) We present in Table 4.5 a list of 149 frames Fry,... , Friqg of the
bound quivers (@p,Ig) of a class of concealed algebras B of Eu-
clidean type.

(ii) We define in 4.1 three types of admissible operations (Op;1), (Op2),
and (Ops) on frames.

Then a bound quiver (Qp, Ip) of any basic connected concealed algebra B
of Euclidean type can be constructed from a frame of Table 4.5 by applying
successively a finite number of admissible operations (Op;), (Op2), and
(Ops), see (4.3).

We also present a table of the upper bounds of the numbers of the iso-
morphism classes of the concealed algebras for the Euclidean types &m, ﬁ)m,
EG, IE7, and Eg, respectively.

XIV.1. Critical integral quadratic forms

The objective of this section is to prove a result due to Ovsienko [175] on
critical integral quadratic forms. Throughout this section we assume that

¢:Z" —— 7

is an integral quadratic form in n indeterminates z1, ... ,z, defined by the
formula
(1.1) q(l‘l,... ,xn):x%—&-...—l—xi—i—Zaijxixj,

i<j

where a;; € Z, for all 4,5 € {1,... ,n}, such that i < j, see (VIL.3.1).

We recall that a vector x = [z1 22 ... x,]* € Z" is defined to be positive
(and is denoted by x > 0), if x # 0 and 1 > 0,292 > 0,... ,z, > 0. The
vector x € Z™ is sincere, if x1 #0, 20 #0, ..., x, # 0.

An integral quadratic form g : Z" — Z is defined to be

e weakly positive, if ¢(x) > 0, for each positive vector x € Z",

e weakly nonnegative, if ¢(x) > 0, for each positive vector x € Z",
and

e positive semidefinite, if ¢(x) > 0, for each non-zero vector x € Z".
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1.2. Definition. Let g : Z" —— Z be an integral quadratic form (1.1).

(i) For each j € {1,...,n}, we define the j-th restriction of ¢ =
q(x1,...,xzy,) to be the integral quadratic form

¢zt — 7,

in the indeterminates x1,...,%;—1,%j4+1,... ,Tn, given by the for-
mula
¢ = g(@1, .. 21,0, 541, .., Ty).
(ii) The quadratic form ¢ = g(z1, ... ,2,) is defined to be critical pro-
vided

q:Z" — 7 is not weakly positive, but the restrictions
&P I —— 7
of g are weakly positive.

The main properties of the critical integral quadratic forms are collected
in the following result of Ovsienko [175].

1.3. Theorem. Let q:Z™ —— Z be a critical integral quadratic form
in n indeterminates Ti,... ,xy.
(a) Either n = 2 or the quadratic form q is positive semidefinite of
corank 1.
(b) If n > 3 then the radical

radg = {x € Z"; q(x) =0}

of q has the form rad g = Z - h,, where hy € Z™ is a positive sincere

vector.
Proof. Assume that n > 3 and ¢ = ¢(z1,... ,2,) is a critical integral
quadratic form. It follows that
(i) there exists a non-zero vector y = [y; y2 ... yn]® € N such that
q(y) <0, because ¢ is not weakly positive, and
(i) we have y; > 1,...,y, > 1, because the restrictions ¢',...,q" :

7"~ — Z of q are weakly positive.

Choose a non-zero vector y = [y1 y2 ... yn|* € N” such that the conditions
(i) and (ii) are satisfied, and the sum

n
Iyll[=> v >n
i=1

is minimal.



230 CHAPTER XIV. MINIMAL REPRESENTATION-INFINITE ALGEBRAS

First we prove that ¢(y) = 0. Denote by

(—,=):Z2"x7" —— 7
the symmetric bilinear form corresponding to ¢q. It follows from our choice
of y that ¢(y —e;) > 0, for any i € {1,...,n}, and hence we get

(v,y) + (ei,e;) —2(y,e;) = gy —e;) > 1.
It follows that 2(y,e;) < (y,y), and therefore

y)= Xj; 2(y, ei)yi < (Z yi) (v: ).

i=1
Hence we conclude that ¢(y) = (y,y) = 0, because > y; > n > 3 and
i=1
(y,¥) <0. Then our claim follows.
Note also that

e 0= (y>Y) = (y’el)yl +...+ (y;en)yna
* 2(y,e;) < (y,y) =0, and
) yl Z 1, ,yn Z 1,

and therefore (y,e;) =0,(y,e2) =0,...,(y,e,) =0.
Now we show that ¢ is positive semidefinite and the vector y is a generator
of the subgroup rad g of Z".
Assume that z € Z" is a vector such that g(z) < 0. Then there exists
t € {1,...,n} such that
2

— )

Yoo Yi
for all i € {1,... ,n}. Consider the vector
X =UYtZ — 2y

Clearly, x; =0 and x; > 0,... ,x, >0, for all ¢ € {1,... ,n}. On the other
hand, we have

q(x) = (x,%) = 47 (2,2) + 27 (v,¥) — 292 (y, 2) = y7q(2) <0,
because (y,y) =0 and (y,z) = (y,e1)z1 + (y,ei)za + ...+ (y,en)zn = 0.
Moreover, we have ¢(x) = ¢'(x) > 0, because the restricted quadratic
form ¢t : Z"' —— Z of ¢ is weakly positive. Consequently, we get
q*(x) = 0, and therefore x = 0, that is,

2
z=2y, and q(z)= (;) q(y) = 0.

This shows that ¢ is positive semidefinite. Now we show that rational num-

ber % is an integer. Let Z; and ¥, be relatively prime integers such that

;’ = % and g, > 1. The equality z = —y yields y,z = Z;y. It follows

that each of the coordinates of the vector y are divided by ¥,, because Z;
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and 7, are relatively prime. Hence, there exists a vector y’ € Z™ such that
Yy =7, y'. Note that

e the vector y’ is positive, because y is positive and 7, > 1,

e the equalities 0 = ¢(y) = 77 - q(y’) yield ¢(y’) = 0,
that is, the vector satisfies the conditions (i) and (ii). Hence, the equality
llyll = 9, - |ly’|| vields 5, = 1, because y was chosen such that ||y|| is
minimal. This shows that % = Z—f = Z; is an integer.

It follows that the positive sincere vector h, =y € Z" is a generator of
the subgroup rad q of Z™. This finishes the proof. O

XIV.2. Minimal representation-infinite algebras

The main aim of this section is to describe the algebras A with a post-
projective component in their Auslander—Reiten quiver I'(mmod A), that are
minimal representation-infinite in the following sense.

2.1. Definition. An algebra A is said to be minimal representation-
infinite if the following two conditions are satisfied:

(i) A is representation-infinite, and
(ii) the quotient algebra A/AeA is representation-finite, for any non-zero
idempotent e € A such that e # 1.

The following two lemmata are very useful in the study of minimal
representation-infinite algebras.

2.2. Lemma. Let A be a minimal representation-infinite algebra.

(i) The algebra A is basic and connected.

(ii) The number of pairwise non-isomorphic non-sincere indecomposable
A-modules is finite.

(i) If the quotient algebra A/AeA is representation-directed, for any
non-zero primitive idempotent e # 1 of A, then Endy M = K and
Ext’ (M, M) =0, for any j > 1 and any non-sincere indecomposable
A-module M.

Proof. Assume that A is a minimal representation-infinite algebra. It
easily follows that the algebra is basic and connected.

Let ey, ..., e, beafixed complete set of primitive orthogonal idempotents
of Asuch that A=e1AD ... Pe, A

Let M be a non-sincere indecomposable A-module. Then there is an
idempotent e; such that Me; = 0 and, therefore, M is a module over the
quotient algebra A/Ae;A.
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By our hypothesis, A/Ae;A is a representation-finite algebra. It follows
that, for each j € {1,... ,n}, the number of the non-sincere indecomposable
A-modules M satisfying Me; = 0 is finite, up to isomorphism.

Assume, as in (iii), that the algebra A/Ae;A is representation-directed.
Then, according to (IX.3.5), the A/Ae; A-module M lies in a postprojective
component of I'(mod A/Ae;A). It follows that the A/Ae; A-module M is
directing and, hence, (IX.1.4) yields

e Endg M = Endg/g.4a M = K, and

o Extly(M, M) = Ext)y,, ,(M, M) =0, for all j > 1.

This completes the proof. ([l
The following Ext-vanishing lemma is frequently used.

2.3. Lemma. Let A be an algebra and X a non-zero A-module satisfying
the following two conditions:

(i) there is a direct sum decomposition X = X1 ®...® X,, wherer > 2
and the modules X1, ..., X, are indecomposable, and
(ii)) dimg Enda X < dimg Enda Y, for any A-module Y such that
dim X =dimY.
Then ExtY (X;, X;) =0, for alli,j € {1,...,r} such that i # j.

Proof. Assume that X has a decomposition X = X1 @ ...® X,., where
r > 2, the modules Xi,..., X, are indecomposable, and the condition (ii)
is satisfied.

We show that, for each i € {1,...,r}, we have Extl (X;, @ X;) = 0.

i
Fix i € {1,...,r} and assume, to the contrary, that Ext} (X;, @ X;) # 0.
J#i
Then there exists a non-split short exact sequence
0o— Px; Y X; 0
i

in mod A and obviously,

dimY =dim @Xj +dim X;
J#i
=Y dimX; + dim X;
J#i
=dim X.
On the other hand, by applying (VIII.2.8) to the preceding non-split exact
sequence, we obtain

dimgEnd, Y < dimgEnda (D X; @ X;) = dimgEnd X,
J#i
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and we get a contradiction with (ii).
It follows that
Ext} (X;, P X;) =0,
J#i

for each i € {1,...,r}, and hence
Exth(X;, X;) =0,

for each pair i,5 € {1,... ,r} such that ¢ # j. O

The main result of this section is the following theorem due to Happel
and Vossieck [112].

2.4. Theorem. Given an algebra A, the following two conditions are
equivalent.

(a) The algebra A is minimal representation-infinite and has a postpro-
jective component in the Auslander—Reiten quiver I'(mod A).
(b) A is either the path algebra of the enlarged Kronecker quiver

o
s

K : 10é——2 09
0

with m > 3 arrows aq, ... ,ay,, or else, A is a concealed algebra of
FEuclidean type.

Proof. To prove the implication (b)=-(a), we consider two cases.

Case 1°. Assume that A is the path algebra of the enlarged Kronecker
quiver K,,, with m > 3 arrows. Then, by (VIIL.2.3), the quiver I'(mod A)
has a postprojective component P(A) and, in view of (VIL.5.10), the algebra
A is minimal representation-infinite.

Case 2°. Assume that A is a concealed algebra of Euclidean type. Then
there is an algebra isomorphism

A~ End Ty,

where T is a postprojective tilting module over the path algebra H = KA
of an (acyclic) Euclidean quiver A.

We know from (VIIL.4.5) that the Auslander—Reiten quiver I'(mod A) of
A contains a postprojective component P(A) containing all indecomposable
projective modules. Further, the torsion part 7(7") of mod H contains all
but finitely many non-isomorphic indecomposable H-modules, and any in-
decomposable H-module not in 7 (T) is postprojective. Because the algebra
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H is hereditary then, by (VL.5.7), the tilting H-module T is splitting and,
in view of (V1.3.8), we conclude that all but finitely many non-isomorphic
indecomposable A-modules are of the form Hompg (T, X), where X is an
indecomposable H-module in 7(T).

Let P be an indecomposable projective A-module. Then there exists
an indecomposable direct summand T; of T such that P = Hompg (T, T;).
Because T; is postprojective, there exists an isomorphism

T; = 7y Pla),

for some r > 0 and some point a of the quiver A. Then, invoking the tilting
theorem (VI.3.8) and (IV.2.15), for any indecomposable A-module M of the
form M = Hompg (T, X), we get the isomorphisms

Homy (P, M) = Homy(Homp (T, T;), Homp (T, X))
>~ Hompy (T;, X)

(
= Homp (15" P(a), X))
>~ Hompy (P(a), 75 X).

Because A is a Euclidean quiver then the quiver A(® obtained from A
by removing the point a and the arrows having a as a source or target, is a
disjoint union of Dynkin quivers and, consequently, the path algebra K A(®)
is representation-finite, by (VIL.5.10). It follows that

Homp (P(a),Y) # 0,

for all but finitely many non-isomorphic indecomposable H-modules Y.
Clearly, for a fixed r > 0, all but finitely many indecomposable H-modules
Y are of the form Y = 7}, X, where X is an indecomposable H-module.

This shows that Hom4 (P, M) # 0, for all but finitely many non-isomor-
phic indecomposable A-modules M. Moreover, A is representation-infinite,
as a concealed algebra of Euclidean type. Hence, we conclude that the
algebra A is minimal representation-infinite.

(a)=(b) Assume that A is a minimal representation-infinite algebra and
that P is a postprojective component of the Auslander—Reiten quiver
I'(mod A) of A.

It follows that the algebra A is basic and connected. Moreover, by
(IV.5.4), the component P is infinite, because the algebra A is connected
and representation-infinite. Hence we conclude that P contains all indecom-
posable projective A-modules, because A is minimal representation-infinite.

Let n be the rank of Ky(A), that is, Ko(A) =2 Z".
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Case 1°. Suppose that n = 2. Because the indecomposable projective
modules lie in P then the quiver Q4 of A has no oriented cycles and, ac-
cording to (I1.3.7), A is the path algebra of the quiver

a1

YR

10&———02
QA

with m > 1 arrows. Moreover, m > 2, because the algebra A is representa-
tion-infinite.

Case 2°. Assume that n > 3. We split the proof into four steps.

Step 2.1°. First we prove that, given a non-zero idempotent e # 1 of A,
we have

Ext}y(Z, Z) = Extly /4,4 (Z, Z) = 0,
for any indecomposable A/AeA-module Z.

Note that the quotient algebra A/AeA of A is representation-finite, be-
cause the algebra A is minimal representation-infinite. Moreover, because
the postprojective component P of I'(mod A) contains all indecomposable
projective A-modules; then, by (IX.5.2), the Auslander—Reiten quiver
I'(mod A/AeA) of A/AeA admits postprojective components the union of
which contains all indecomposable projective A/AeA-modules. More pre-
cisely, if

A/AeA=DBy x...x B, m>1,

is a decomposition of the algebra A/AeA into a direct product of connected
subalgebras By, ..., B, of A/AeA, the translation quiver I'(mod A/AeA)
is the disjoint union of the translation quivers I'(mod By), ... ,T'(mod By,).
Moreover, because the algebra A/AeA is representation-finite, then

e the algebras B,... , B, are representation-finite, and

e for each j € {1,...,m}, the translation quiver I'(mod B;) is fi-
nite, connected, contains all indecomposable projective B;-modules
(which are projective A-modules), and I'(mod B;) = P(B;) is a
postprojective translation quiver.

It follows that I'(mod A/AeA) is a union of the postprojective components

and, according to (VII1.2.7), we have

EXt}ﬁl(Z? Z) = EXtL/AeA(Z7 Z) = 07

for any indecomposable A/AeA-module Z.
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Step 2.2°. Next we prove that the Euler quadratic form
ga 2" —— 7

of the algebra A is critical.

We know from (IX.1.5) and (IX.3.1) that the dimension vectors of pair-
wise non-isomorphic indecomposable modules from P are pairwise different
positive roots of ¢4. Because the component P is infinite then the number
of positive roots of g4 is infinite and, according to (VIL.3.4), the Euler form
q4 is not weakly positive.

Let x be a positive non-sincere vector from Ky(A) = Z™ We show
that g4(x) > 1. Choose an A-module X with dim X = x such that the
dimension dimgEnd 4 X is the smallest possible. Decompose the module X
into a direct sum

X=X16...06X,

of indecomposable A-modules X, ..., X,. Then, by (2.3), we get
Exth(X;, X;) =0,

for all 4,5 € {1,...,r} such that 7 # j. Moreover, because x = dim X is
not sincere, then the module X; is not sincere and, by (2.2), we have

Ext (X;, X;) =0,

for any 7 € {1,... ,r}. As a consequence, we get

Ext} (X, X) = Ext)(X1®...0X,, X18...0X,) = P Exty(X;, X;) =0.

ij=1
Hence, in view of (II1.3.13), we obtain

ga(x) = ga(dim X)
= xa(X, X)
= dimgEnda(X) — dimgExt! (X, X) + dimgExt? (X, X)
= dimgEnd 4 (X) + dimgExt? (X, X) > 0,
because we show in the following step that gl.dim A < 2. This shows that
the Euler quadratic form g4 : Z" —— Z is critical and, by (1.3), the
quadratic form ¢4 is positive semidefinite of corank one.

Step 2.3°. Now we prove that A is a tilted algebra and P admits a faithful
section A containing a sincere indecomposable module M.
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Because A is representation-infinite and connected then the component P
is infinite. By (2.2), the number of non-isomorphic non-sincere indecompos-
able A-modules is finite. It follows that P contains a sincere indecomposable
module M and, hence, Hom 4 (P, M) # 0, for any indecomposable projective
A-module P. Then, according to (VIIL.2.5), the component P contains all
the indecomposable projective A-modules P. Moreover, P does not contain
a non-zero injective module, because the number of sincere indecompos-
able A-modules is infinite while, by (VIIL.2.5), every module in P has only
finitely many indecomposable predecessors in mod A.

Because the module M is obviously directing then, by applying (IX.2.6),
we conclude that A is tilted algebra and P admits a faithful section A
containing M. In particular, gl.dim A < 2.

Step 2.4°. We prove that the underlying graph of the section A of P is
Euclidean and A is a concealed algebra of type A.

Let T be the direct sum of all modules lying on the section A of P. We
know that the section A is faithful and clearly Hom4 (7', 74T) = 0, because
P is a postprojective component of I'(mod A). Applying now the criterion
(VIIL5.6), we infer that T is a tilting A-module, the algebra

H = EndT

is hereditary of type A°P, T* = D(yT) is a tilting H-module, there is an
isomorphism
Endy (T%) = A

of algebras, and P is the connecting component of I'(mod A) determined by
the tilting H-module T™.
Moreover, by (V1.4.7), the Euler quadratic form

qu : Ko(H) —— Z

of H is Z-congruent to qa : Z™" —— 7Z and, consequently, gy is positive
semidefinite of corank one. Thus, by (VIL.4.5), the underlying graph of
the quiver A is Euclidean. It follows that the algebra H is hereditary of
Euclidean type.

Further, because P does not contain non-zero injective modules then,
according to (VIIL.4.1), the module T* has no postprojective direct sum-
mands.

We claim that T has no non-zero regular direct summands. Suppose, to
the contrary, that 7™ has an indecomposable direct summand 7;* which is
regular.

Because Extl (T, T7) = 0 then, according to (XI.2.8) and (XL3.5),
the module T} belongs to one of the non-homogeneous stable tubes of
I'(mod H).
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By (XIL.3.4), I'(mod H) admits a Py (K)-family T = {T#}\cp, (k) of
pairwise orthogonal standard stable tubes, and at most three of them are
non-homogeneous.

Now let X be an indecomposable module from a homogeneous tube of
I'(mod H). Because, by (VIII.2.13) and (XI.2.8), we have

Hompy (Q(H),R(H)) =0

and the regular part R(H) of I'(mod H) is a disjoint union of pairwise
orthogonal tubes, we get

Hompy (T*,X) =0 and Hompg(X,7T;)=0.

It follows that the H-module X belongs to F(T};) and, consequently,
Ext} (T*, X) belongs to X (T}).

Because the algebra H is hereditary then, by (VI.5.7), T* is a splitting
tilting A-module. Then, by (V1.5.8), Ext}, (T*,7T}) is an indecomposable
injective A-module. Moreover, applying again the tilting theorem (VI.3.8),
we get

Hom (Exty (T*, X), Exth (T*,7T7)) = Hompy(X,7T}) = 0.

It follows that Ext} (7%, X) is a non-sincere A-module. Because every ho-
mogeneous tube has infinitely many modules then there are infinitely many
pairwise non-isomorphic non-sincere indecomposable modules in X (T7;),
and we get a contradiction with the assumption that A is minimal represen-
tation-infinite. Therefore, the tilting H-module T is preinjective. Hence,
by applying (X1.5.2), we conclude that

A2 Endy (T)

is a concealed algebra of Euclidean type. This completes the proof. O

We end this section with an example showing that the class of minimal
representation-infinite algebras is larger than the class described in (2.4).

2.5. Example. Let A be the path K-algebra of the following quiver

o'

bound by the three relations a? = 0, 5% = 0, and a3 = fa.
We know from (X.4.8) that A is representation-infinite, dimgx A = 4, and
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there is a K-algebra isomorphism
A= K[t ]/ (11, 65).

Note that

e A is a minimal representation-infinite algebra, because it has only
two (trivial) idempotents 0 and 1, and

e the Auslander—Reiten quiver I'(mod A) of A has no postprojective
component, because A is the unique indecomposable projective
A-module and A is not a brick.

XIV.3. A criterion for the infinite
representation type of algebras

We may now prove a useful criterion for the infinite representation type
of algebras A whose Auslander—Reiten quiver I'(mod A) admits a postpro-
jective component.

3.1. Theorem. Let A be a basic connected K-algebra such that the
Auslander—Reiten quiver T'(mod A) of A has a postprojective component.
Then A is representation-infinite if and only if there is an idempotent e # 1
of A such that A/AeA is either the path algebra of the quiver

a1
(63

Km: 10&—2— 02
Qm

with m > 3 arrows ai,...,qmy,, or else A/AeA is a concealed algebra of
Fuclidean type.

Proof. The sufficiency. Assume that there is an idempotent e # 1 of A
such that A/AeA is the path algebra of K,,,, or A/AeA is a concealed algebra
of Euclidean type. It follows that the algebra A/AeA is representation-
infinite, and consequently, A is representation-infinite too.

The necessity. Assume that A is a basic, connected, and representation-
infinite K-algebra such that I'(mod A) has a postprojective component P.
By (IV.5.4), the component P is infinite.

Let ey, ... , e, be afixed complete set of primitive orthogonal idempotents
of A such that

A=ec1AD...De,A.

Let S be the subset of {1,...,n} consisting of all s € {1,...,n} such
that Mes; = 0, for any indecomposable module M in P. Hence, for any
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i € {l,...,n}\ S there exists an indecomposable A-module N in P such
that Homu(e; A, N) = Ne; # 0, and hence, the indecomposable projective
A-module e; A belongs to P. If we set

f=Y e €A,

ses

then

e f is an idempotent of A and M f = 0, for any indecomposable
module M in P,
the quotient algebra

B=AJAfA

of A is representation-infinite,

the canonical epimorphism 7 : A — B of algebras induces a fully
faithful embedding of module categories mod B < mod A4,

e P is a postprojective component I'(mod B), and

e P contains all indecomposable projective B-modules.

Hence, by applying (IX.5.2), we conclude that there is an idempotent
f' € B such that the quotient algebra

C =B/Bf'B

of B is minimal representation-infinite, the Auslander—Reiten quiver
I'(mod C) of C admits postprojective components, and their union con-
tains all indecomposable projective C-modules. It follows from (2.4) that
C is either the path algebra of the enlarged Kronecker quiver

a1
Km: 10¢—=2 "0y
o
with m > 3 arrows, or C' is a concealed algebra of Euclidean type. It is easy
to see that there is a non-zero idempotent e of A such that C = A/AeA and
AfA C AeA. This finishes the proof. O

Now we illustrate the use of the criterion (3.1) by the following example.
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3.2. Example. Let A be the algebra given by the quiver

90
13
GEJL b— 8
Qa: \ai v
401/52}E U\(osl
1
10

bound by three zero relations {a = 0, a8 = 0 and yo = 0.

Because the quiver Q4 of A is a tree then, by applying (IX.4.3), we
conclude that A satisfies the separation condition. Hence, by (IX.4.5), the
Auslander—Reiten quiver I'(mod A) of A admits a postprojective component.

Take the idempotent e = eg + eg of A and consider the quotient algebra

B = AJAcA

of B. By applying the characterisation given in (XI.5.1), we show that

B is a concealed algebra of the Euclidean type A(IEG) (and hence, B is
representation-infinite).
To see this, we note that the algebra B is given by the quiver

7

60 o
\f:év
Qs : % o
40 20 o

!

10

5

bound by two zero relations a8 = 0 and yo = 0.

Because the quiver Qp of the algebra B is a tree then, by applying
(IX.4.3) and its dual, we conclude that B satisfies the separation condition
and the coseparation condition. Then, by (IX.4.5), the Auslander—Reiten
quiver I'(mod B) of B admits a postprojective component and a preinjective
component.

Now we show that

e I'(mod B) admits a unique postprojective component P containing
all indecomposable projective B-modules,

e I'(mod B) admits a unique preinjective component Q containing all
indecomposable injective B-modules, and N

e B is a concealed algebra of the Euclidean type A(Eg).
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By the standard mesh calculation technique, we show that the left hand
part of the component P of I'(mod B), containing the simple projective
B-module P(1), looks as follows:

0 1 0.0 1.0
1 1 2
P(M=110 -——— o011 T~ 111~
S N\ A NN
0 0 0,0 1,0 0, L0 1,0 )
P(B)=001 ———— 110 011 121 10 122 111
O D D D D DV A Ys
0,0 0,0 0,0 0,0 1,0 1,1 0.1 11
PA=100"7111"7011"7 121 ~> 121723272217 2427
0 1 \ 1 /‘ 1 \ 1 /l 2 \ /( 2 \
0,0 010 0,0 1,1
(2)010 -———-— 111 ———— 111 — T "7 131 — — ——
/( \1 /‘O \A /(1 \1 /(2 \t /(
0 0
040 1 1 2
P(l)ooo——— 010 —— 101 ——— o010 T —— 121 ——
0 0 1 1
where

0,0
P(3):1}1 and P(6) = %1
1 1
and the indecomposable modules are represented by their dimension vectors.
It follows that P is a postprojective component of I'(mod B) containing
all indecomposable projective B-modules, and hence P is a unique postpro-
jective component of I'(mod B). Moreover, P contains the section

P(7)

T P(5)

AV

P(3) T71P(4) — P(6)

4)
N\
T71P(2)

N\

T72P(1)

of the Euclidean type A(Eg)°P.
Similarly, the standard mesh calculation technique shows that the right

hand part of the component Q of I'(mod B), containing the simple injective
B-module I(6), looks as follows:
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1.1 0 1.0
2 1 1
110 ——— oto T~ o001=l®)
/‘1 \r /‘O \1 /( \1
1,1 1,2 1, 1,1 0,1 ) 0,1
011 120 010 011 100 000 000 =I(7)
IR D D D D I
2,2 2,1 2,2 1.1 1,1 0,1 11710
— 23270217121 711070107 000~ 000 7000=I(6)
/ 1 \t 1 /\ 1 \1 /(0 \A i /(0 i
2 2 1 1 1.1
4 3 2
232 "~ —— 111 — — —— 10 ———— o010=I?2
1 0 1

N\
-
N\
O/
N\
Ve
N\

1.1
2 1 1

- 111 —— 7 000 ——— o10=I1),
0 0 1

11 0,1
I(3) =000 and I(4)=100:
0 0
and the indecomposable modules are represented by their dimension vectors.

It follows that Q is a preinjective component of I'(mod B) containing all
indecomposable injective B-modules, and hence Q is a unique preinjective
component of I'(mod B). Moreover, Q contains the section

I(5)
T721(7)
T21(3) = T7%I(6) = I(4)

T7H1(2)

N\

1(1)

of the Euclidean type A(Eq)°P.

Because P # Q then, by applying (XI.5.1), we conclude that B is a
concealed algebra of the Euclidean type A(Eg).

Next, we note that the algebra B is obtained from the path algebra K@
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of the quiver

6 O o7
e v
40 o5
0. AN 3 v

|

20

|

10

by interchanging the subquivers

0o———30——30 gnd O¢+—— O¢——
6 4 3 3 5

with the subquivers

6 O
N
3 and 30

v N
4 0

bound by the zero relations a8 = 0 and vyo = 0, respectively.

XIV.4. A classification of concealed algebras
of Euclidean type

To make the criterion in (3.1) more effective from a practical point of
view, we present now the Bongatz—Happel—Vossieck classification of all con-
cealed algebras

B=KQp/Ip

of Euclidean type in terms of the bound quivers (@ g, Ig). We do not present
here a complete proof, but we give a detailed outline of the proof, and we
illustrate it by several representative examples.

The classification was given independently by Happel-Vossieck [112] and
Bongartz [29]. Following [112], to save space and to make the list more
accessible, we write down in Table 4.5 below only the possible 149 frames
Fri, ..., Frigg of the bound quivers (@, Is). Then the classification of the
bound quivers (Q g, I) is given up to the following three types of admissible
operations (Op1), (Opz), and (Ops) on frames.
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4.1. Admissible operations on frames

Given a frame in Table 4.5 below, we allow the following three admissible
operations.

(Op;1) Replace any non-oriented edge of the frame by an oriented one
(except the case the frame is of type &n, where we do not allow
the cyclic orientation).

(Op2) Given a frame of the form

replace its subquiver
O——O0—O0—...—0—0

1 2 3 m—1 m

by any full connected subquiver with m vertices of the following tree

1
/ \
YN YN N N
and bound by all possible relations Sa = 0, containing the vertex

1%, by identifying the vertices 1 and 1*.
(Ops3) Construct the opposite frame to a given one. O

Now we illustrate the application of the admissible operations on frames.

4.2. Example. Consider the frame

o o o 04
o

0< -
7
.7:7'57 : i// l
)4

—o—

o-——-0

of Table 4.5. First, we construct 8 pairwise non-isomorphic quivers by
choosing any orientation for the non-oriented edges. Next, by replacing
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the non-oriented linear graph according to the operation (Opsz), we get the
following 6 additional frames

? ?
| |
| |
[ o >0<4— 0% Q [ o< 04——0% 9
| 7 | | 4 |
| e I | P |
b 04——0—3%6 ) 04——o0—3%6
o o
\? ’\?
| |
| |
| 04— 0<—0 | 04——04—¢
| s | /
NI VAR
b 04——0—3%6 ) 04——o0—3%6

/ e

Finally, we construct the opposite quivers to the above ones. Conse-
quently, we construct 28 pairwise non-isomorphic algebras starting from
the frame given above.

4.3. Theorem. Let A = KQ/I be the algebra of a connected bound
quiver (Q,I).
(a) The algebra A is concealed of Euclidean type if and only if the bound
quiver (@, I) is obtained from any of the frames

.7:7“1, Ce ,f?"149
of Table 4.5 below, by applying a sequence of the admissible opera-
tions (Op1), (Op2) and (Ops).

(b) If the bound quiver (Q,I) is obtained from a frame A in Table 4.5,
by applying a sequence of the admissible operations then the numbers
distributed instead of the vertices of A shown in Table 4.5 are the
coordinates of the positive generator ha of the radical rad q4 of the
Euler quadratic form qa : Z" —— Z of A, where n = |Qo].

[¢]
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An outline of proof. The original proof presented in [112] and Bon-
gartz [29] is done by applying a computer program that calculates the en-
domorphism algebras End Ty of the multiplicity-free postprojective tilting
modules over the path algebras H of the canonically oriented Euclidean
quivers

A(Ay,), with 1< p <q, A(Dy,), withm >4, A(Eg), A(E7), A(Es)

presented in Table 1.1 of Chapter XIII.

Now we indicate the main steps of the classification of the concealed
algebras of Euclidean type.

Step 1°. It follows from (XII.3.1) that any concealed algebra of Eu-
clidean type is a concealed algebra of a Euclidean type A, where A is one
of the canonically oriented Euclidean quivers. Fix such a quiver

A= (Do, A1) € {A(Ryq), ADw), A(Es), A(Er), AEs)} .

Let n = |Ag| be the number of vertices of A. We set
H = KA,

and denote by P(H) the postprojective component of I'(mod H).
Step 2°. We show how the multiplicity-free postprojective tilting H-
modules T look. First, we note that any such a module T is a direct sum

T=T&...0T,

of pairwise non-isomorphic indecomposable H-modules 77, ... , T, from the
component P(H) such that Ext}, (T,T) = 0.

Because there is an isomorphism Ext} (7, T) & DHoma (T, 754 T), for any
H-module T, and the indecomposable modules in P(H) are directing then,
given an H-module T =T} & ... & T,,, with pairwise non-isomorphic in-
decomposable H-modules T7, ... ,T,, in P(H), the following two conditions
are equivalent.

(i) T is a tilting H-module,
(ii) Hompy (T;,7a#T;) =0, for all ¢, j € {1,... ,n} such that ¢ # j.

Step 3°. We find a subquiver DP(H) of P(H) with the following prop-
erties:

(d1) DP(H) is a finite full translation subquiver of P(H) and is closed
under the predecessors in P(H),

(d2) for any multiplicity-free postprojective tilting H-module
T =T1®... 5 T,, there exists a postprojective tilting module
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T =1 & ... & T, such that the H-modules T7,...,T, are in-
decomposable, pairwise non-isomorphic, lie in DP(H), and there is
an isomorphism of algebras

End Ty = End Ty;.

We call such a translation subquiver DP(H) of P(H) a concealed domain
of P(H).

To construct DP(H), we choose a minimal positive integer ra such that
Homp (P(a), ;" P(b)) # 0,

for all » > ran and all vertices a and b of A, where P(a) = e,H and
P(b) = epH are the indecomposable projective H modules corresponding
to the vertices a and b, respectively.

We define DP(H) to be the full translation subquiver of P(H) whose
vertices are the modules

7y P(a); witha e Agand re {0,1,...,7a}.

First we show that the definition of DP(H) is correct. To see this, we
recall that every module in the postprojective component P(H) is of the
form 7" P(a), for some integer r > 0 and a vertex a € Ag. Moreover, by
(2.2), the number of pairwise non-isomorphic non-sincere indecomposable
H-modules in P(H) is finite, that is, all but a finite number of indecompos-
able modules in P(H) are sincere, see also (IX.5.6). It follows that

e given a vertex a € A, there exists a minimal positive integer r,
such that
Homp (P(a), 7" P(b)) # 0,

for all » > r, and all vertices b of A, and hence
e there exists a minimal positive integer ra such that

Homp (P(a), 75" P(b)) # 0,

for all r > ra and all vertices a and b of A.

This shows that the definition of DP(H) is correct.

Now we show that DP(H) is a concealed domain of P(H). Note that the
indecomposable projective H modules P(a) = e, H, with a € Ay, form a
section ¥ = A°P of DP(H). It follows that the subquiver DP(H) of P(H)
is closed under the predecessors in P(H), and therefore the condition (d1)
is satisfied.
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To prove (d2), assume that T = T; & ... ® T, is a tilting H-module
such that the H-modules Ti,...,T, are indecomposable, pairwise non-
isomorphic, and lie in P(H). Then, for each ¢ € {1,...,n}, there exist
a vertex a; € Ag and a positive integer m; such that

Let m be the minimal number of the set {ms,...,m,} and assume, for
simplicity, that m = m;. Because, by the equivalence of (i) and (ii) of Step
2°, we have

o Hompy (T1,754T;) =0, for all j € {2,... ,n}, and

e there is an isomorphism of K-vector spaces

0 = Hompy (T, 747T;) = Hompy (75;™ P(ay), 75, ' P(a;))

~ Hompy (P(ay), 75 "™ ™" P(a;)),
then m; —m = m; —m; < ra, and hence we get m; < m +ra. We set
T, =73Ty, Ts =13Tey -..... , and T, = 73T,.

It is clear that the H-modules T7,...,7, are indecomposable, postpro-
jective, pairwise non-isomorphic, lie in DP(H) and, under the assumption

m = my, the module 77 is projective. Moreover, we have Homg (T}, 75 T}) =
Hompy (T;, 7u#T;) = 0, for all i, j € {1,... ,n}. It follows that

T"=Ti®..0T,

is a multiplicity-free postprojective tilting H-module such that End Ty =
End T};. Consequently, the condition (d2) is satisfied, and therefore DP(H)
is a concealed domain of P(H), as we claimed.

Step 4°. Now we describe a procedure for constructing, up to the ad-
missible operations (Op1), (Op2) and (Ops), the frames Fry,... , Frigg
of concealed algebras B of Euclidean type presented in Table 4.5.

Assume that B is such an algebra. Then, according to Step 1° and Step
2°, the algebra B has the form

B~ End Ty,

where
e H=KA,
e A is one of the canonically oriented Euclidean quivers, and
o T =T, & ... 0T, is a multiplicity-free postprojective tilting H-
module.
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It is shown in Step 3° that there is a multiplicity-free tilting H-module
T =T, ®...® T, such that the indecomposable summands T7,..., T}, lie
in a finite concealed domain DP(H) of P(H) and

B~ EndTy = EndT},.

Consequently, the problem of finding all concealed algebras B of Eu-
clidean type, reduces to
(a) describing a finite concealed domain DP(H) of P(H),
(b) describing all families T1,... ,T;, of pairwise non-isomorphic mod-
ules in the domain DP(H) such that one of the modules 11, ..., T,
is projective and

HomH(Ti,THTj) = O7

for all 4,5 € {1,... ,n} with i # j (see (ii) of Step 2°), and
(c) describing the frame of the algebra

B2 Endy(Ty ®...0T,),

for each such a family 71, ... ,T,. This means, one should describe
a bound quiver (@, I) such that B = KQ/I.

Because the concealed domain DP(H) of P(H) is finite then, given a
canonically oriented Euclidean quiver A, the problem of finding all concealed
algebras B of the Euclidean type A reduces to a finite combinatorial problem
that admits an effective computer computation. This is in fact the way the
frames of Table 4.5 are computed by Happel-Vossieck [112] in case A is of
any of the types A(Eg), A(E7), and A(Eg).

Now we prove the theorem in the cases when A is of the type A(&p7q),
with 1 < p < ¢, or A is of one of the types A(Dy), A(Ds), and A(Dg).

Case 1°. Concealed algebras of type A(A, ), with 1 <p <gq. We

show that any concealed algebra of type A(A, ,) is a hereditary algebra of

the Euclidean type &m, where m =p+q — 1.
Assume that p and ¢ are integers such that 1 < p < gq. Let H = KA be
the path algebra of the quiver

1— 2 <— ... «— p—1
A=A(Apg): 0 p+q—1

p—p+le— ... +—pt+tqg—2
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of the Euclidean type :&Hq_l. The standard calculation technique shows
that the left hand part of the postprojective component P(H) of I'(mod H)
looks as follows

11...1
P(m)=2 1] —— — — — — — — — - - — —
11...1
Py Sl
P=1)=10. . 0 21. . .1
11...1
1 0
10...0
10...0 . 11...1
P(1)=1 0 . - 2 1
00. . .0 22...2
00. . .0 10...0 11...1 22...2
P(0)=1 0 1 0 1 0 3 p)
00. . .0 10...0 11...1 22...9
P00, . 222
(p) Lo, . ¢ : 11...1

10...0
1 0
11...1
00...0 21...1
P(m—-1) =1 0 2 1
11...1 11...1
11...1
P(m)=2 I - - — — ——
11...1

where m = p+ ¢ — 1, the indecomposable modules are represented by their
dimension vectors, and we identify the horizontal dotted lines.

Because P(H) is a postprojective component of I'(mod H), the inde-
composable modules in P(H) are of the form 7, "P(a), where r > 0 and
a€{0,1,...,p+q—1}. Moreover, for any indecomposable module M in
P(H) there exists an almost split sequence

0 — M —XapY — N —0
in mod H, where X and Y are indecomposable modules, and we have

dim M <dimX < dim N, and
dim M <dimY < dim N.
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To prove the inequalities, we apply the fact that M is of the form
= 74'P(a),

where > 0 and a € {0,1,...,p+ ¢ — 1}, the induction on r > 0, and the
description of the dimension vectors of the indecomposable modules in the
left hand part of the component P(H) are presented above. The details are
left to the reader.

Hence, we easily conclude that

e any successor of the projective H-module P(p+¢—1) in P(H) is a
sincere module,

e any irreducible morphism U — V between indecomposable mod-
ules U and V in P(H) is a monomorphism, and

e the integer p is the minimal with the property that the modules
7 P(a), with a € {0,1,... ,p+ ¢ — 1}, are sincere.

It follows that for the concealed domain DP(H) of H we can take the
full translation subquiver of P(H) whose vertices are the modules 7,,"P(a),
with a € {0,1,... ,p+¢—1} and r € {0,1,... ,p}.

Let T=T1®...5T,, with n = p+ ¢, be a postprojective tilting H-
module with indecomposable modules T, ... ,T, from DP(H). Now we
prove that the modules T, ..., T, form a section ¥ of P(H).

First, we observe that if U and V are non-isomorphic indecomposable
modules in P(H) and V is a successor of U then there is a path

U=Uy—to sy, My gy ity v
of irreducible morphism hg,hy,...,hy, hymye1 between indecomposable
modules Uy, Uy, ... Uy, in P(H). It follows that Hompy (U, V) # 0, be-
cause the irreducible morphism hq, k1, ..., hm, Am41 are monomorphisms.

Hence, if T; and T are summands of T' such that Homy (T;,T;) # 0 then
T} is a successor of T; and there is a sectional path from T; to T}, because
Hompy (T, 7#Y;) = 0. Consequently,

e the modules 71, ... ,T,, form a section X of P(H), because n = p+q
is the number of Ty-orbits of P(H), and

e the associated concealed algebra B = End Ty is the path algebra of
the quiver Q) = X°P.

On the other hand, we have

e the indecomposable projective H-modules
P(0),P(1),...,P(p+q-1)

form a section A of the component P(H),
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e the quiver X can be obtained from A°P by applying a finite sequence
of reflections, see (VIII.1.8), and

e pis the number of clockwise-oriented arrows in X and ¢ is the number
of counterclockwise-oriented arrows in X.

It follows that ¢ is the number of clockwise-oriented arrows in @ and p is
the number of counterclockwise-oriented arrows in ). Moreover, if Q) is an
arbitrary quiver such that the underlying graph @ of Q coincides with the
underlying graph A of A, and the numbers of clockwise-oriented arrows in Q
and counterclockwise-oriented arrows in @ equal ¢ and p, respectively, then
the component P(H) admits a section X isomorphic with Q°P contained
entirely in the concealed domain DP(H).

Hence we conclude that the concealed algebra B = End T is hereditary
of the Euclidean type &W where m = p 4+ ¢ — 1. Consequently, by the
discussion in Steps 1°-4° of the proof, any concealed algebra of type A(:&p,q)
is a hereditary algebra of the Euclidean type Am, where m = p+q—1. This
finishes the proof in Case 1°.

Case 2°. Concealed algebras of type A(]ﬁ)4). We prove that, up to

isomorphism, any concealed algebra of type A(]ﬁu) is a hereditary algebra
of the Euclidean type Dy or the canonical algebra C/(2,2,2), see (XIL1.2).
More precisely, we construct five pairwise non-isomorphic hereditary alge-
bras A1) ... A®) such that any concealed algebra of type A(f))4) is iso-
morphic to one of the algebras A, ... A®) or to C(2,2,2). Let H = KA
be the path algebra of the quiver

of the Euclidean type Dy.

The standard calculation technique shows that the left hand part of the
component P(H) of I'(mod H) looks as follows
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1,0 0.0 2.1 1.1
P1)=40, 110 121 231
1.1 1.0 2.2
\ /1%& /1%&, /231
1.0 2.1 3.2

P 0\\ /231\ /352\
1.0 1.1 2.1
/ 111/ 120/ e
0,0 1.0 1.1 2.1
P2)=,0, oto 2% 131

where the indecomposable modules are represented by their dimension
vectors and

dim P(4) = 11

o=

1
0 )
By applying the shape of P(H), we easily check that the H-modules

T P(1), 15°P(2), 15°P(3), T5°P(4), Tt P(5)

are sincere and form a section in P(H) of type A°P. Moreover, for each
r > 2, the H-modules 7, "P(1), 75" P(2), 75 P(3), 75 P(4), 75" P(5) are
sincere. It follows that the full translation subquiver DP(H) of P(H) whose
vertices are the modules 745 "P(1),75 " P(2),75 P(3), 75 P(4), 75" P(5),
with r € {0,1,2}, is a concealed domain of P(H). In other words, DP(H)
is the translation subquiver

P)=Jo) n )
/1 0\2 1/1 1\3 2/2 1
P(3: .3
/ O 07‘2 1§1217‘3 2\
171 170
PR)=, % oo 2%
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of P(H).

Let T =T, & T, & T35 ® Ty & T5 be an arbitrary postprojective tilting
H-module, where the modules T, T», T3, Ty, Ts are indecomposable and lie
in DP(H). By the discussion in Steps 1°-4° of the proof, without loss
of generality, we may assume that one of the modules T, T5,T3,T4,T5 is
projective.

The problem of describing all such postprojective tilting modules T splits
into two cases.

Case 2.1°. The direct summands T4, T5, T3, Ty, Ts of T form a section X
of the postprojective component P(H).

By invoking the condition Hompy (T;, 75T;) = 0, for all 4, j € {1,2,3,4,5}
such that i # j, we easily see that

e each of the following five families

s = {P(1), P(2), P(3), P(4), P(5)},

2 = {r7'P(1), P(2), P(3), P(4), P(5)},
2@ = {7 P(1), 75 P(2), P(3), P(4), P(5)},
» = {T§2P(1)77—H ( ) I; P(3)7P(4)’P(5)}7
0 = {1 P(1) 7 PL2) 7P, PO P9
of modules in P(H) forms a sectlon of P(H),

e each of the following five H-modules
TW = P(1) & P(2) & P(3) ® P(4) ® P(5) = H,
T?) =7, 'P(1) ® P(2) @ P(3) ® P(4) ® P(5),
TO) = 7' P(1) & 7, P(2) & P(3) & P(4) & P(5),

W = 1r2P(1) @ 71;113(2) @ T,;lP(3
TO) = ' P(1) @ 7' P(2) @ 7,  P(3
is a postprojective tilting H-module,
e each of the algebras
AW = End T = H = H?, A® = End T\, A®) = End T\,
AW = End TS = (A®)ep, AG) — End T 2 (A®))ep,
is concealed and AY) is the path algebra of the quiver Q) = (3(7))op
of the Euclidean type Dy, for j = 1,2,3,4,5, where

QW . >o< is the quiver A = A°P_ and
@) . O\,O/O 3) . O\O/O

Q -O/ ,\07 Q . O/{ y\o’
w. NS ©: N

9T AN TN

o] [¢] [¢] (o]
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e the concealed algebras A, ... A®) are hereditary and pairwise
non-isomorphic, and
e for any quiver @ such that the underlying graph Q of @ is the
Euclidean graph ]fD4, there exists a section ¥ of the component P(H)
such that ¥ is isomorphic with Q°P and is contained entirely in the
concealed domain DP(H).
It follows that the concealed algebra B = End Ty is hereditary of the
Euclidean type 15)4.

Case 2.2°. The direct summands 17,715,735, T4,T5 of T do not form a
section of P(H). Again, by invoking the condition Homy (T;, Ty Tj) = 0, for
all 4,5 € {1,2,3,4,5} such that ¢ # j, we conclude that the postprojective
tilting H-module T'=T, & T, & T3 & T, & T5 is of one of the forms

e T'=P(1)® P4)e P(5)e ;' P(2) @ 1;2P(1), or

e T"=P(2)@ P4)eP(5)e ;' P(1)@1;2P(2).

It is not difficult to check that

o the associated concealed algebras B’ = End T; and B” = End Ty,
are isomorphic, and

e the algebra B’ = B” is isomorphic to the canonical algebra C(2, 2, 2)
of the Euclidean type A(Dy), defined by the quiver

2

A2,2,2): 1

VN
N

4

and bound by the relation fa + oy 4+ n€ = 0.

It follows from the preceding discussion and the discussion in Steps 1°-4°
of the proof, that

e any concealed algebra B of type A(]I~))4) is isomorphic either to one
of the hereditary algebras A, ..., A®) or to the canonical algebra
C(2,2,2), and

e the number of the isomorphism classes of concealed algebras of type
A(]ﬁ4) equals six, see Table 4.6.

This finishes the proof in Case 2°.
Case 3°. Concealed algebras of type A(]ﬁ)5). We show that if A is

a concealed algebra of type A(]]3)5) then, up to isomorphism,

e A is a hereditary algebra of the form K@, where @ is a quiver such
that the underlying graph @ of @ is the Euclidean graph Ds5, or
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e A is not hereditary and A is isomorphic to the canonical algebra
C(2,2,3) or to one of the three algebras B(), B B®) constructed
in (B1)-(B3) below.

e the number of the isomorphism classes of concealed algebras of type
A(ﬁ)g)) equals 13 = 2571 — 21 see Table 4.6; nine of them are hered-
itary, and four of them are the non-hereditary algebras C(2,2,3),
BMW, B@ BB,

To prove the statements, we assume that H = KA is the path algebra
of the quiver

1 5
A= A(]I~))5) : >§><—f<
; :

of the Euclidean type ]f))g,.
The standard calculation technique shows that the left hand part of the
postprojective component P(H) of I'(mod H) looks as follows

P(5)= 11(1J - = 21(1J - — 22(1) - = 333
/‘P@ NN SN S
P(4)— 11 — 111(1) — 232 — 21(1) — 243 — 22? — 355; —>;33i
f \ /! \ f \ /!
P()=, 000—>110 -0 121 — (1)118—> 331—> 222 — 354 — 1321 —>§ 5
/" P‘33> \ f NN SN S
P(z):?oog - —— (1)100 - —— (1)118 - —— 221 ——— 32, — — —

where the indecomposable modules are represented by their dimension
vectors.
Observe that the modules

T P(L), T P2), Ty P@3), Ty P@), 75 P(), 74 P(6)
are sincere and form a section in P(H) of type A°P. Moreover, for each in-
teger r > 3, the H-modules 7" P(1), 75 P(2), 75 P(3), 75" P(4), 75" P(5),
and 75" P(6) are sincere. It follows that the full translation subquiver

DP(H) of P(H) whose vertices are the modules

' P(1), 74" P(2), 75" P(3), 75" P(4), 75" P(5), 75y " P(6),
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with r € {0,1, 2,3}, is a concealed domain of P(H). In other words, DP(H)
is the translation subquiver

P(5)—11 - —— 1 0 o 1 1 ___333
SN SN SN S

()_ 11 — 11 — 32 — 21 — 45 — 221%3552%2331

f \ e \ f \ /!
P(1)=, 000—>110 -0 1218—> (1]11 — 33 — 22 — 542
/‘ <3>\ /‘ \ /‘ N,
0 1,0 10
P<2):100 T ot% T~ Y ==~ 1 1
of P(H).

Following the idea applied in the proof of Case 2.1°, one shows that

e for any quiver () such that the underlying graph Q of Q is the
Euclidean graph D5, there exists a section ¥ of the component P(H)
such that ¥ is isomorphic with QQ°P and is contained entirely in the
concealed domain DP(H),

e the path algebra K@ is isomorphic to the endomorphism algebra of
the direct sum

Iy =T10Lhel30T, 15T

of all indecomposable modules Ty, 75, T35, Ty, Ts, T lying on 3,
e there are only nine pairwise non-isomorphic algebras of the form
As, = End g Ts,, where ¥ is a section of the component P(H) and
¥ is isomorphic with Q°P, for a quiver @ with Q = ﬁ%.
We recall that the modules on such a section satisfy the vanishing condition
by Hompg (T;, 7aT;) = 0, for all 4,5 € {1,2,3,4,5,6} such that ¢ # j.

To construct the nine algebras, we note that one of such a section is
formed by the projective modules P(1), P(2), P(3), P(4), P(5), P(6) and the
corresponding concealed algebra is isomorphic with H. The remaining eight
algebras are defined by the following eight sections in the concealed domain
DP(H) that are given by the modules

,;1p(1) P( ),P<3),P<4>,P<5>,P<6),

e o o o o
3 S
o)
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o 7 P(1), 77 P(2), 7' P(3), 7' P(4), P(5), P(6),
o T P(1), 7’ P(2), 7y P(3),7 1P() () P(6),

o 7 P(1), 7 P(2), 7y P(3), 7' P(4), 71 P(5), P(6)
Now we construct four pairwise Eon—lsomorphlc non-hereditary concealed
algebras of the Euclidean type A(Ds).

(B1) To construct the first one, we consider the module
W = P1) @75 P(2) @ P(4) ® P(5) @ P(6) ® 7;;2P(1),

and note that Homy (T™, 75 7™M) = 0. Hence, by the discussion in
Steps 1°-4° of the proof, T™) is a postprojective tilting H-module.
Then

BW = End T

is a concealed algebra of type A(I[N))s), and one can show B() is given
by the quiver
1 4
(] o)
YN/
NN
6 5

Qpw : 20

and bound by the commutativity relation a8 = +d, where the num-
bering of vertices corresponds to the following order P(1), 75;' P(2),
P(4), P(5), P(6), 7;2P(1) of the summands of 7).

(B2) Similarly, we show that
T® = P(1) @ 75°P(2) ® 7' P(4) ® P(5) ® P(6) ® 7° P(1),
is a postprojective tilting H-module and
B® =End T
is a concealed algebra of type A(]ﬁ)g}) given by the quiver
1 4
(¢] (¢]

YN S
PUVERN
g 8

QB(z) : 20

and bound by the commutativity relation a8 = ~d.
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(B3) One also shows that
T® = r'P(1) @ 7, P(2) ® 7' P(4) ® 7' P(5) ® P(6) & 7,° P(1)
is a postprojective tilting H-module and
B® = End T
is a concealed algebra of type A(ﬁ)g,) given by the quiver
1
0]
YN/
B\‘OA ’ \O
6 5

4
[¢]

QB(s) . 20

and bound by the commutativity relation a5 = ~d.
(B4) Finally, one easily shows that

T = P(2) @ P(5) ® P(6) ® 7, P(1) @ 7,2 P(2) ® 75> P(1),
is a postprojective tilting H-module and the concealed algebra
B®W = End T

is isomorphic to the canonical algebra C(2,2,3) of type A(Dg) given
by the quiver

QB(4) :

and bound by the relation Sa + oy + pné = 0.
A simple analysis shows that the four algebras B, B2 B®) and BM =~
C(2,2,3), constructed in (B1)—(B4) have the following properties:
e the algebras B, B?) BG) and B® are pairwise non-isomorphic,
e the algebras B, B BG) and B® are of global dimension two,
and
e any non- heredltary concealed algebra of type A(]D)5) and of the form
B = End TH, where TH is a tilting module that is a direct sum of
six indecomposable modules lying in the concealed domain DP(H ),
is isomorphic to one of the algebras B(), B BG) and B®,
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Hence, by the discussion in Steps 1°~4° of the proof, any non-hereditary
concealed algebra of type A(Ds) is isomorphic to one of the four algebras
BM BR) BG) and B® = ((2,2,3) constructed in (B1)-(B4). This
finishes the proof in Case 3°.

Case 4°. Concealed algebras of type A(ﬁg). We show that if A is

a concealed algebra of type A(f))(,) then, up to isomorphism,

e A is a hereditary algebra of the form K(Q, where @ is a quiver such
that the underlying graph @ of @ is the Euclidean graph Dg, or
e A is not hereditary and A is isomorphic to the canonical algebra
C(2,2,3) or to one of the 7 algebras C()-C(7) | constructed in (C1)—
(C7) below.
e the number of the isomorphism classes of concealed algebras of type
A(Dg) equals (see Table 4.6)
6
29 =201 — -
2 )
21 of them are hereditary, and 8 of them are the non-hereditary
algebras C(2,2,4) and CV-C(,
To prove the statements, we assume that H = KA is the path algebra
of the quiver

oo

1
0]
A = A(Dg) : \o<—o<—o
34 5N
_ 5 7
of the Euclidean type Ds.
The standard calculation technique shows that the left hand part of the

postprojective component P(H) of I'(mod H) looks as follows

11 1.0 1.1 1.0 2 2
P(G), 11110 _ — — 12111 _— — 12210 —_ — —12221 —_ — —23331

AN SN SN SN S
P(5):11113—> 1111(1’ —>§3221—)1211(1) —>§4321—>1221? —)24431—}122%—}25552—}2333;

VAV VS VA VAR
1 1.0 2 1 2 1 3 2 3_2
P(4):1110 - —— 21y — — — $823 — — — 33 — — —55{ — — — 655

N N SN SN S N S
P(1):[1)0003—>11003—>?10(g—>12103 — (1)1102 —)12212—)?1118 —>z3331—)f2221 —)25442—);3221—)26542—)?3311

Il

PN S N N SN S N
0 0 10 0.0 1.0 1.1 2 1 1.1
P(z):loooo _——_—— 010% _——_—— 11100 —_—_—— 01110 _——_—— 22221 —_— —13221 —_— —23321

where the indecomposable modules are represented by their dimension
vectors.
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Observe that the modules
T P(1), 75 P(2), 7 P(3), 7 P(4), 7" P(5), 7 P(6), 7" P(7)

are sincere and form a section in P(H) of type A°P. Moreover, for each
r >4, the H-modules 7;;,"P(1), 7" P(2), 74 P(3), 7 P(4), 754 P(5),
T4 P(6), and 75" P(7) are sincere. It follows that, the full translation sub-
quiver DP(H) of P(H) whose vertices are the modules

T P(1), 75" P(2), 75" P(3), 75" P(4), 7" P(5), 7" P(6), 74" P(7),

with r € {0,1,2,3,4}, is a concealed domain of P(H). In other words,
DP(H) is the translation subquiver

/‘ \ / \ /‘ \ e /
1.0 2 2 1 3 2
P(4):1110 —_ 12110 _— 2332 - 24431 _—— 35542
e N e N e N e R A
P(1)=000 Yod %0¢ Lid b bt 910 %aq %og %4f
(H= H1H0H1 b 700 7ot TR Tt TRt TRt TRty
/P (3) N\« e pY e N e N a
P(2 %o Yod %1¢ Y hag
( )_1 o~ o0 o0 - 170 T 7 oo Tzt
of P(H).

Following the idea applied in the proof of Case 2.1°, one shows that

e for any quiver @ such that the underlying graph Q of @ is the
Euclidean graph ﬁﬁ, there exists a section ¥ of the component P(H)
such that ¥ is isomorphic with Q°P and is contained entirely in the
concealed domain DP(H),

e the path algebra K@ is isomorphic to the endomorphism algebra of
the direct sum

Is=Toholheol,oTsoTs Ty

of all indecomposable modules T1,T5, T3, Ty, Ts, T, T7 lying on 3,
e there are 21 pairwise non-isomorphic algebras of the form
As, = Endy T, where ¥ is a section of the component P(H) and ¥
is isomorphic with Q°P, for a quiver Q with Q = ]]3)6.
We recall that the modules lying on such a section satisfy the vanishing
condition Hompg (T3, 75T;) = 0, for all 4,5 € {1,2,3,4,5,6,7} such that
1.
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To construct the 21 algebras, we note that one of such a section is

x@ = {P(1), P(2), P(3), P(4), P(5), P(6), P(7)}

formed by the indecomposable projective modules, and the corresponding

concealed algebra is isomorphic with H. The remaining 20 algebras are

ot Wt Wt Wt
~~ ~ —~

~ I~ I~ I~

((((
il VW WY
M~ T~ ™~~~ - - o

D N M N N N S e e

B o N AR A AR AR AR A
Pr\,H,H,H,H,H,H_H_H_H_H_H_H_H_H_H_H_H_H

S
W

H T

= T{{{{{{{{{{{{

~ o~ ~ o~ o~ o~ o~ o~ o~ o~ o~ o~

given by the modules

N e N N N N

defined by the following 20 sections in the concealed domain DP(H) that

Now we construct eight pairwise non-isomorphic non-hereditary con-

cealed algebras of the Euclidean type A(Dg).

TW = P1) ® 75 P(2) ® 7;,2P(1) & P(4) ® P(5) ® P(6) ® P(7),

(C1) To construct the first one, we consider the module

0. Hence, by the discussion in

and note that Homy (T™M, 7 TM)

Steps 1°-4° of the proof, T(}) is a postprojective tilting H-module

and

CW = End T}
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is a concealed algebra of type A(Dg). One shows that C() is given
by the quiver
1 6
] )
o Y
QC(U : 20 / \ 04—o0 /

’B\lo‘/54 5\0
3

7

and bound by the commutativity relation a8 = ~J, where the
numbering of the vertices corresponds to the following order P(1),
7, P(2), 75,2 P(1), P(4), P(5), P(6), P(7) of the summands of T(%).

(C2) The module
T = r'P(Wor;?PR)er;* P()ery P(4)or,; P(5)@P(6)®P(7),

is a postprojective tilting H-module and
C® =End T

is a concealed algebra of type A(ﬁ)@) given by the quiver
1 6
o o
YN /

Qo @ 20 0¢—o

’8\(0‘/64 5\‘o
3

7

and bound by the commutativity relation a8 = ~4.
(C3) The module
TG = ' P(V)or?P(2)or;° P(1) o, P(4)or; P(5)aP(6) @, P(7)

is a postprojective tilting H-module and
C® = End T

is a concealed algebra of type A(ﬁk) given by the quiver

1 6
¢} o
@ l
QC(3) : 20 / \‘O<—o /\1
A RN
5 7

and bound by the commutativity relation a8 = ~d.
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(C4) The module
T = 1 P()@r*P@2)@r; P(1)ery; PA4)& P(5) @ P(6)® P(7)

is a postprojective tilting H-module and
C® = End T

is a concealed algebra of type A(IDg) given by the quiver
1
o
VN

— 0

g\A 5N

7

6
[0}

QC(4) . 20

and bound by the commutativity relation a8 = ~4.
(C5) The module
TO) = r?P(V)o1° P(2)@rg P() @15 P(4) &7y P(5)&P(6)® P(7)

is a postprojective tilting H-module and
C®) = End T}

is a concealed algebra of type A(]ﬁ)g;) given by the quiver
1
o
v

—0

PVEERENN
3

6
[0}
Qc(S) . 20
O

7

and bound by the commutativity relation a8 = ~d.
(C6) Finally, the module
T = 2PN @1 P(2)ory" P(1)@r;° P()@Ty P(5)BP(6)@T, P(7)

is a postprojective tilting H-module and
C® = End T}

is a concealed algebra of type A(ﬁg) given by the quiver
1 6
o o

vN S

— 0

P TEAN
3

Qcwe) @ 20

7
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and bound by the commutativity relation a8 = ~d.
(C7) Now, consider the module
TO=r2P)er*P2)oT;* P(1) @15 P(4)@P(T)dT5 P(6)® 15 P(T7).
It is easy to see that T(7) is a postprojective tilting H-module and
C™ = End T\

is a concealed algebra of type A(HNDG) given by the quiver

1 7

Qo : 20 ”‘/ N “/\? o
\/4\/n

8 5
and bound by two commutativity relations a8 = yo and pd = &n.

(C8) Finally, we consider the postprojective tilting H-module
T®) = P(2)aP(6)aP(T) o1 ' P(1)@r, P2)oT;  P(1) @1, P(2).
One can easily show that the concealed algebra

C® = End T

is isomorphic to the canonical algebra C(2,2,4) of type A(]ﬁ)g,). The
algebra C'® is given by the quiver

and bound by the relation Sa + v + pdné = 0.

A simple analysis shows that the eight algebras C1) — C(") and C(®) =
C(2,2,4), constructed in (C1)—(C8) have the following properties:
e the algebras C) — (M C®) =~ ((2,2,4), are pairwise non-iso-
morphic,
e the algebras C(Y) — C(M and C®) = (C(2,2,4) are of global dimen-
sion two, and N
e any non-hereditary concealed algebra of type A(Dg) and of the
foom B = End T 'y, where T, 'y is a tilting module that is a di-
rect sum of seven indecomposable modules lying in the concealed
domain DP(H), is isomorphic to one of the algebras C1) — C(7),
C® = (C(2,2,4).
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Hence, by the discussion in Steps 1°~4° of the proof, any non-hereditary
concealed algebra of type A(IDg) is isomorphic to one of the eight algebras
cM-c™ O® = (C(2,2,4) constructed in (C1)—(C8). This finishes the
proof in Case 4°. O

The following corollary is a consequence of the proof of the preceding
theorem.

4.4. Corollary. Let A be a concealed algebra of the Euclidean type
Ac {A(pr,q), with 1 <p < q, A(Dy), A(Ds), A(]ﬁ)G)} .

(a) If A = A(Apvq), where 1 < p < q, then A is a hereditary algebra of
the Euclidean type Am, where m=p+q— 1.
(b) If A = A(Dy) then A is isomorphic either to one of the five hered-
itary algebras A, AR ABG) AW AG) of the Fuclidean type
I[~))4 corresponding to the five different orientations of the Euclidean
graph 1I~D4, or A is isomorphic to the canonical algebra C(2,2,2). The
algebra C(2,2,2) has the frame Frs.
(c) If A = A(]ﬁ)5), then A satisfies one of the following conditions
e A is a hereditary algebra of the Fuclidean type Ds and A is iso-
morphic either to one of the 9 hereditary algebras of the Fuclidean
type ]ﬁ)g, corresponding to the nine different orientations of the Eu-
clidean graph ]]3)5, or
e A is not hereditary, gl.dim A = 2, and A is isomorphic to the
canonical algebra C(2,2,3), or to one of the algebras BW, B@ gnd
B®) constructed in (B1)-(B3) of the proof of (4.3). The algebra
C(2,2,3) has the frame Frs, and each of the algebras B, B3,
B®) has the frame Fry.
(d) If A= A(]ﬁ)ﬁ), then A satisfies one of the following conditions
o A is a hereditary algebra of the Euclidean type D¢ and A is
isomorphic either to one of the 21 hereditary algebras of the Fu-
clidean type ﬁ)g corresponding to the 21 different orientations of the
FEuclidean graph ]13)6, or
e A is not hereditary, gl.dim A = 2, and A is isomorphic to the
canonical algebra C(2,2,4), or to one of the seven algebras

cH, c@ oB® cW, c® c® gnd ™

constructed in (C1)—(C7) of the proof of (4.3). The algebra C(2,2,4)
has the frame Frs, and each of the algebras CV~C") has the frame
f’l‘4.

Proof. Apply the proof of (4.3). O
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4.5. Table. A complete list of frames of tame concealed algebras

of Euclidean type

The table contains a list of frames Fry,... ,Frisg. Each of the frames
(equipped with an orientation) is a bound quiver Fr; = (QU),I1)) such
that the bound quiver algebra BUY) = KQW) /1 () is concealed of Euclidean
type.

By the dotted lines we indicate the relation p in 1) C KQW) that the
sum of all paths from the starting point of p to the ending point of p is zero.

The positive integers that appear instead of the vertices of the quiver
QU) are the coordinates of the positive generator hp() € radqgy) C Z™
of the radical rad qu of the Euler quadratic form qg¢) : 2" —— Z of
BU), where n; = |QO |

PART 4.5.1. THE FRAME Fry OF TYPE &n, n>1

1 I—...—1 —-1
1 1
1 I—...—1 1 1
PART 4.5.2. THE FRAMES Fry,... ,Frs OF TYPE ]ﬁ)n, n>4
1 1 1<—1<—1
/ \
2—2— ... —2—2
1/ \1 2 1—>1>“/
1(—'1 1 1<—'1 1.—)1
AN / AN Y
: D 2 — .22 : D2 — .22 .
%—)i/4 \1 iL—>i/5 \1<—%

Here the relation p defined earlier is denoted by the long vertical dotted
line.

PART 4.5.3. THE FRAMES Frg,... ,Frig OF TYPE Eg
1
1 | 1
| 2 | 1—2¢—1 —1—1
2 14—2—>1 l N l :\1 l
1—2 2—1 44 V4 IV
I—2—3—2—1 Ny 7 —1—1 12— 1—1¢—1

6 1 8 9 10



XIV.4. A CLASSIFICATION OF CONCEALED ALGEBRAS 269

PART 4.5.4. THE FRAMES F7riq,...

,Frss OF TYPE E7

2 2—>3 2 1
1
1—2—3—4—3—2—1 1—2 3—>2
11 12
1 2 3—>3 2 1 1 2—>2
e 1]
2— 1 2 3—2 1
13 14
1 1 2 3 ¢—2¢—1
: b
——2—3—1 2¢——2—1
15 16
1 2—32—2 1 1 24—2¢—1
Lo Sl
—2— —2¢—2—1
17 18
1 .
1
—2—2—2 —1 L2611 1——2——3¢—1
1ol g a
I¢—2—1 1 2¢—3—1 2¢—2—1
19 20 21
1 L " —2 1
{ :
j — %—)2%1 1— 3—>1
1 1 2 S -
22 23 24
—2¢—1—>1 1—2¢—1 1—2¢—1 —1—1
\ \/ \ \1 i
ST
: / \x e \/ i
1 2—i¢—1 1 2—) —2—1 —r1—1
25 27 28
—1—1 1—1 1—1 |1
ool d R / R
1—2—1 2—»2—>1 1 2—2 —1 i—>i<—i
1—1 1 2—>1 1 —1 — 1—> 11— 1
29 30 31 32
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1

PART 4.5.5. THE FRAMES Frss, ..

., Fris9 OF TYPE Eg

33
2 4—> 3
Lo
3 4 5—> 2
35
3 4—>4 2
I
3—2 1
37
2—4<—1
3 4 5—>2.
39
3 4 5 <31
Lo
3&——2
41
3 4 5¢— 31
I
3 —1
43
2 .
P
3 @ 5(—1
s
2...1
45
1 .
L
2 4—
1l
2—3—4—>1
47
2 4—>3¢1
1—2—3—4—1
49
2 4 —3—>2
+ 4
3 4 1

3—4 2
1 2 3 4 5—> 3
34
1 2 3 4 5—4 2
{4
3—>1
36
1 2 3 —4 2
-4
3—3 2 1
38
2—4—2 —1
N
1 2 3 4—>1
40
2 .
P
1 2 3 4 51
L
3<—2
42
2 .
T
1 2 3 4 5¢—1
4 :
3—>1
44
2
3——4<—1
1—2—3—4—>2
46
1 .
1
1 2 3 42 1
L)
2$—2
48
|
342 1
1—2—3——>1
50
1 2—3 4432 1
L 4
22—
52
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1—2—3—44—3¢—1

Lol
2¢—3¢—2
53
232 1
Lyl
1—2—3——>2¢<—2
55
1 2 3 431
5¢—3—1
57
1—2—3—/3¢—2 1
ool
1<—2¢—2
59
1—>2—>2¢—1
1—2—2—1<—1
61
1—2—2—2——2—1
1 E \:
1 2 1
63
1 2 3 3—>2
1<—2—3—>1
65
1 2 3321
22—l
67
22— 21
Lo bl
1—2—3—>2——>1<—1
69
11— 2¢—1
Lol
1 2—2——2 —2 1
71
1 2—2——2 <1
AR
1—2———1<—1
73
2—>3——>4—2
d
3
i
1 2 3 2
75
1 2 3—>2
1.
3
i
1 2 3—>1

CONCEALED ALGEBRAS
1—2—3—4<—3—>2
g
2<—3—>1
54
1 2 3—3¢—2
L4
2—1¢—2—1
56
2—2——2 1
1 2 3*}2’-}1
58
1—2—3—3¢—2
T4
1... 1<—2 1
60
1 2¢—2—>2¢—1
1<—2—>1<—1
62
1 2 3 31
R R
1<—2—3<—2
64
1 2 3 3«1
1o :
1<—2—3—>1
66
1 2 3—3¢—2¢1
R
... 1¢—1
68
1—2—>3<—2 1
Lo Ly
1—2———2¢—2
70
1 2¢—2—2<¢—1
oLl
1 2¢—2 1
72
1 22 . 1
bl
1—2—>1—1<—1
74
3—>4 2
4
3
4
1 2 3 4—>2
76
1 2 3—>1
Lo
3 :
T
1 2 3—>1
78

271
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2—2——2—1
L

1 2 3 1
o
1

79
221

1 273—}1(.‘1
T
1

81
1 2
N
2 —4—2—1
1——2—>1
83
1 .

1 2 3—>3<—1
1l
2—1<—1

85

I——2—3¢—3¢—1
Lol d
1—3¢—2

.'T
1
87

1 2——3—3¢—1
ool
1<—3—>1

.. T
1
89

1. 1—1
T
2 ——3
T>"1<—1
91

2—3<—1

1

2

3

N

23— 2
93

1

I——2——3—3¢—1

IR
1., T+—1
86

I——2—3¢—3—2
Lol
1—3—>1

.. T
1
88

—34—2——1
Ll

L2¢—2

1—2—1
90

1— 2—2

2—3

1— 23
92

2—34—1

2

3

24—3—1
94
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2¢—1—>1

i
1—2——3
o
2—>1¢—1
95

1—>2—3——>4 —2

!

3

1

1 2 2
97

1

12

1 ﬁ3*}4 (7.1
\L ., \L Lt
1—2—
101

1

1—>3<—2—1
Py
1—2——>2—2

103

1

. o

1.—>3 —2—1

.. \L
1 2——>2

105
1

1—)2—)3(—'2
[ by
. 2 <—2
0
1

—1
107

1 —2—> 3.—>2

Lol

3 —1

22— 2
109

1

1—>1

1—)2.'

2—2—>2—>1
111

1

24—1—>1

1
1——2——3
IS

1... 1<—1

2

1—>2—>3——>4<—1

1 2 2
98
2

1 —>2—>3—>4<—2

L 1
1 — 1
100
12
PN
1 —2—d4—1
\I{ .. \I(..
1 22—
102
12
N
14%2*)4(;'2 1
J/ .. \L..
oo
104
L1
1—34—1
LN
1 2—>2 1
106
—2— 3¢—1
1
3 ¢—2
1 22— 2
108
—2— 3¢—1
3 —1
1 22— 2
110
1] —1
1 K b
1 2—)2—>2—.>1
Tt
1—>1
112

273
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—2——2¢—1
Lol

11

1—>1
113

1

] —— 2<—1

' L
11— 1—>1——1<—1
115

}*}2*} 3«1

1—2¢—3¢—3
117

119

1 —2—>34¢—1
e ;
1o
NG :
———3—>1

../l\

1
121

.1
o1
1.—)3<‘1
/-

1

14— 3¢—2
T
1

123

125

e

1—>1

ool

1—2 .1

-l
2—2 —>1
114

1$—1
7
—_—2¢—1

Lo

1 1—1
116

1—»2—1—>1

an

1—2—1+—1
118

120

1—2—>3<—1

dal

1<—2—3—>1
122
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1—2—2—2——2—1

!

1

|

1

1

127

-1

4 Dy O

—
—

B ]

1

1

130

—3¢—1
\l/ .

l .

1—2—>2

. 3—1

132

[. s
-~3(—'1
!

3 —>4
3—1

2

1

2

1

134

136

2—3—1

1

135

1—4<—2

~
0
3
1A|ﬁ|y3|y2
#4/
—_—a
~—
~
I~
3
ﬂ|v3|v2
lAlﬂ
—a

1



276 CHAPTER XIV. MINIMAL REPRESENTATION-INFINITE ALGEBRAS

1 2 1 2
T N
1—3—>4 1—>3——=>4<+—1
|
3<—.1 g
U \
1—>1 1—1
139 140
12 2
NG |
1—y9— S 4¢—1 1——+2——+3——+4¢——1
2 . 2
l 4
] —>1 1] ——— 1
141 142
2
1 —2—3—>4 2
1 1—>2—>3—4
3 4
| 3—1
2 B
! +-
] ——— 1 ] —— 1
143 144
1 24¢—2 1
o |
14— 3—>2 241
STt v
1—>2 ]—2 .
| (]
1 1—1—1—1
145 146
1
14—1— 1—>1 AR
Z\\g 14——1 i 1¢—1
N Lo T
1 ———%ifii-1<———1 1 2 2 1
147 148

1 1
N
1 — 3 —1
< N PN
1T—> 1 11—
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For the convenience of the reader, we complete the list of Table 4.5 with
the following one given in [112].

4.6. Table. The number of the isomorphism classes of concealed

algebras for the different Euclidean types

TYPE AN ESTIMATION FOR THE NUMBER OF THE ISOMORPHISM
CLASSES OF CONCEALED ALGEBRAS
Y ( L S o(d) 2n+1>+{ -1, if n > 1 is even,
n = | 50 274 e
2] o Y 225 _ 1, ifn>1is odd,
where o(d) denotes the Euler’s p-function (see [233]);
= 67 if n = 4,
1
D, - gQ”’l—n; , if n > 5 and n is odd,
2 n—
< on~t n;L —|—2T2, if n > 6 and n is even;
IEG : = 56;
E; : = 437,
Es : = 3809.

We end this section with an illustration of the use of the criterion (3.1)
by two additional examples.

4.7. Example. Let A be the algebra given by the quiver

and bound by the four commutativity relations

a1y =Y2f1, a2y2 =302, asys =7af3, and asvs = Y504
Observe that the algebra A has separated radical, and consequently, the
Auslander—Reiten quiver I'(mod A) of A has a postprojective component.
Let e = e, + e be the sum of two primitive idempotents e, and e; corre-
sponding to the unique source a and the unique sink b of the above quiver.
It is easy to see that the quotient algebra A/AeA is isomorphic with the
algebra B given by the quiver
o [e23 as

o o o
’YQJ ’Ysl ’Y4l
o ¢} ¢}

o
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and bound by the two commutativity relations sy, = 302 and aszys =
~v403. A simple inspection of the Table 4.5, with the frames of concealed
algebras of Euclidean type, shows that B is a concealed algebra of the
Euclidean type IE7 given by the frame Frig. In particular, by applying the
criterion (3.1), we conclude that the algebra A is representation-infinite.

4.8. Example. Let A be the algebra given by the quiver

|
NN
s
LN

and bound by the following three relations
agaoan = B30201 , yago =0, and oy =0.

It is easy to see that the algebra A has the separated radical and there-
fore the Auslander—Reiten quiver I'(mod A) of A contains a postprojective
component.

On the other hand, a simple inspection of the frames of concealed algebras
of Euclidean types shows that they do not appear as the algebras of the
form A/AeA, where e is an idempotent of A. Therefore, the algebra A is
representation-finite, the Auslander-Reiten quiver I'(mod A) of A is finite,
and coincides with its postprojective component.

XIV.5. Exercises

1. Let @ = (Qo, Q1) be an acyclic quiver whose underlying graph is one
of the Euclidean diagrams Am, Dy, IE(;, IE7, and Eg. Let n = |Qo| + 1.
Show that the integral quadratic form gg : Z" —— Z of the quiver Q is
a critical one, see Section VII.4.

2. Show that each of the following integral quadratic forms q : Z" —— 7Z
is a critical one.
(a) n=5and q(x) = 23+ 23+ 23+ 23+ 22 — 1125 — Tox5 — T3T5 — T4T5.
(b) n=7and q(x) = 2? + 23 + 23 + 25 + 22 + 2% + 22
+r1xota3rst+ 56— (X1 +Xo+ T3+ T4+ 25+ T6) 27
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(c) n=8and q(x) = 23 + 23 + 2%+ 23 + 22 + 2% + 22 + 22 + 2a(23 + 14)
7(:Z?l+I2+1‘3)I67(I2+1’3+I4)1‘77(I2+$4+I5)1‘8.
(d) n=9and q(x) = 23 + 23 + 23 + 23 + 22 + 22 + 2% + 22 + 23
TL1T2 + X1T4 + T3T4 + T5Te + T5T7
TT5T8 + TeTr + TeTg + T8
—(x1 + 22 + 23 + T4 + T5 + 26 + T7 + X8)T0.
() n=9 and q(x) = 2% + 23 + 23 + 23 + 22 + 2% + 2% + 2% + 22
+TL4T5 + T4 + T5T6 + T7To + T8T9
—x1(x4 + x5 + 6 + T7 + X9)
—182(.’)37 + xs + :1?9) — l’g(,@g + :L‘g).
For each of the forms (a)-(e), find a positive sincere vector h, € Z™ such
that radqg =Z - h,.
3. Show that each of the following integral quadratic forms ¢ : Z" —— Z
is not critical
(a) n =5 and q(x) = 23 + 2% + 2% + 2% + 22
+(z1 + z2) (23 + 24) — (21 + 22 + T3 + 24) 5.
(b) n=5and q = 23 + 23 + 23 + 23 + 2% + 2224
—(.’171 + .’1?2)3’33 - (.%‘1 + 22 + .’1?4)5(55.
(¢) n==6and q(x) = 23 + 23+ 23+ 2]+ 2+ 2 +z1(v2+ 23+ 24 +25)
+(I2 +l‘3)(l‘4 —|—£E5) — (Il —|—.T2 —|—.T3 —|—,I4 —|—I5)1‘6.
(d) n=6and q(x) = 23 +ad+ai+ai+ai+ad+aim o5 a6+ 1673
—T2X1 — X3X1 — XLl — L4T2 — L5y — 43
—I5X3 — Tglg — Tels.
(e) n =6 and q(x) = 2?2 + 23 + 23 + 23 + 2% + 22
+x1x3 + Tox3 + T2y
7(1’1 + 19 + 1‘3)1'5) — (1’1 “+ 19 + IE4)ZL‘6.
Show that the quadratic forms of (b) and (c) are Z-congruent.
4. Let B be a K-algebra given by the quiver

(e]

i
Oﬁl/ \‘aO
e

oO— —F0

and bound by the commutativity relation ay = (6. Prove that B is a
concealed algebra of the Euclidean type Eg.

5. Let B be a K-algebra given by the quiver

« « «
oL o2 o
’Yzl ’Ysl "/4l
o o o o,

B2 B3 Ba
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and bound by two commutativity relations asy2 = y302 and azys = 740s.
Prove that B is a concealed algebra of the Euclidean type E7.

6. Let B be a K-algebra given by the quiver

and bound by the zero relation afyd = 0. Prove that B is a concealed
algebra of the Euclidean type Eg.

7. Let A be an algebra given by the quiver
o 0]
& \a 7\/71 v
o o
o ﬂ 0\‘ 0]

and bound by the zero relations a8 = 0, yo = 0, &n = 0, and anv = 0.
Prove that A is representation-infinite.

8. Let A be an algebra given by the quiver

and bound by the relations a8 = vo and a&n = 0. Prove that A is
representation-infinite.

9. Let A be an algebra given by the quiver

v

o oO———0

N N [

oO——

AN

and bound by the relations aff = 0, yo = 0, {&n = 0, and yn = vpw. Prove
that A is representation-infinite.

O¢<—oO
w
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10. Let A be the algebra given by the quiver
(o] o
N2
o
B «
¢ / \ .
[0}

o¢+—— o&—o0

AN : /

%0 o

and bound by the relations a5 = yop, p€ = 0, ny = 0 and ¢y = 0. Prove
that A is representation-finite and I'(mod A) coincides with its postprojec-
tive component.

11. Let A be the algebra given by the quiver

B U
O (] [e] (@] (@]
o PR SR

bound by the relations a8 = 0 and n§ = op. Prove that A is representation-
finite.

12. Let A be the algebra given by the quiver

¥ o v (7]
o O (] o o
[ el
P
o O—O
nJ/
B
O — O

bound by the relations a8 = voln, v€ = wp, and v = 0. Prove that A is
representation-finite.

13. Prove that any minimal representation-infinite algebra A is basic and
connected. Hint: To see that A is basic, look at the algebra A/AeA, where
e=1—ey4 and ey is the idempotent of A defined in (1.6.3).

14. Let H = KA be the path algebra of the quiver

_ N
A:A(D4) (e}

O‘/ ’\O

2 5
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of the Euclidean type ]1~]>4. Prove that
e cach of the following three families
Y = {r;'P(1),P(2),P(3), P(4), P(5)},
2 ={P(1), 7' P(2), P(3), P(4), P(5)},
Y ={r*P(1), 75 P(2), 7" P(3), 7' P(4), P(5)},
of postprojective modules in P(H) forms a section of a concealed
domain DP(H) of P(H),
e cach of the following three H-modules
T =71;'P(1)® P(2) & P(3) ® P(4) ® P(5),
T'=P(1) & 75 P(2) ® P(3) & P(4) & P(5),
T" =1°P(1) & 15 P(2) ® 717 P(3) & ;" P(4) & P(5),
is a postprojective tilting H-module,
o the algebras B = End Ty, B’ = End T}, B” = End T}; are con-
cealed hereditary of the Euclidean type 15)4, and
e there are isomorphisms of algebras B = B’ & B” =~ K(), where Q
is the Euclidean quiver

o @]
N
O/ \O
Hint: Consult the concealed domain DP(H) of the postprojective
component P(H) of H presented in the proof of Theorem 4.3.
15. Let H = KA be the path algebra of the quiver

Q

1 5
A= A(Ds) : >§><—Z><
2 6

of the Euclidean type Ds.
(a) Prove that

T =P(2)® P(5) @ P6)® 15 P(1) @ 7,7 P(2) ® 75 P(1),
is a postprojective tilting H-module and the concealed algebra
B = End TH

is isomorphic to the canonical algebra C/(2,2,3) of type A(Ds) given
by the quiver

2
0]
v N\
1 4~ 3 4 6
O &———0¢— 0
N P
g¢ g

n
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and bound by the relation Sa + v + pné = 0.

(b) Counstruct two non-isomorphic postprojective tilting H-modules T”
and T” such that

e the indecomposable direct summands of 77 and T lie in the con-
cealed domain DP(H) of the postprojective component P(H) of H,

e the H-modules 77 and T” are not isomorphic to the H-module T
presented in (a),

e cach of the concealed algebras B’ = End T}, and B” = End Ty, is
isomorphic to the canonical algebra C(2,2,3) of type A(Ds).
Hint: Consult the concealed domain DP(H) of the postprojective
component P(H) of H presented in the proof of Theorem 4.3.

16. Let H = KA be the path algebra of the quiver
1 6
o (¢}
N

A = A(Dg) : 0¢—o0¢—o0

34 5N
O [
2 7

of the Euclidean type Dg.
(a) Prove that

e the modules
9 -3 —4 -2 -1 —2
Ty P(2), 74" P(1), 75" P(2),74°P(4), P(6), 7y P(7), 7" P(6)

form a section of a concealed domain DP(H) of P(H),
e the module

T=1;"P2)®1;°P(1) ® 7" P(2) @ 7,2 P(4) ® P(6)
© 1 P(7) © 75,7 P(6)

is a postprojective tilting H-module, N
e B =End Ty is a concealed algebra of type A(Dg), and

e the algebra B is isomorphic to the concealed algebra C(") =End Tm
(constructed in (C7) of the proof of Theorem 4.3) given by the

quiver
! 7
o

\7
L/a

(¢]
3 5

N
'

20

‘V\Q
vi

and bound by two commutativity relations a8 = yo and pud = &n.
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(b) Prove that the H-module
T =P(2)oP6)oP(N) ot Pt P(2)ory  P(1) &1, P(2)

is a postprojective tilting H-module, and the concealed algebra
B =End Ty

is isomorphic to the canonical algebra C'(2,2,4) of type A(H~)6) given
by the quiver

2
o]
o
vy 3
<——o0
N

—
n

v

1
o

3

AN

o 0<—0
4 56 6
and bound by the relation Sa + oy + pdné = 0.
(¢c) Construct two non-isomorphic postprojective tilting H-modules T’

and T" such that

e the indecomposable direct summands of T and T" lie in the con-
cealed domain DP(H) of the postprojective component P(H) of H,

e the H-modules 77 and T"” are not isomorphic to the H-module T'
constructed in (b),

e cach of the concealed algebras B’ = EndTy; and B” = End T}, is

isomorphic to the canonical algebra C(2,2,4) of type A(Dg).

Hint: Consult the concealed domain DP(H) of the postprojective
component P(H) of H presented in the proof of Theorem 4.3.
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